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PREFACE 

In  the  arrangement  of  material  in  the  present  edition  of  this  work, 
Part  I  has  included,  for  the  most  part,  the  analysis  of  such  structures 
as  are  statically  determinate,  or  which  can  be  closely  analyzed  by  the 
application  of  the  usual  methods  of  statics.  In  the  last  chapter  of 
Part  I  there  was  also  given  a  brief  treatment  of  the  calculation  of 
deflections  of  ordinary  trusses,  and  a  general  explanation  of  the  method 
of  determining  stresses  in  redundant  members  based  upon  deflection 
formulas. 

The  present  volume,  Part  II,  treats,  in  the  main,  of  structures 
which  are  statically  indeterminate,  but  it  also  includes  the  analysis  of 
cantilever  bridges,  which  is  generally  a  statically  determinate  problem. 
However,  on  account  of  other  elements  of  analysis,  such  as  the  use  of 
influence  lines,  and  the  relation  of  the  cantilever  bridge  to  the  con- 
tinuous girder,  it  seemed  more  convenient  to  include  this  subject  in 
Part  II  than  to  place  it  in  Part  I.  Furthermore,  the  cantilever  without 
suspended  span  becomes  a  statically  indeterminate  structure. 

As  compared  with  the  corresponding  chapters  of  the  former 
edition,  the  present  work  has  been  greatly  extended  in  scope  and  en- 
tirely rewritten.  The  analysis  of  the  different  t)rpes  of  structures 
considered  has  been  made  much  more  complete,  and  two  chapters 
have  been  added  covering  various  problems  in  statically  indeterminate 
structures  and  the  subject  of  secondary  stresses.  The  general  method 
of  influence  lines  has  been  freely  used  in  many  of  the  problems,  both 
as  an  aid  to  clear  treatment  and  for  purposes  of  convenient  calculation. 
Other  graphical  methods  have  also  been  used  wherever  they  seemed  to 
be  advantageous. 

Chapter  I  gives  a  brief  general  treatment  of  the  continuous  girder 
for  both  constant  and  variable  moment  of  inertia.  This  is  followed 
by  Chapter  II  on  swing  bridges,  where  both  approximate  and  exact 

methods  are  fully  explained.    In  Chapter  III  the  cantilever  bridge  is 

••• 
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briefly  discussed,  and  in  Chapter  IV  the  various  types  of  arches  are 
analyzed  by  the  usual  methods.  Chapter  V  contains  a  relatively 
extended  treatment  of  the  suspension  bridge.  The  space  given  to 
this  subject  is,  perhaps,  hardly  warranted,  inasmuch  as  such  structures 
are  of  infrequent  occurrence,  but  the  relative  inaccessibility  of  material 
on  this  subject^  that  is  adequate  for  the  treatment  of  important 
structures,  led  the  author  to  develop  this  chapter  to  a  considerable 
extent.  The  so-called  ** exact  theory"  (Art.  222)  is  based  upon  the 
work  of  Melan,  **Eiserne  Bogenbrucken  und  Haengebriicken."  This 
theory  was  fully  developed  by  Mr.  L.  S.  Moisseiff  of  ihe  Department 
of  Bridges  of  the  City  of  New  York,  and  used  in  the  calculations  of  the 
Manhattan  suspension  bridge,  and  later  by  the  author,  with  various 
modifications,  in  the  recalculations  of  this  structure,  for  Mr.  Ralph 
Modjeska  and  given  in  his  report  to  the  City  of  New  York,  1909.  (See 
Engineering  News,  Vol^  62,  page  401,  Engineering  Record,  Vol.  60, 
page  372.)  In  this  treatise  this  theory  has  been  further  extended  and 
a  study  made  of  the  errors  involved.  The  detailed  development  of  the 
methods  employed  and  the  preparation  of  the  same  for  publication 
have  been  almost  entirely  the  work  of  Professor  W.  S.  Kinne,  to  whom 
the  author  is  also  indebted  for  assistance  in  proof-reading  and  in  many 
other  valuable  details. 

Chapter  VI  includes  several  general  problems  of  importance  per- 
taining to  statically  indeterminate  structures.  These  are  grouped 
under  five  divisions,  namely,  multiple  intersection  trusses,  lateral  truss 
systems,  quadrangular  or  open  frames  of  four  sides,  trussed  beams, 
and  beams  on  multiple  elastic  supports.  Under  quadrangular  frames 
are  discussed  several  problems  pertaining  to  portal  bracing,  viaduct 
bents,  and  towers.  The  last-named  division  includes  the  common 
problem  of  determining  the  maximum  load  on  a  single  transven>c 
element  of  a  railroad  bridge  floor.  Some  of  the  problems  included  in 
this  chapter  are  of  relatively  small  importance  and  are  introduced  more 
to  illustrate  methods  of  analysis  than  for  their  direct  practical  value. 

In  Chapter  VII  the  author  has  endeavored  to  present  the  analysir> 
of  secondary  stresses  in  such  detail  as  to  enable  it  to  be  readily  followed 
and  adapted  to  any  ordinary  problem.  Especial  care  has  been  taken 
to  systematize  the  calculations  so  as  to  reduce  the  labor  involved  to  a 
minimum,  and  it  is  believed  that  a  little  familiarity  with  the  method' 
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will  enable  any  good  computor  to  completely  analyze  an  ordinary 
single  intersection  truss  for  secondary  stresses  in  less  than  two  working 
days.  The  fundamental  theory  of  the  subject  was  developed  many 
years  ago  by  German  writers,  and  the  present  work  contains  nothing 
new  in  that  direction.  In  the  lengthy  calculations  involved,  however, 
the  scheme  of  arrangement  is  very  important  and,  in  this  respect,  it  is 
thought  that  the  treatment  herein  given  presents  features  of  value 
which  will  aid  in  bringing  this  very  important  subject  to  a  better  work- 
ing basis  than  has  hitherto  been  the  case.  In  addition  to  a  full 
explanation  of  the  methods  of  analysis  employed,  several  illustrative  ex- 
amples are  given,  and  also  general  calculations,  which  indicate,  to  a  cer- 
tain extent,  the  relative  secondary  stresses  in  various  types  of  trusses. 
In  addition  to  the  Secondary  stresses  in  main  trusses  due  to  rigid 
joints,  several  interesting  problems  of  more  or  less  practical  importance 
are  discussed,  and  at  the  end  of  the  chapter  the  subject  of  impact 
stresses  is  briefly  treated  on  the  basis  of  the  experimental  work  done 
by  the  Impact  Committee  of  the  American  Railway  Engineering  and 
Maintenance  of  Way  Association. 

The  thanks  of  the  author  are  due  to  many  engineering  friends  for 
suggestions  received  with  reference  to  practical  problems  of  analysis 
arising  in  their  practice.  It  is  hoped  that  the  present  work  will  be  of 
assistance  to  engineers  as  well  as  to  students  in  acquiring  a  working 
knowledge  of  the  methods  of  analysis  applicable  to  statically  inde- 
terminate structures. 

F.    E.    TURNEAURE. 
Madison,  Dec»  iqio. 


TABLE  OF   CONTENTS 


CHAPTER  I 

CONTINUOUS    GIRDERS 

SECTION  I.— DEFLECTION  OF  STRAIGHT  BEAMS 

AST.  PAGB 

1.  The  elastic  curve, i 

2.  Angular  change  at  any  point, 2 

3.  Deflection  at  any  point, 2 

4.  Examples, 3 

5.  Graphical  calculation  of  angular  change  AND  deflection,        ...  5 

6.  Examples, ....7 

7.  Table  op  mo&ients,  stresses,  and  deflections, 9 

8.  Deflection  due  to  shear, 9 

SECTION  II.— CONTINUOUS  GIRDERS 

9.  DEFiNrriON, 15 

10.  Shear  and  bending  moment  in  any  span, 15 

11.  Theorem  of  three  moments, 16 

12.  Concentrated  loads,        .        \ 17 

13.  Uniform  loads, 18 

14.  Effect  of  movement  of  supports,        .        .                18 

15.  Moments  at  supports,            19 

16.  General  formulas  for  moments, 20 

17.  General  formulas  for  reactions, 23 

18.  Continuous  girder  of  two  equal  spans.     Uniform  load  on  both  spans,        .  24 

19.  Uniform  load  on  one  span, 25 

20.  Concentrated  load  on  one  span,             25 

21.  Influence  lines  for  moments  and  shears,  '     .        .        .        •        •        -  27 

22.  Maximum  moments  and  shears,      • 29 

23.  Continuous  girder  of  two  unequal  spans, 30 

24.  Continuous  girder  of  three  spans.     Uniform  load  on  all  spans,    .        .        .30 

25.  Concentrated  load  on  one  span,             31 

26.  Influence  lines  for  moments  and  shears, 33 

27.  Maximum  moments  and  shears  in  a  continuous  girder  of  three  equal 

spans, 34 

28.  Continuous  girders  of  several  spans, 34 

29.  Influence  lines, 35 

30.  Maximum  moments  for  uniform  load,  •        •        •        •        •        •3O 

vu 


VUl 


CONTENTS 


ART. 


31.  Continuous  girders  with  variable  moment  of  inertia, 
32.  Formulas  for  reactions t 
$2.  Example^ 

34.  The  analysis  of  continuous  trusses, 

35.  The  moment  of  inertia  of  a  truss, 

36.  Use  of  continuous  girders, 


PAGE 

37 

37 

39 
40 

41 
41 


CHAPTER  II 


SWING    BRIDGES 


SECTION  I.— GENERAL  CONSIDERATIONS 

37.  General  arrangement, 43 

38.  Arrangements  at  centre  supports, 43 

39.  Arrangements  of  end  supports, 45 

40.  Appucation  of  continuous  girder  formulas, 45 

41.  Loads,       . 45 

SECTION  II.— THE  CENTRE-BEARING  SWING  BRIDGE 

4a.  Formulas  for  reactions, 46 

43.  End  coNDmoNs  assumed, 48 

44.  Plate-girder  bridge  of  two  equal  spans, 50 

45.  Case  I.     Dead  load;    bridge  srvingingf 50 

46.  Case  II.     Dead  load;   bridge  closed;   ends  raised,  .         •     5^ 

47.  Casein.     Live  load;  positive  moments  and  shearsy        ,  •     5^ 

48.  Case  IV,    Live  load;  negative  moments  and  shear s,  .        .         '54 

49.  Maximum  moments  and  shear s^ 55 

50.  Impact  allowance, 56 

51.  Reversal  of  stress, 57 

52.  Effect  of  *' unbroken  loads" 57 

53.  Ends  latched  down, 58 

54.  Centre-bearing  truss  bridge  of  two  equal  spans,  .        -58 

55.  Case  I.     Dead  load;   bridge  swinging, 58 

56.  Case  II.     Dead  load;  ends  raised, 59 

57.  Case  III.     Live  load;  positive  moments  and  shears,      ....     60 

58.  Case  IV.     Live  load;  negative  moments  and  shears,        .         .        •        .61 

59.  Case  V.     Live  load;   bridge  acting  as  single  span,        .        .        .         .62 

60.  Maximum  and  minimum  shears, 62 

61.  Use  of  influence  lines, 64 

62.  Use  of  equivalent  uniform  loads, 65 

63.  True  reactions  calculated  from  deflections,  .        .        .       *        .66 

64.  Example, 68 

65.  Deflection  under  dead  load  and  amount  of  up4ift  required,        .         .         .71 

66.  Effect  of  temperature  variations 72 

67.  Counterbalanced  swiro  bridges, 72 


CONTENTS  IX 
SECTION  III.— THE  RIM-BEARING  SWIl^G  BRIDGE 

ART.  PAGB 

6&  I'russ  continuous  over  pour  supports, 73 

69.  Calculation  hy^  continu&us-girder  formulas, 73 

70.  Calcuiaiion  by  method  of  redundanl  members, 75 

71.  Comparison  of  results, 78 

72.  Stresses  in  centre  diagonals, 79 

73.  Truss  continuous  over  three  supports, 79 

74.  Truss  partially  continuous  over  four  supports,    .   ;   .80 

75.  Reactions  for  a  beam  partially  continuous  over  four  supports,  80 

76.  Example  of  truss  bridge, 82 

77.  True  reactions  for  truss  partially  continuous  over  four  supports,        ,  86 

78.  Rim-bearing  turn-table;   four  supports,            87 

79.  Lift  swing  bridges, 88 

8a  Double  swing  bridges,          .        .  * 89 

81.  Stresses  in  lateral  trusses, 90 


CHAPTER  III 

CANTILEVER    BRIDGES 

82.  General  arrangement  of  spans, 92 

83.  Advantages  of  the  cantilever  bridge,       . 92 

84.  Analysis, 96 

85.  Equivalent  uniform  loads, 99 

86.  Divided  supports  at  the  piers,  99 

87.  Deflection  of  cantilever  bridges, 99 

88.  Cantilever  bridge  without  suspended  span, 100 

89.  Wind  stresses, loi 

CHAPTER  IV 

ARCH    BRIDGES 

SECTION  I.— GENERAL  CONSIDERATIONS 

90.  Definition, 102 

91.  Kinds  of  arches, 102 

92.  Masonry  arches, 103 

93.  Loads  and  reactions, 104 

94.  Internal  stresses, 106 

95.  The  arch  rib, 106 

96.  The  braced  arch, 109 

97.  Advantages  of  the  arch  bridge, no 

98.  Deflection  of  curved  beams, 112 

99.  Angular  change, 113 

100.  Components  of  deflection,      . 114 


X  CONTENTS 

ART.  PAOB 

loi.  Effect  of  direct  stress  on  deflection, 115 

102.  Effect  of  temperature  changes , 116 

103.  Combined  results,  .        .        . 117 

104.  Application  op  deflection  formulas  to  arches 117 

105.  Application  to  trussed  arches,        .         .        .        .        «        .        .        .119 

SECTION  II.— ARCHES  OF  THREE  HINGES 

106.  Reactions  and  stresses  for  dead  load, 119 

107.  Reactions  for  a  single  load,      .        .        . 120 

108.  Use  of  reaction  lines, 121 

109.  Influence  lines, 122 

no.  Influence  lines  for  H, 122 

111.  Influence  lines  for  moments, 122 

112.  Criterion  for  maximum  moments, 124 

113.  Influence  lines  for  shears, -.        .        .124 

114.  Influence  lines  for  thrust, .126 

115.  Equivalent  uniform  loads,  126 

116.  Deflection, 126 

117.  Deflection  due  to  temperature  changes, 130 

118.  Stresses  in  lateral  systems, 131 

SECTION  III.— ARCHES  OF  TWO  HINGES 

119.  General  formulas  for  reactions  for  arch  ribs,      .        .      • .        .        .134 

120.  Arch  on  yielding  support,       .         .         , 137 

121.  Relative  effect  of  deformcUion  due  to  thrust, 138 

122.  General  method  of  application, 139 

123.  Parabolic  arch  with  variable  moment  of  inertia,  .        .        .        -139 

124.  Value  of  H  for  a  single  load, 140 

125.  Value  of  H  for  temperature  change,        .        .        .    '     .        .         .        .  141 

126.  Value  of  H  for  end  displacement, 141 

127.  The  reaction  locus, 141 

128.  Circular  arch  of  constant  section.  Value  of  II  for  a  single  load,         .        .142 

129.  Value  of  H  for  temperature  change, 143 

130.  Value  of  H  for  end  displacement, 144 

131.  The  reaction  locus, 144 

232.  Calculation  of  H  for  arch  ribs, 144 

133.  The  braced  arch.    General  formula  for  II,  .        .        ,        .        .        .146 

134.  Use  of  a  tie^od, 147 

135*  Value  of  II  for  a  single  load, 148 

136.  Graphical  mellwd  of  calculating  H, 149 

137.  The  reaction  locus, 150 

138.  Value  of  II  f'yr  temperature  cliange,        .        .        .        •        .        .        .150 
139.  Stress  calculation.     Dead  load  stresses, ^  150 

140.  Live  load  stress.     The  reaction  locus, 151 

141.  Influence  lines  for  moments, /51 

142.  Influence  lines  for  shear,     , 153 


CONTENTS  XI 

ART.  PAGE 

143.  Influence  lines  for  thrust,  , 153 

144.  Position  of  load  for  maximum  stress, 154 

145.  ExAicpLES, 155 

146.  Approximate  analysis, 155 

147.  Exact  calculation, 157 

148.  Temperature  stresses, 159 

149.  Shearing  stresses, 159 

150.  Values  of  II  for  circular  arch, 160 

151.  Analysis  of  a  braud  arch, 160 

152.  DEFLECnON  OF  TWO-HINGED  ARCHES, 165 

153.  Wind  stresses, i66 

SECTION  IV.— ARCHES  WITHOUT  HINGES 

154.  General  formulas  for  arched  ribs,  169 

155.  Temperature  stresses, 172 

156.  Stresses  due  to  shortening  of  arch, 173 

157.  Parabolic  arch  with  VARIABLE  MOMENT  of  inertia, 173 

158.  Stresses  due  to  a  single  load, 173 

159.  Stresses  due  to  changes  in  temperature, 175 

160.  Stresses  due  to  shortening  of  arch,        •      ' 176 

161.  Reaction  lines, 176 

162.  Position  of  loads  for  maximum  stress, 177 

163.  Influence  lines, 179 

164.  Deflection  OF  AN  ARCH  RIB, 179 

165.  The  BRACED  ARCH, 179 

166.  Graphical  method  of  analysis, 183 

167.  Temperature  stresses, 184 

168.  Wind  stresses,       . 184 

169.  Relative  advantages  of  the  arch  with  fixed  ends, 185 


y 


CHAPTER  V 

SUSPENSION  BRIDGES 

170.  Introduction, i86 

SECTION  I.— THE  CABLE 

171.  Form  of  cable.    Any  loading i86 

172.  Load  uniform  along  the  horizontal, 187 

173.  Load  uniform  along  the  cable, 188 

174.  Side  spans, •        •        .191 

175.  Unsymmetrical  spans, •        .        •        .  191 

176.  Length  of  Cable.     Main  Span,  Parabolic  Cable,      .        .        .         •192 

177.  Main  span.    Catenary  cable, 193 

178.  Side  spans, 194 

179.  Stresses  in  the  cable  for  uniform  loads.    Parabolic  cable,        •        •        .  195 

180.  Catenary  cable 197 

181.  Deformation  of  cable, 198 


XII  CONTENTS 

SECTION  II.— UNSTIFFENED  SUSPENSION  BRIDGES 

ART.  PACE 

182.  Introduction,  " 200 

183.  Stresses  in  the  cable, 200 

184.  Deformation  of  cable  under  partial  loading, 201 

SECTION  III.— STIFFENED  SUSPENSION  BRIDGES 

185.  Introduction, 209 

186.  Method  of  procedure, 211 

A.  Approximate  Methods  of  Calculation 

187.  General  EQUATION  FOR // AND  FOR  MOMENTS  AND  SHEARS,     .     .     .     .212 

(a)  Structure  over  a  single  opening.     Truss  hinged  at  ends 

188.  Value  of  H  for  various  cases 213 

189.  Effect  of  temperature  changes  oh  II, 219 

190.  Moments  and  shears, 220 

191.  Influence  lines  for  moments, 221 

192.  Moments  from  influence  lines, 221 

193.  Effect  07  temperature  on  moments, 223 

194.  Influence  lines  for  shears, 224 

195.  Shears  from  influence  lines 225 

196.  Effect  of  temperature  on  shears, 225 

197.  Deflection  of  the  stiffening  truss, 225 

198.  Influence  lines  for  deflections, 228 

199.  Effect  of  temperature  on  deflection 229 

(b)  Structure  over  three  openings.     Side  spans  suspended.     Trusses  hinged 

200.  Value  or  II,  230 

201.  Moments  and  shears,  235 

202.  Influence  lines, 236 

203.  Deflection  of  stiffening  truss, 237 

204.  Deflection  of  tower  or  movement  of  saddle, 237 

205.  Example, 239 

(c)  Structure  over  three  openings.     Side  spans  free.     Straight  back  stays 

206.  Value  or  II, 249 

207.  Moments  and  shears,  250 

208.  Example, 250 

(d)  Structure  over  three  openings.    Trusses  continuous  over  towers 

209.  Value  of.  /f ,  .       .        .        ...       .        .       .        .        .        .        .252 

210.  Moments  and  shears, 256 

211.  Influence  lines, 257 

212.  Example, 257 

2x3.  Straight  back  stays, 259 


CONTENTS  xiii 

(e)  Structure  aver  three  openings.     Trusses  continuous  over  towers.    Centre  hinge 

ART.  PAGB 

214.  Value  of  H, 260 

215.  Moments  and  sheass, 264 

216.  Example, 264 

217.  Straight  back  stays, 264 

(f)  Structure  with  stiffening  truss  hinged  at  ends  and  centre 

218.  Value  of  H, 265 

219.  Moments  ai^d  shears, 268 

220.  Example, 274 

(g)  Comparison  of  various  types  of  structures 

221.  Comparison  of  results, 274 

B.  Exact  Methods  of  Calculation 

(a)  Structure  with  trusses  hinged  or  continuous  at  towers 

222.  Method  of  procedure, 276 

223.  D£RI\'ATION  OF  formulas  FOR  DEFLECTION,  MOMENT,  and  shear,         .  .  .   278 

224.  Constants  of  integration, 281 

22-;.  Formula  for  H, 283 

226.  Conditions  of  loading  for  maximum  moments  and  shears,        .        .        .  289 

227.  Example, 290 

228.  Effect  op  extension  of  hangers, 299 

229.  Effect  of  variable  moment  of  inertia, 302 

230.  Effect  of  variable  hanger  pull  on  value  of  JJ,  ....  308 

{b)  Structure  with  truss  hinged  at  centre 

231.  Derivation  of  formulas  for  moments  and  shears,  .        .        .        •  3^3 

232.  Effect  of  temperature  on  moments, 315 

233.  Example, 316 

C.  Erection.  Adjustments 

23 }.  Height  of  cable  before  addition  of  dead  load, 319 

2},<^.  Closure  op  stiffening  trusses, 320 

SECTION   IV.— STRESSES  IN  LATERAL  TRUSSES,  TOWERS,  AND 

FLOORBEAMS 

236.  Wind  stresses  in  STRUCTURES  "WITH  HORIZONTAL  STIFFENING  trusses,      .  .32I 

237.  Wind  stresses  in  other  types  op  suspension  bridges,  .        .        .  323 

238.  Floorbeam  stresses, 323 

2y).  Tower  stresses 325 

SECTION  V.—STRUCTURES  WITH  STIFFENED  SUSPENSION  FRAMES 

240.  Suspension  bridges  with  three  hinges, 329 

241-  Suspension  bridges  with  two  hinges,         .......  330 

242.  Suspension  bridges  with  stiffened  cables,  continuous  from  anchorage 

TO  anchorage, ...  331 


XIV  CONTENTS 

CHAPTER  VI 

MISCELLANEOUS    PROBLEMS    IN    STATICALLY    INDE- 
TERMINATE STRUCTURES 

SECTION  I.— MULTIPLE  INTERSECTION  TRUSSES 

ART.  PAGE 

243.  General  fosmulas, 332 

244.  Equations  derived  from  the  principle  of  least  work,    '^.        •        •        .  335 

245.  Forms  of  trusses  and  methods  of  analysis,      .        •        .        •        •        .336 

246.  The  double  triangular  truss  with  vertical  end  posts,        .       .        .336 

247.  Odd  number  of  panels, 337 

248.  The  DOUBLE  triangular  truss  WTTH  INCLINED  END  POSTS,         .  .  •  .342 

249.  The  Whipple  truss, 345 

250.  Other  multiple  systems,       . 346 

251.  General  conclusions  regarding  multiple  system, 348 

252.  The  double  triangular  truss  with  verticals, 349 

253.  General  equations, 350 

254.  Values  of  I  — .        .351 

...         .    ^S' ul 

255.  Values  of  2  —^ 35* 

256.  Solution  of  equations, 355 

257.  Stresses  and  influence  lines  for  diagonals, 356 

258.  Influence  lines  for  the  intermediate  verticals, 357 

259.  General  conclusions, 35Q 

260.  General  case  of  double  diagonals  in  a  Pratt  system,  .        •        .360 

261.  The  counters  of  a  Baltimore  or  a  Petit  truss, 361 

SECTION  II.— LATERAL  TRUSS  SYSTEMS 

262.  Forms  of  lateral  trusses  and  general  methods  of  analysis,        .        •  364 

263.  Stresses  due  to  distortions-  of  main  members, 365 

264.  Lateral  stresses  in  curved-chord  trusses, 369 

265.  Lateral  bracing  necessary  for  rigidity  of  trusses,        .        .        .        .360 

266.  Redundant  reachons,  371 

267.  Stresses  DUE  TO  UNEQUAL  settlement  OF  supports, 372 

268.  Stresses  in  lateral  trusses  due  to  vertical  loads,       .       .        .        .377 

269.  Transverse  bracing, 378 

270.  Stresses  .due  to  lateral  forces, •        •  379 

271.  Stresses  due  to  unequally  loaded  main  trusses,        .        .        •        •         .  3S0 

272.  Proportions  of  lateral  bracing  for  maximum  rigidity,  .       •        .382 

SECTION  III.— THE  QUADRANGULAR  OR  PORTAL  FRAME 

273.  The  quadrangular  frame, 383 

274.  General  solution, 384 

275.  Symmetrical  frames, 286 

276.  Quadrangular  frames  with  brackets, 38S 

277.  Frame  with  posts  fixed  at  one  end, 389 


CONTENTS  XV 

ART.  PAOB 

278.  Frame  with  posts  hinged  at  one  end, .  390 

ayg.  Temperature  stresses, 39a 

280.  Effect  of  lateral  forces, 394 

281.  Partial  trussed  portal  frames, 396 

282.  Frames  with  inclined  end  posts, 398 

2S$.    PORTA2.  frames  OF  MULTIPLE  STORIES, 4OO 

284.  Portal-braced  towers  with  inclined  posts,      .       .       .      ,.       .       •  403 

285.  Deflection  of  quadrangular  frames,         ...  .       .  406 

SECTION  IV.— TRUSSED  BEAMS 

286.  The  king-post  truss, 408 

287.  The  queen-post  truss  without  diagonals, 410 

288.  Truss  of  several  panels  with  diagonals  omitted  in  one  panel,       .       .412 

SECTION  v.— BEAMS  ON  MULTIPLE  ELASTIC  SUPPORTS 

289.  The  general  problem,       * 412 

290.  General  method  of  solution, 413 

291.  Deflection  of  the  transverse  beam, 414 

292.  The  longitudinal  beam, 415 

393.  Deflections  due  io  load  Pf 416 

294.  Deflections  due  to  Ri, 417 

295.  Deflections  due  to  R^ 417 

396.  Deflections  due  to  R^, 418 

297.  Deflections  due  to  R., 418 

298.  Resulting' equations^ 419 

299.  Equations  for  seven  and  five  supports, 419 

300.  Diagram  of  values  o?  reactions, 419 

CHAPTER  VII 

SECONDARY  STRESSES 

301.  Primary  and  secondary  stresses, 423 

302.  Secondary  stresses  due  to  rigidity  of  joint.    Nature  of  the  Problem,  .  423 

303.  Calculation  of  changes  of  angle  in  any  triangle,        ....  425 

304.  The  deflection  angles  of  a  beam, 427 

305.  Notation  and  conventional  signs, 428 

306.  Values  of  deflection  angles, 429 

307.  Selection  of  reference  deflection  angles, 430 

308.  Moments  at  any  joint  in  terms  of  deflection  angles,    .        .        .        .431 

309,  Fibre  stresses  in  terms  of  deflection  angles, 432 

310.  Arrangement  of  calculations, 432 

311.  Calculation  of  values  of  angular  changes, 433 

312.  Calculation  of  summation  of  angular  changes, 436 

313.  Formulation  of  equations, 436 

314.  Solution  of  equaiions, 437 

315.  Caiadation  of  values  of  deflection  angles  and  bending  moments^  .  439 

316.  General  remarks^ 439 


XVI  CONTK«:S 

AST.  PAOB 

317.  Secondary  stresses  in  a  pratt  truss, 440 

318.  Calculation  of  changes  of  angles 443 

319.  Calculation  of  S  d  Z.  and  K  SdJLotthe  several  joints^    .        •        •        •  443 

320.  Formulation  of  equations, 445 

321.  Solution  of  equations, 445 

322.  Calculation  of  defection  angles  and  fibre  stresses,        •        • «      •        •  44Q 

323.  Total  secondary  stresses  and  relation  to  primary  stresses,        •        .        .  453 

324.  General  remarks  on  method  of  calculation, 4S5 

325.  Approximate  METHODS  OF  CALCULATION  FOR  A  LIMITED  NUMBER  of  joints,     .  .  457 

326.  Effect  of  collision  struts, 45S 

327.  Effect  of  eccentric  joints, 462 

328.  Effect  of  pin  connections, 464 

329.  Top  chord  of  pin-connected  truss,        ...•••.  466 

330.  Effect  of  bending  moments  due  to  transverse  loads,       •       .       •       .  468 

331.  Secondary  stresses  IN  TOP  CHORD  DUE  TO  WEioHT  OF  MEMBER,        .        •        -470 

332.  Secondary  stresses  due  to  fixed  supports, 472 

333.  Calculation  of  changes  of  angle  in  figures  of  four  or  mors  sides,         .  476 

334.  The  Baltimore  truss,  . 476 

335.  The  double  triangular  truss, 477 

336.  Relative  amounts  of  secondary  stresses  in  trusses  of  different  types  478 

337.  General  method  of  analysis, 479 

338.  The  Pratt  truss  system, 479 

339.  The  Warren  truss  system, 485 

340.  The  double  intersection  triangular  truss,        .:••••  487 

341.  The  double  triangular  truss  with  verticals, •491 

342.  The  Baltimore  truss, 492 

343.  Th€  double  triangular  truss  vnth  sub-verticals, 494 

344.  Secondary  stresses  due  to  the  action  of  lateral  trusses,        .        •        .495 

345.  The  single  Warren  system, 496 

346.  The  double  Warren  system, 497 

347.  Pratt  truss  with  double  diagonals 497 

348.  Effect  of  lacing  on  secondary  stresses  in  compression  members,         .  497 

349.  Effect  of  secondary  upon  primary  stresses, 498 

350.  Secondary  stresses  in  transverse  frames, 501 

351.  Secondary  stresses  due  to  action  of  stringers, 503 

352.  Deflection  of  members  due  to  secondary  stresses,       .        .        .        .506 

353.  Exact  method  of  calculating  secondary  stresses, 507 

354.  Stresses  in  riveted  expansion  suspenders, 5x4 

355.  Bending  moments  in  members  subjected  to  transverse  loads  and  direct 

stresses, 515 

356.  Approximate  general  formulas 520 

357.  Impact  stresses.    Static  and  dynamic  stresses, 522 

358.  Causes  of  impact, 523 

359.  Effect  of  speed  of  application  of  load, 524 

360.  Effect  of  other  causes  of  impact, •        •  5^5 

361.  General  results  of  tests  for  all  spans,  .        •        •        •        •        .538 

362.  Impact  percentages  for  various  truss  members,        •        •        •        .        .528 

363.  Summary  of  results  of  tests, 528 


THEORY  AND   PRACTICE 

IN   THE    DESIGNING    OP 

MODERN  FRAMED  STRUCTURES 


PART  II 

STATICALLY  INDETERMINATE  STRUCTURES 

SECONDARY  STRESSES 


CHAPTER  I 

CONTINUOUS   GIRDERS 
SiOTiON  I.— DEruonoN  of  Straight  Beams 

I.  The  Elastic  Curve. — ^Let  A  B,  Fig  i,  be  any  portion  of  a  horizon- 
tal beam  subjected  to  certain  bending  moments  and  shears  due  to  the 
action  of  vertical  forces.  The  curvature  due  to  bending  is  only  slight, 
and  it  is  assumed  that  the  length  of  any  part  may  be  taken  equal  to 
its  horizontal  projection.    Assume  the  following  notation: 

M  =  bending  moment  at  any  section,  assumed  as  positive  when 
causing  compression  in  the  upper  fibres; 

X,  y  =  coordinates  of  any  point  N  referred  to  an  origin  at  O,  the 
axis  of  X  being  tangent  to  the  beam  at  ^4  (y  is  also  the  deflection  of 
point  N  from  its  original  position) ; 

fp  =  inclination  of  tangent  at  N,  ==  angular  change  in  the  beam  at 
N  due  to  stress; 

dip  =  angular  change  over  the  length  dx; 

I  =  moment  of  inertia  at  any  section; 

E  =  modulus  of  elasticity,  assumed  as  constant; 

p  =  radius  of  curvature  at  JV. 
II.— I  I 


2  CONTINUOUS     GIRDERS 

It  is  shown  in  treatises  on  mechanics  that,  neglecting  the  distortion 
due  to  shear,  the  dififcrential  equation  of  the  elastic  curve  is 

(f  y  _  M_ 

dx*^EI 


(I) 


The  radius  of  curvature  is  given  by  tlie  formula 


I 
P 


M_ 
El' 


(2) 


2.  Angular  Change  at  Any  Point — Integrating  eq.  (i)  between  A 

d  y 
and  any  point  N  we  obtain  the  value  of  -r-^  or  ^  for  this  point.     This 

u^  30 


Fig.  I. 


angular  change,  referred  to  the  tangent  at  ^4,  is  therefore  expressed  by 
the  general  equation, 


9 


_dy_    fMdx 

"  dx'  J    EI' ^^ 


and  for  point  B 


r^Mdx 


(3«) 


dy 


3.  Deflection  of  Any  Point. — ^The  general  value  of  -7^  being  found 

a  X 

from  (3)  the  deflection  y  is  obtained  by  a  second  integration  between 
the  limits  A  and  iV,  or,  in  general, 


EI 


(4) 
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The  deflection  may  often  be  more  conveniently  foimd  by  a  single 
integration  as  foDows:  Consider  the  deflection  at  point  B  with  respect 
to  the  tangent  A  O.    The  angular  change  of  an  element  dx  2X  any 

M  dx 
point  N  is  d<p  ^  .    The  deflection  of  B  due  to  this  angular 

change  at  N  is  equal  io  xdip  =  —        ,  and  the  total  deflection  at 

B  is  therefore  given  by  the  expression 

Jr^Mxdx  ,  . 

\  -Eir ^s) 

Equation  (5)  can  also  be  readily  derived  from  eq.  (22),  Art.  214,  of 


N 


4. 


d' 


I 


— ^  . 

Fig.  2. 

Part  I,  which  expresses  the  deflection  in  terms  of  work.    For  point  B 

r^  M  dx 
this  becomes  yi  =  /       g.  y    .  f»,  in  which  m  is  the  bending  moment 

at  any  point  due  to  a  load  imity  acting  at  the  point  B.    In  this  case 

/^  M  xdx 
—         ,  as  in  eq.  (5). 

4.  Examples. — The  application  of  eqs.  (3)  and  (5)  will  be  illustrated  by 
the  solution  of  three  simple  problems. 

1.  Cantilever,  supporting  a  load  P,  Fig.  2.  Required  the  deflection  of 
point  B  and  the  inclination  at  this  point.    Assume  E  and  /  constant. 

Here  M  ^  P  x  and  the  deflection  is 

r^Mxdx        P     r^,.  PP 

The  angular  change  at  B  is 

2.  Required  the  deflection  and  inclination  at  B,  Fig.  3,  the  load  P  being 
applied  at  a  distance  a  from  B.  Measuring  x  from  B  we  have  M  ^  P  (x--  a) 
and 
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Also 


p     ri  p 


This  is  the  same  as  the  value  of  <p  at  point  C,  the  beam  being  straight  from 
BtoC. 


i 


'--.--J 


I 


m^ 


4- 


Fig.  3. 


3.  Beam  loaded  as  shown  in  Fig.  4.  Required  the  deflection  of  the  centre 
point  C  As  the  tangent  at  C  remains  horizontal  the  desired  deflection  will  be 
found  by  calculating  the  upward  movement  of  B  with  respect  to  C,  Fig.  (a). 
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l.. >L 1^- 


t 


-(5.- 


tj- «^ 


B 
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Fig.  4. 


From  B   to  D   the  value  of   M  of  eq.  (5)  is  Pjc  and    /  — =-= —  = 

-    /      ^<i^=^-Tr7.     From   P   to   C,    3/ =* — ,   and     / — =— —  = 
I  Jn  Si  EI  7*  J      EI 


P 

E.  ^o 

PI     rih 


r^/^  <   PP 

I      X  d  x=  -^  7T-^.     The  total  deflection  is  therefore, 
•///.  216  EI 


yi 


VSi  ^  216/  EI 


3  £^  •A/, 

210/  £/  ~  648  £/" 

In  a  similar  manner  we  find  for  the  inclination  at  B, 

I   PP 
"^^=9  EI' 
Essentially  the  same  calculations  are  required  by  the  use  of  the  general 

expression  y  =    I    ^  ,  • .  w,  noted  in  Art.  3.      Applying  this  method  to 
problem  (3)  the  calculations  are  as  follows: 


DEFLECTION     OF    STRAIGHT    BEAMS 


From  B  io  D:  M  ^  P  x;  m  ^  \x\    /       p  ,    .m^  —   I 


^     E 


*^^*o^J_x 
EI 


3 


/         ,      r^Mdx        PI  r^^    ^ 


162  £/' 

From  Z>  to  C:  M 

432  EI' 

Adding  these  and  multiplying  by  two,  ta  take  account  of  the  left  half  of  the 

PP       23    P/* 

43 


beam,  we  have  %  =  2  (  — — I — —  ]  =-^  = 
'  ^'^  \  162       4^2  /EI 


ly  as  found  before. 


648  E  r 

Except  for  comparatively  simple  cases,  as  here  illustrated,  the  general 

/M  dx 
„  .    .  w,  will  be  the  easier  of  application. 

5.  Graphical  Calculation  of  Angular  Change  and  Deflection. — 

Suppose  a  a^V  b,  Fig.  5,  to  be  a  portion  of  the  equilibrium  polygon  for 


Fig.  5. 

the  forces  acting  upon  the  beam  A  B.  In  accordance  with  the  prin- 
ciples explained  in  Art.  40,  Part  I,  the  bending  moment  3f ,  at  any 
point  Ny  is  given  by  the  product  of  the  ordinate  n  n'  and  the  pole 
distance  H  of  the  force  polygon,  or,  in  general,  M  =  H  z. 

From  Art.  2  the  angular  change  over  a  length  dx  h  dip  ^     v  t  * 

htl 
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H  zdx 
hence  d<p  ^  — FT~'  ^^^  ^^^  ^^^^^  angular  change  over  the  length 

A  B  \s 

^-''.C'-ir- <^> 

If  E  and  /  are  constant,  we  have 

"Pi^EiJa    2^^  ^  £7  X  (Areaaa'ft'6),      .      .      (7) 

that  is,  the  angular  change  between  any  two  points  is  equal  to  the 
corresponding  area  of  the  equilibrium  polygon^  multiplied  by  H/E  I. 
From  eq.  (5)  the  deflection  of  B  with  respect  to  a  tangent  at  A  is 

yi  =  J     — wj — •     ^  ^^  ^^'  i^)>  ^^^  becomes 

^.-«r^' ® 


For  E  and  /  constant,  we  have 

H     ^^ 
E 

H 


~   /     z X dx 


-  X  (Moment  of  area  a  a'  V  b  about  ft  ft*)*   •      •     (9) 

that  is,  the  deflection  of  B  with  respect  to  a  tangent  at  A  is  equal  to  the 
moment  about  B  of  the  area  of  the  corresponding  portion  of  the  equilibrium 
polygon,  multiplied  by  H/E  I.  The  moment  of  this  area  is  readily 
obtained  graphically  by  constructing  a  second  equilibrium  polygon, 
using  the  ordinates  of  the  polygon  aa'  V  b  as  loads,  as  explained  in 
Part  I,  Art.  41.  The  ordinate  at  B  of  this  second  polygon,  multiplied 
by  the  new  pole  distance  is  the  area-moment  required.  This  second 
equilibrium  polygon  thus  gives  the  deflection  at  any  point  and  repre- 
sents in  fact  the  elastic  curve  of  the  beam. 

A  thorough  understanding  of  the  graphical  method  of  analysis  here 
explained  will  often  enable  the  desired  values  of  deflection  or  angular 
change  to  be  written  out  by  inspection.  It  is  a  convenient  method  of 
analysis  for  continuous  girders,  arches,  and  many  other  problems  in- 
volving the  deflection  of  beams. 
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6.  Examples. — The  graphical  method  will  be  applied  to  the  examples 
analyzed  in  Art.  4. 

(i.)  Fig.  6  represents  the  beam  and  equilibrium  polygon  or  moment 
diagram.     Taking  the  pole  distance,  Hy  equal  to  unity,  ,the  ordinate  aa'  ^  PL 


Fig.  6. 


Then  by  eq.  (7)  the  angular  change  ==  (Area  aa'  b)  -r-  E I  ^  ^  :=rj.    The 

deflection  of  5  =  (Moment  of  area  aa'b  about  B)  -i-£/  =  (JPPX§/)  ■^ 

PP 
E  I  =  I  Tr-^3  as  found  in  Art  4. 
EI 

(2.)  (Fig.  7.)    The  angular  change  at  C  or  -8  =  (Area  aa^ c)  -r-  EI  ^ 


Fig.  7. 

^A^  ~_?L.     The  deflection  at  J5  =  (Moment  of  area  a  a'c.about  jB)  -i-  EI 

2  E  I 

=  liP  (/  -  a)'  X  (a  +  §  (/  -  a))]  4-  EI  =   -gj  (2/*  -  3  a/^  +  A 

(3.)  (Fig.  8.)     The  moment  diagram  has  ordinates  at  D  and  E  equal  to 

PI  I  P P 

— .    The  inclination  at  5  =  (Area  c  (/ b)  -r-  E  I  =  -  -jy-z.    The  deflection  is 

3  gtl 

equal  to  the  sum  of  the  moments  about  B  of  the  areas  cd  d'  d  and  d  d'  h, 
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divided  by  £ /.    Mom.  of  area  cc'rf'rf  = -^P/*  (-+—)  =-^^^,  and 

l8  \3  12/         210 

mom.  of  area  ddfb^-^PPx-l'^-^PP.    Hence  the  deflection 

i8  9         8i 

\  2i6  "^  8i  /  £  /      648  E  r 

(4.)  Beam  Fixed  at  the  Ends. — ^The  method  of  calculating  angular  change 
and  deflection  above  illustrated  may  be  directly  employed  in  the  determination 


of  reactions  and  bending  moments  in  beams  fixed  at  one  or  both  ends.  As 
an  example,  consider  the  beam  A  By  Fig.  9,  fixed  at  A  and  B  and  supporting 
a  single  load  P  applied  at  a  distance  k  I  from  A.  The  unknowns  are  K|,  V^,  M^ 
and  if  J  (Fig.  10).  From  statics,  7^  +  7,  =  P  and  Afj  +  P  ife  /  -  V^l — 
M2  ~  o.  Two  additional  equations  can  be  obtained  by  determining  the 
total  angular  change  from  A  io  B  and  the  deflection  of  B  with  respect  to  a 
tangent  at  A.  Both  of  these  quantities  are  zero,  which  conditions  give  the 
desired  equations. 

The  semigraphic  process  explained  in  Art.  5  is  very  easily  applied  to  this 
case.  The  moment  diagram  is  of  the  form  shown  in  Fig.  11.  By  eq.  (7) 
the  total  angular  change  from  ^4  to  ^  is  given  by  the  sum  of  the  shaded  areas 
in  Fig.  II,  and  the  total  deflection  is  equal  to  the  sum  of  the  moments  of  these 
areas  about  h.  The  triangle  a'  </  f  represents  the  bending  moments  in  a 
simply  supported  beam,  the  ordinate  (/ <f  being  equal  to  P I  k  {i  —  k);  call 
this  M\  Let  z,  and  z,  represent  the  ordinates  at  a  and  b.  The  sum  of  the 
shaded  areas  =  area  of  triangle  a^  d  b\  minus  the  area  of  the  trapezoid  aa'  b'  b 
or 


-  (areas 


)  =  iM'/-(^^)/=o (a) 

The  lever  arms  of  these  two  areas  about  B  are,  for  the  triangle, ,  and 

o 

2  2.    "4"  2b  / 

for  the  trapezoid,     ^        -  X  — .     Multiplying  the  areas  by  these  lever  arms 
and  equating  to  zero,  we  get 
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3  ^     *       ^'6 


(») 


Solving  (a)  and  (b)  for  z^  and  z,  we  derive 

Zi  =  Afj  =  Jlf'  (i  -  jfe);  and  z,  =  ifj  =  ikf'  it.  .     .     .     (lo) 
That  is«  the  bending  moments  at  A  and  B  may  be  considered  as  equal  to  the 


-*!-- 


r 


Fig.  9. 


T 


Fig.  10. 


Fig.  II. 

moment  at  C  in  a  simple  beam,  divided  between  A  and  B  inversely  as  the 
distances  k  I  and  (/  —  J^  /),  or  as  the  reactions  of  a  simple  beam. 

7.  Table  of  MomentSy  Stresses,  and  Deflections. — ^The  table  on  pp. 
10-13  gives  values  of  moments,  stresses,  and  de^flcctions  for  various 
commonly  occurring  cases  of  beams,  both  simply  supported  and  con- 
tinuous. The  values  of  deflection  in  terms  of  maximum  fibre  stress 
are  very  useful  in  problems  in  which  the  deflection  may  be  the  known 
factor. 

8.  Deflection  Due  to  Shear. — ^In  the  theory  of  flexure  presented  in 
the  preceding  articles  the  effect  of  shearing  strains  has  been  neglected, 
the  equations  of  the  elastic  curves  being  derived  from  a  consideration 
of  compressive  and  tensile  strains  only.     In  the  case  of  beams  of  the 
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usual  proportions  the  deflection  due  to  shear  is  small  and  generally 
negligible,  but  for  very  short  beams  it  requires  consideration.  It  is 
also  important  that  the  influence  of  this  factor  be  recognized  in  dealing 

with  trusses  by  means  of  formulas  developed  for  solid 
r       beams. 
^  The  modulus  of  elasticity  for  shear  is  the  ratio  of  the 

shearing  stress  per  unit  area  to  the  angular  distortion. 

Let  Fig.  12  represent  a  short  length  of  a  beam.   If 

A  =  area  of  cross-section,  V  =  total  shear  on  the 
section  and  E^  =  shearing  modulus,  we  have,  for  the  deflection  oi 
the  element, 

^y^'^'' ("' 

Integrating  this  between  any  given  sections  A  and  5  of  a  beam,  we 
have,  for  beams  of  uniform  section,  the  deflection  due  to  shear 

^•=£^r^'^^ ^'' 

PI 

For  a  cantilever  beam  loaded  as  in  Fig.  6,  V^  P  and  y,=Tn 

tjgA 

For  a  beam  supporting  a  load  P  at  the  centre,  the  deflection  due  to 

1   P I 
shear  is  y,=  -  -^p-j.    For  a  beam  uniformly  loaded  V  =  pi/ 2  -  px, 

4  Ea  A 

I 

and  integrating  V dx  from  o  to  —  we  get,  for  the  centre  point,  y,  = 

The  deflection  curve  due  to  shear  is  a  straight  line  where  I' 


8E,A' 

is  constant  and  a  parabolic  curve  where  V  varies  uniformly. 

The  relative  effects  of  shear  and  moment  may  be  illustrated  by 
comparing  the  results  for  the  two  cases  of  a  single  concentrated  load. 
and  a  uniformly  distributed  load.  If  y^  =  deflection  due  to  moment 
and  y,  =  deflection  due  to  shear  we  have : 

For  a  concentrated  load  at  the  centre 

y,  _  12  EI 

For  a  uniform  load 

y,  _    48  £7 
y^  ~  5  E,AP' 
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or  steel  E^  is  approximately  0.4  £,  and  I/A  =  r*.  Hence  for 
he  two  cases  y^/y^  =  3^12  ^^^  24  ^  respectively.    For  plate  gird- 

rs  r  =  one-half  the  depth,  and  for  a  ratio  of  depth  to  span  of  1:10 
le  values  of  y,/y^  become  equal  to  7.5%  and  6%  respectively;  that 
;,  the  deflection  due  to  shear  is  in  these  cases  7.5%  and  6%  of  that 
ue  to  moment.  In  deeper  beams  the  ratio  is  larger,  and  in  ordinary 
russcs  it  reaches  a  proportion  too  large  to  be  neglected. 

SKOTIOM  II. — OOHTINUOUS  OIBDER8 

9.  Definition. — A  continuous  girder  is  a  beam  or  truss  which  is 
upported  at  more  than  two  points.  In  such  a  case  the  reactions  depend 
i}x)n  the  form  of  the  structure  as  well  as  upon  the  loads  and  cannot  be 
letcrmined  from  the  principles  of  statics  alone;  it  is  necessary  to  take 
nto  account  the  dimensions  and  material  of  the  structure  itself.  All 
lupports  in  excess  of  two  are  redundant,  in  the  sense  employed  in  Chap, 
ril  of  Part  I,  and  methods  of  analysis  must  be  applied  similar  to  those 
iscd  in  that  chapter. 

In  the  analysis  and  design  of  continuous  girders  it  is  necessary  to 
issume  certain  proportions  or  dimensions  before  the  stresses  can  be 
letcrmined.  If  the  girder  is  to  be  made  of  uniform  section  the  problem 
is  relativejy  simple,  but  if  it  is  to  vary  from  point  to  point  an  exact 
solution  is  very  laborious  and  generally  not  fully  accomplished.  In 
such  cases  an  approximate  solution  is  made  to  suffice.  In  the  follow- 
ing analysis,  certain  formulas  will  first  be  derived  for  beams  of  solid 
section;  the  application  of  these  formulas  to  trusses  will  be  considered 
subsequently. 

10.  Shear  and  Bending  Moment  in  Any  Span. — Let  ABC D,  Fig. 
13,  be  a  continuous  girder  of  any  number  of  spans  and  loaded  in  any 
manner.  Consider  any  span,  as  A  B,  passing  sections  p  and  q,  close  to 
the  reactions.  Fig.  14  shows  this  span  separated  and  all  forces  in- 
dicated. Jf  1  and  Af 2  are  the  bending  moments  at  the  two  supports, 
Vj  the  shear  on  the  right  of  A  and  V^  the  shear  on  the  left  of  B.  P  is 
any  load  distant  k  I  from  A,    Taking  moments  about  A  we  have 

^^   '  I  ^^^ 


i6 
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Taking  moments  about  B  we  have 


»^i  = 


/ 


c 


Again,  the  bending  moment  at  any  point  N  distant  x  from  A  is 

toTX  <  k /,     M^  =  M^  +  V^x 

toTX>  kl,    M^^  M^  +  V^x-Pix-  kl) 

and  the  shear  at  N  is 

foTxKkl,     F,  =  +  F, 
torx>  kl,     F,  =  +F/  +  P 


Equations  (i)  to  (4)  show  that  the  bending  moments  and  shears  at 
any  section  of  a  continuous  girder  are  easily  found  when  the  moments 


L_i 


1 


5i5««««***5tf^5<^ 


l! 


T 


1 


1 f 

Fig.  13. 


T f 


at  the  supports  are  known.     Similar  formulas  can  readily  be  written 
out  for  uniform  loads. 

iz.  The  Theorem  of  Three  Moments. — ^Referring  again  to  Fig.  15. 
which  represents  a  continuous  girder  of  any  number  of  spans  and 
loaded  in  any  manner  (loads  vertical),  let  us  consider  any  two  consecu- 


Ij — «- -HP 


i 


:n 


^ 


Fig.  14. 


tive  spans  as  A-B-C.  The. theorem  of  "three  moments,"  which  will 
now  be  derived,  is  an  equation  expressing  the  relation  between  the 
bending  moments  at  the  three  supports.  Ay  B  and  C,  and  the  loads  on 
the  two  included  spans,  a  relation  which  is  independent  of  the  loads  00 
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any  other  paxt  of  the  structure.    This  theorem  will  be  derived,  first, 
for  concentrated  loads,  and  secondly,  for  uniform  loads. 

12.  ConcenlrcUed  Loads. — ^Fig.  15  shows  the  two  spans  in  question, 
separated  by  sections  passed  close  to  the  supports  at  A  and  C.  The 
supports  are  numbered  1,2,  and  3  and  the  span  lengths  are  l^  and  /,. 


t 


!s— fej^— 4' 


D 


a'r-*A — -i**' 


> 


Fig.  15. 


The  centre  reaction  is  U,  and  the  end  moments  are  M^  and  Jf ,. 
These  are  shown  as  positive  in  order  that  the  signs  will  be  correctly 
given  in  applying  any  resulting  formulas. 

Consider  first  a  single  load  P  on  each  span.    Let  kili  =^  distance 


K-A^i— • 


of  Pi  from  Ay  and  A^/j  =  distance  of  Pj  from  5,  the  coefficient  k 
representing  the  ratio  of  k  l/l  in  general  for  any  load.  Fig.  16  repre- 
sents the  curved  form  of  the  elastic  line,  and  A'  C  the  tangent  at  B, 
The  deflections  at  A  and  C  with  respect  to  the  tangent  are  y^  and  y,. 

pB  M  xdx 
From  eq.  (5),  Art.  3,  yi  =    /     — ^rj — ,  in  which  M  is  the  bending 

moment  at  any  point  N.  Substituting  the  value  of  M  from  eq.  (3), 
integrating  from  A  to  D  and  from  D  to  B,  and  finally  replacing  Vy  by 
Ms,  value  given  in  eq.  (2) ,  we  derive 


yi  = 


6EI 


In  a  similar  manner  we  find  for  span  B  C,  origin  at  C, 


y.  = 


6EI 


(5) 


.     (6) 


n.- 
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If  the  supports  at  -4,  J5  and  C  remain  at  a  fixed  level  then,  with  due 
attention  paid  to  sign,  we  have  -p  =  —  -r->  whence  we  derive  from 
(5)  and  (6)  the  relation 

If  there  are  several  loads  on  each  span  a  similar  equation  may  k 
written  out  for  each  load  and,  by  addition,  we  have  the  general  equation 
of  three  moments  for  any  number  of  concentrated  loads. 

13.  Uniform  Lioads. — If  the  spans  are  loaded  with  a  uniformly  di>- 
tributed  load  of  p^  and  p^  per  unit  length,  respectively,  then  in  eq.  ()> 

P  may,  in  general,  be  replaced  hy  p  dx  and  k  by  y.    Then  integrating,' 

each  of  the  terms  in  the  second  member  from  o  to  /  we  have,  for  unijorm 
loads 


MJ,  +  2  M,  (l,  +  I,)  +  M3/3  =  -  i  p,  /.»  -  i  p,  l,\    .    ( 


•  J 


• 

c__. 

TapgcPJ — Ji]^  n; — 

45 H 

— lii — ■        ^- , 

1                   -I    ^ ■   »J*-- 

Fic.  17. 

14.  Effect  of  Movement  of  Supports. — In  Fig.  16  the  elevation  of 
the  supports  was  assumed  as  fixed.  If,  however,  their  relative  elevation 
changes,  due  to  unequal  settlement  or  imperfect  adjustment,  the  valuo 
y^  and  y,  will  be  modified  accordingly.  In  Fig.  17  let  -4,  B  and  C 
represent  the  initial  position  of  the  supports.  Suppose  that  the  supprt 
at  A  settles  a  distance  A,,  the  support  at  5  a  distance  A3  and  that  at  C 
a  distance  A3.  Unless  these  movements  are  equal  or  proportional  the 
beam  will  be  bent  out  of  its  original  form  by  such  settlement.   This  effect 
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may  be  measured  by  the  ordinate  y'  at  A\  from,  the  support  A'  to  the 
straight  line  A"  B'  C  drawn  through  B'  and  C .     By  similar  triangles 

y  +  ^1  -  ^2       K-  K  /^^x 
7 ^  —f ' (^^) 

whence 

/  =  (A,  -  A3)  ^  +  A,  -  A. (II) 

*2 

Then,  as  in  Art.  12,  ^'  =  —  y.      Substituting  the  values  of  y^ 

and  ^3  from  (5)  and  (6)  we  derive,  finally,  for  any  number  of  loads 

^1  ~"  ^2    .    K^  ^: 


-  6£/ 


(^+T^) <") 


as  the  equation  of  three  moments  which  takes  account  of  a  settlement 
of  supports. 

Generally  we  speak  of  the  supports  as  being  level  or  otU  of  level,  but 
if  the  supports  are  fixed  and  the  beam  is  built  to  conform  to  their  eleva- 
tion, even  though  they  be  at  different  levels,  there  will  be  no  stress 
resuhing  from  such  variation.  It  is  only  a  variation  in  level  from  tlie 
original  or  normal  position  that  is  significant.     The  fact  that  such  a 

1  \ 2      i        is       i        44    i 5_J|: 6 

Fig.  18. 

variation  or  settlement  of  supports  causes  large  stresses  in  a  continuous 
j^irder  constitutes  a  serious  objection  to  its  use  in  practice. 

15.  Calculation  of  Moments  at  Supports. — ^The  theorem  of  three 
moments  enables  the  bending  moments  due  to  any  given  loading  to  be 
calculated  in  any  continuous  girder  of  any  number  of  spans.  This  is 
accomplished  by  the  successive  application  of  the  theorem  to  each 
P'oup  of  two  consecutive  spans,  this  process  furnishing  as  many  equa- 
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tions  as  there  are  unknown  moments.  Thus,  for  a  girder  of  five  spans 
Fig.  i8,  the  theorem  written  out  for  spans  i  and  2,  2  and  3,  3  and  4, 4 
and  5,  gives  four  equations.  The  moments  at  i  and  6  being  zero,  there 
are  but  four  imknown  moments,  which  are  readily  found  by  solving 
these  four  equations-  The  moments  at  the  supports  being  determined 
the  moments  and  shears  at  intermediate  sections  are  derived  as  in  An. 
10. 

In  the  case  of  fixed  ends,  the  theorem  may  still  be  applied  by  con- 


— •-** 


rd: 


4- 

Fig.  19. 

sidering  the  fixed  end  as  equivalent  to  an  additional  span  of  length  zera 
Thus  let  A  By  Fig.  19,  be  a  beam  fixed  at  the  ends  and  supporting  a 
single  load  P.    Fig.  20  shows  this  as  a  three-span  continuous  girder. 


It-o 

Fig.  20. 

the  values  of  l^  and  /,  being  indefinitely  small.     Applying  eq.  (8)  we 
have,  for  spans  l^  and  /j  (noting  that  M^  =  o,  and  l^  =  o), 

2  M,  /,  +  il/3  ^2 P  V  (2  *  -  3  *"  +  **).     .      .     (fl) 

And  applying  to  spans  2  and  3  (noting  that  M^  =  o  and  /,  =»  o), 

ilf ,  /,  +  2  JIf ,  ^  =  -  P  / ,» (A  -  *«).       ,      .      .     (i) 
Solving  (a)  and  (6)  for  Af ,  and  M^  we  have 

M ,  =  -P/(ife  -  2**  +  **) 
and  3/3  =  -  P  /  {k^  -  *») 


(13) 


These  results  are  the  same  as  given  in  eq.  (10),  Art.  6,  the  value  of 
If'  of  that  article  being  equal  XoP  I  (k  —  k^). 

i6«  General  Formulas  for  Moments  at  Supports. — ^The  result  of  the 
application  of  the  theorem  of  three  moments  in  the  manner  explained 
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above,  to  a  girder  of  any  number  of  spans,  may  be  expressed  in  a 
general  formula  for  the  moment  at  any  given  support.  Such  a  formula 
will  be  here  given  for  both  uniform  and  concentrated  loads,  spans  all 
equal. 

Let  n  =  whole  number  of  spans; 

m  =  numberof  support  in  question,  counting  from  the  left; 
r  ==  number  of  any  span  in  which  a  load  occurs; 
c  =  a  coefficient,  tabulated  below, 
(a)   Uniform  Load  on  Any  Span, — ^For  the  case  where  one.  or  more 
spans  are  uniformly  loaded  with  a  load  p  per  unit  length,  the  bending 
moment  at  the  mih  support  is 

pP 

(For  loaded  spans  on  left.)     (For  loaded  spans  on  right.) 

The  following  values  are  to  be  used  for  the  c  coefficients: 


Ci  =           o 

^6    -     --             56 

Cg        =      —          10,864 

^2    =     +        I 

Ce  =    +       209 

^10  =   +     40,545 

Cz 4 

C7  ==   —       780 

^11 i5i>3i6 

^4    =-     +    IS 

Cg  =  +  2,911 

^12  =  +  564,719 

following  the  law  that  ^^  =  ""  4  ^m-i  "  ^m-2. 

As  an  example,  let  it  be  required  to  find  the  value  of  M^  for  a  girder  of 
four  equal  spans,  loaded  as  shown  in  Fig.  21.    Here  w  =  2,  n  =  4.     For 


''^!>^c^i<;'Z<^^^^cc^yA^6ii^.^x^yX'^^ 


\     I     t^i — I 

'  Fio.  21. 

loads  on  the  left  of  the  2nd  support,  f  =«  i,  and  for  loads  on  the  right,  r  =  2 
and  4.     £q.  (14)  then  becomes 

4  V^s  '«    4  ^k) 

27 

Substituting  the  values  of  c  we  have  3f ,  = p  P. 

224 
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(b)  Uniform  Load  on  All  Spans. — ^For  this  case  eq.  (14)  reduces  to 

■^n  +  I  (Cm  +  I  -  l)   '-C^iCn+7-^)']pP 


L  c«4..    '  J  12"     •    ^  '' 


This  formula  is  evaluated  in  the  following  diagram  for  all  suppon: 
for  girders  of  seven  spans  or  less. 


MOMENTS  AT  SUPPORTS  ;  TOTAL  UNIFORM  LOAD  ;  SPANS  ALL  EQUAL 

COEFFICIENTS  OF  (  -  /» P). 

o        I        -|         2  o 
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I       —        a        —         z 
10  10         ^ 
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j\ 


(c)  Concentrated  Loads  on  any  Span, — ^For  the  case  where  one  or 
more  spans  are  loaded  with  concentrated  loads, 

(For  loaded  spans  on  left  of  mih  sup|X)rt.) 
(For  loaded  spans  on  right  of  wth  support.) 

If  both  uniform. and  concentrated  loads  arc  found  upon  the  same 
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span,  then  both  (14)  and  (16)  must  be  used.  When' more  than  one  span 
is  loaded,  the  data  must  be  worked  out  for  each,  and  the  sum  taken,  as 
indicated  by  the  primary  signs  of  summation.     The  secondary  summa- 


CI  ^  1)  ' 


V 


•R. 


Fig.  22. 


tion  signs  for  concentrated  loads  signify  the  summation  for  the  several 
concentrated  loads  in  any  one  span. 

17.  General  Formula  for  Reactions. — It  is  convenient  to  find  the 
reactions  directly  from  the  moments  at  the  supports.     Fig.  22  repre- 


p. 

c. 


K  v,'T Jv,  Tv; 


Fig.  23. 

sents  any  two  consecutive  spans.     Let  R2  =  reaction  at  the  middle 

M   —  M 
support.       In  Fig.  23,  /?,  =  F/  +  V,.      By  eq.  (i),  F/  =  ^  .       ' 

M,  —  M 
+  Pi  ky  and  by  eq.  (2),  F,  = r~~~^  +  ^a  (i  —  *)j  whence 

i?3  = -J + -J +  Pi  ^  +  P2  (i  -  k).      .     (17) 

Note  that  the  last  two  terms  of  (17)  give  the  total  reaction  at  B  for 
two  simple  spans.      For  uniform  loads  these  terms  become  ^-^—^  and. 

2 

The  following  gives  the  shears  on  each  side  of  the  supports  for  the 
case  of  uniform  load  over  the  entire  girder.  The  supporting  force  is 
the  sum  of  the  two  shears  at  that  support. 
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SHEARS  AT  SUPPORTS;    TOTAL  UNIFORM  LOAD;    SPANS  ALL  EQUAL 

COEFFICIENTS  OF  (/»/). 


i|o 


o  I  3 
8 


ill 

8 
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5|6 


T\ 


lO 


lO 


lO 
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O  I   II 


17  I  15         13  I  13         15  I  17         "  |o 
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28 
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o  IT5         23  I  20         18  I  19         19  I  18        20  I  23         IS  I  o 
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38 
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49  I  51 
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3 


53  I  53         51  I  49         55  I  63         41 
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104 
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104 
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104 
7 


o  I  56        86  I  75         67  I  70         72  I  71         71  I  72         70  I  67         75  I  86        56  |o 
142  142  142  142  142  142  142  143 


i8.  Continuous  Girder  of  Two  Equal  Spans. — Uniform  Load  on 
Both  Spans. — (Fig.  24.)  For  a  uniform  load  of  p  per  unit  length  on 
both  spans  we  have  from  eq.  (9),  noting  that  M^  =  o,  M^  =  o  and 

M.^^yipP (18) 

Then  we  readily  find 

R2-  VaPI 
The  bending  moment  at  any  distance  x  from  A  is 

px"       p 


(19) 


M^^R.x- 


2  ^ i^^^^ " ^^^*  ' 


.  (20) 


The  shear  is, 


7,  =  /?,-^x  =  |(3/-8^) (21) 
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The  variation  in  moment  and  shear  is  shown  in  Figs.  24,  (b)  and  (c) 
The  maximum  positive  moment  occurs  for  zero  shear,  or  lor  x  —  )4  h 
and  zero  moment  ior  x  =  ^  l. 

19.  Uniform  Load  on  One  Span. — (Fig.  25.)     Applying  eq.  (9), 


B 


yy/'y^^/>yA<xxy^Ayx/>^^9i^ 


Fig.  24. 


P^  =  o,  and  the  value  of  Af  3  is  one-half  that  given  by  (18),  or 


«.=-i,i-. 


Then,  as  before, 


J?.  = 


R, 


-T6^^' 


r 


J 


(22) 


•  •  (23) 


The  variation  in  moment  and  shear  is  represented  in  Fig.  25.     Maxi- 

mum  moment  occurs  for  «  =  -^  I,  and  zero  moment  for  ii(;=  141. 

16 

20.  Single  Concentrated  Load  on  One  Span. — Reactions. — (Fig.  26.) 
For  a  single  load  P  on  the  first  span  we  find,  from  eq.  (7),  noting  that 
Af ,  =  o,  3/3  =  o,  P,  =  o,  and  /,  =  ^2  =  h 


JIf,  =  - 


PI 


(k-k>) (24) 
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and  from  this  we  derive 

^1  =  7(4-5*  +  *'). 
4 

i?,  =  ^  (3  *  -  p), 

Moments.    The  moments  vary  as  shown  in  Fig.  26  {b), 
A  and  £),  M  =  /?,  :v,  and  is  always  positive. 


(25) 


Between 


From  Z>  to  J5,  iV/  ^  R,x  -  P  {x  -  kJ)  ==  P  {kl  -^-  kx  -\--1^  x). 

4  4 

This  value  varies  from  positive  to  negative,  becoming  zero  at  E  for  a 
value  of  X  given  by  the  equation 

5 


*»  ~  -  -  /fe^- 


(26) 


In  the  second  span  the  moment  is  negative  throughout. 

For  larger  values  of  k  the  point  of  inflection,  £,  lies  farther  to  the 


Fig.  25. 

right,  being  located  dways  between  the  load  and  the  centre  support; 
for  smaller  values  of  k  the  }X)int  E  lies  farther  to  the  left,  the  least  value 
of  x^  of  eq.  (26)  being  0.8  /. 

Shears,     The  shears  are  readily  deduced  from  the  value  of  /?,. 
They  are  represented  in  Fig.  26  (r). 
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21.  Influence  Lines  for  Moments  and  Shears,  (a)  Moments, — 
The  position  of  moving  uniform  loads  for  maximum  moments  can 
readily  be  deduced  from  the  preceding  equations.     It  will  be  of  assist- 


H —    I 


B 


R^t-^^j^-,— 4-4?^ 1 ;[^. 


(a) 


!        I 


'■^jllll^^ 


(6) 


ilM 


iiiiiiniMtiiiiitMiiiiiniiiniiiiiiiiiiiiiiKiiiiiiiiii 


(c) 


Fig.  26. 


ance,  however,  to  construct  influence  lines  for  two  or  three  points. 
Such  lines  are  almost  indispensable  if  calculations  are  to  be  made  for 
concentrated  loads. 

In  Fig.  27  consider  any  section  D  in  the  first  span,  whose  distance 


1^-kl — A     in 
Al l_-|il 


i*--W-->lC 


Ri  (al 


c'^&> 


c'<c) 


Fig.  27. 

from  A  is  less  than  0.8  /.  For  a  load  on  span  B  C,  Af  ^  =  R^  a.  The 
value  of  i?i  is  given  by  the  expression  for  R^  in  eq.  (25),  in  which  k  I 
is  to  be  measured  from  C.     Hence  Af ^  =  —  }i  P  (k  —  k^)  a.     This 
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moment  is  represented  by  the  curve  C  FB'y  Fig.  (6).     For  a  load 
between  B  and  X>,  R^  is  directly  given  by  eq,  (25),  and  Mj^  ^  R^a 

Pa 
=  —  (4  —  5Jfe+^).      This  moment   is  represented  by  the  curve 

4 
B'  D",  a  continuation  of  the  curve  F  B\     On  the  left  of  D,  Mjy  ^  RiG 
—  P  (a  --  kl),      Eq.   (25)    gives  if,.     The  curve  D"  A'  represents 
this  moment,  thus  giving  the  complete  influence  line  C  FB'  D"  A'. 
Note  that  since  the  reactions  arc  functions  of  the  third  degree  with 


respect  to  k  the  influence  line  is  no  longer  a  series  of  straight  lines,  as 
in  the  case  of  simple  structures,  but  consists  of  arcs  of  curves. 


a 


If  the  point  D  lies  near  -B,  so  that  y  >  0.8,  then,  as  shown  by  eq. 

(26)  and  Fig.  26,  the  moment  at  D  will  be  zero  for  a  certain  position  of 
the  unit  load.  When  the  load  is  on  the  left  of  such  position  the  moment 
at  D  will  be  negative  and  when  the  load  is  on  the  right  it  will  be  positive. 
Take  a  point  G  such  that  the  distance  -4  G  =  0.9  /.  The  influence 
line  is  shown  in  Fig.  27  (c).  For  loads  between  G  and  A  it  will  be  found 
that  at  some  point  H  the  moment  at  G'  will  be  zero,  and  for  loads  to 
the  left  it  will  be  negative,  giving  the  form  of  influence  line  as  shown. 
The  value  of  jfc,  such  that  the  moment  at  G  will  be  zero,  may  be  found 
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by  placing  x^  =  0.9  /  in  eq.  (26)  and  solving  for  k.  This  gives 
k  ==  y/$/g  =  -745-  Notice  the .  relatively  small  efiFect  of  the  load 
from  A  to  H.  The  influence  line  for  moment  at  B  is  given  in  Fig. 
27  id). 

The  relative  values  of  the  maximum  bending  moments  are  well 
shown  by  the  areas  of  the  influence  diagrams.  For  uniform  moving 
loads  they  give  directly  the  correct  positions  and  values;  for  con- 
centrated loads  the  method  of  determining  positions  and  maximum 
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Fig.  29.-^Moments  in  a  Two-Span  Continuous  Girder. 


moments  by  trial  is  the  most  expeditious.  This  is  illustrated  in  the 
next  chapter. 

(6)  5Aear5.-rInfluence  lines  for  shear  are  given  in  Fig.  28.  The 
curve  A"  B'  C  is  the  influence  line  for  i?„  and  the  curve  A'  D"'  B"  is 
drawn  a  unit  distance  below.  The  complete  influence  line  for  any 
point  D  is  then  given  by  the  curves  A'  D**'  and  D"  B'  C.  The  con- 
struction shows  clearly  the  position  of  moving  loads  for  maximum 
values. 

22.  Maximum  Mamenis  and  Shears  Due  to  Fixed  and  Moving 
Uniform  Loads. — Fig.  29  shows  graphically  the  greatest  positive  and 
negative  moments  at  all  sections  of  a  continuous  girder  of  two  equal 
spans,  due  to  dead  and  live  loads,  considered  as  uniform  loads.  The 
numerical  ordinates  are  the  coefficients  of  p  P.     The  dead-load  curve 


so 
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is  the  same  as  given  in  Fig.  24.  The  positive  live-load  moments  for  all 
sections,  excepting  those  that  are  nearer  the  centre  than  0.8  /,  are  given 
by  loading  one  span  fully,  as  shown  in  Art.  19,  and  Fig.  27  (b).  For 
sections  near  the  centre  a  partial  load  gives  the  maximum  positive 
moment  as  shown  in  Fig.  27  (c).  For  maximum  negative  moment  at 
all  sections  to  the  left  the  0.8  point,  the  second  span  only  is  loaded 
(Fig.  27  (6) ) ;  for  sections  near  the  centre  a  portion  of  the  beam  at  the 
left  end  is  also  loaded  (Fig.  27  (c) ).  For  point  B  the  entire  span  is 
loaded.    If  the  partial  loadings  for  sections  near  the  centre  are  neglected, 
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Fig.  30. — Shears  in  a  Two-Span  Coniinuous  Girder. 


either  one  or  both  spans  being  fully  loaded,  the  resulting  curves  will  be 
as  shown  by  the  dotted  lines  in  Fig.  29. 

Fig.  30  shows  the  maximum  shears  at  all  sections  due  to  a  fixed  and 
a  moving  uniform  load,  the  values  being  coefficients  of  p  L 

23.  Continuous  Girder  of  Two  Spans,  Spans  Unequal.  — If  the  span 
lengths  are  unequal  the  calculations  of  reactions,  moments,  and  shears 
will  be  but  slightly  modified.  The  same  general  position  of  moving 
loads  will  be  required  for  maximum  values,  but  the  point  of  inflection 
noted  in  Art.  20  will  be  shifted  somewhat. 

24.  Continuous  Girder  of  Three  Spans. — Uniform  Load  on  AU 
Spans. — Assume  a  girder  having  equal  end  spans,  but  a  centre  span  of 
any  length.  Fig.  31.     Let  /  =  length  of  end  spans  and  nZ  =  length 
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of  centre  span.     This  type  of  girder  is  often  used  in  swing-bridge  con- 
struction and  is  occasionally  met  with  elsewhere. 

For  a  uniform  load  extending  over  the  entire  girder  of  p  per  unit 
length  we  have,  from  eq.  (9),  for  spans  i  and  2,  noting  that  Af  j  •=  M 


2M^(l  +  nl)  +  M^nl  =  "  J4  ^?-K^»'^> 


whence 


From  this  is  readily  derived, 


2  +  3« 


29 

(27) 
(28) 


(29) 


41-      2  -h3 

_        _  ^/  ps  -h  io«  +  6»^  4-  «' 

4  L  2  +  3« 

The  moments  and  shears  are  found  at  intermediate  points  as  ex- 


R^  ^  R^ 


■]••  • 


(30) 
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Fig.  31. 

plained  before.    Fig.  31   represents  the  variation  in  moments  and 
shears  throughout  the  girder. 

25.  Single  Load  on  First  Span.     (Fig.  32.)     A  load  P  is  placed  a 
distance  k  I  from  A.     Substituting  in  eq.  (8)  for  spans  i  and  2  we  have 

2MAI  -^  nl)  +  M^nl PP(k-k'),        .      .     (a) 

and  again  for  spans  2  and  3 

M^nl  +  2M^(nl  +  I)  ^o.       .     .      .     .      (b) 
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From  these  we  derive 


Jf,  =  -  U-ll  p  I  (k  -  i^. 


N 


n 


M,-^Pl(k-k^, 


(31) 
(32) 


in  which  JV  =  4  +  8n  +  3n'. 
Thence  the  reactions  are 


i. . 


(33) 


» 

In  a  similar  manner  the  moments  and  reactions  for  a  single  load  on 
the  second  span  may  be  foimd.    The  variation  in  moments  and  shears 


!♦ — «— 


Fig.  32. 

for  a  single  load  in  the  first  span  is  shown  in  Fig.  32.  It  will  be  noted 
that  there  is  a  point  of  inflection  in  both  the  first  and  second  spans 
showing,  as  in  Art.  20,  that  for  certain  distances  near  the  centre  supports 
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the  moments  may  be  either  positive  or  negative,  depending  upon  the 
position  of  the  load. 

36.  Influence  Lines  for  Moments  and  Shears. — ^In  Fig.  33  are  shown 
the  influence  lines  for  moments  at  the  centre  point  E  of  the  first  span, 
(A  =  J),  the  point  F  {k  ^  0.9),  and  the  centre  point  G  of  the  second 
span.     The  length  of  span  -B  C  is  taken  at  one-half  ol  AB  (n  ^  J). 
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Fig.  33. 

The  influence  lines  for  shears  at  E  and  G  are  also  given.  These 
figures  show  clearly  the  relative  effect  of  loads  on  the  several  spans  and 
particularly  the  small  eflfect  of  loads  in  the  third  span  upon  the  stresses 
in  the  first  span.  The  influence  line  for  M^  brings  out  the  same  con- 
ditions as  to  loading  as  shown  in  Fig.  27  for  the  two-span  girder. 
u. — 3 
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27.  MflTJimitti  Homents  and  Shears  in  a  Continuous  Girder  of 
Three  Equal  Spans. — Fig,  34  gives  graphically  the  moments  due  to  a 
fixed  uniform  load,  and  the  maximum  positive  and  negative  moments 


Fia.  34. — MomcDts  in  a  Three-Span  Continuous  Girder. 

due  to  a  moving  uniform  load,  the  ordinates  being  the  coefficients  of 
p  I*,  where  p  =  load  per  unit  length. 

F'g-  35  gives  the  maximum  shears  for  the  same  kind  of  loading. 
It  is  to  be  noted  that  the  shears  do  not  vary  greatly  from  those  in  a 
simple  span,  the  maximum  being  0.6  p  1  for  fixed  load  and  0.62  p  I  for 
moving  load. 

38.  Continuous  Girders  of  Several  Spans. — It  is  seldom  that  a 
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Fig.  .15. — Shears  in  a  Three-Span  Continuous  Girder. 

continuous  girder  of  more  than  three  spans  is  employed  for  bridges, 
but  in  modem  building  construction,  especially  where  reinforced  con- 
crete is  used,  continuous  beams  of  numerous  spans  frequently  occur. 


CONTINUOUS    GIRDERS 


35 


While  an  exact  solution  of  such  cases  is  seldom  necessary,  it  is  important 
to  know  the  possible  maximum  stresses  which  may  be  caused  by  moving 
loads.     The  determination  of  moments  is  of  more  importance  in  this 
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Fig.  36. 


case  than  that  of  shears,  as  the  shears  do  not  differ  greatly  from 
those  in  simple  beams. 

29.  Influence  Lines  for  Moments  and  Shears. — Assume  a  girder  of 
six  equal  spans.     To  illustrate  the  effect  of  loads  on  various  spans 
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upon  the  bonding  moments,  influence  lines  have  been  drawn  in  F-: 
36  for  moments  at  the  centres  of  spans  1-2  and  3-4,  and  at  suppon- 
2  and  4.  A  maximum  moment  at  the  centre  of  a  span  requires  cac! 
alternate  span  to  be  loaded,  and  a  maximum  moment  at  the  suppor 
requires  the  two  adjacent  spans  to  be  loaded  and  then  each  altema: 
span.     The  small  effect  of  loads  on  remote  spans  is  to  be  noted. 

Fig.  36,  (J)  and  (g),  shows  influence  lines  for  shears  in  spans  i  j 
and  3-4.  The  general  rule  of  loads  in  alternate  spans  is  seen  to  hoi : 
true  as  for  moments,  but  the  effect  of  remote  loads  upon  maximum 
shears  is  relatively  less  than  in  the  case  of  moments. 

30,  Maximum  Moments  for  Uniform  Fixed  and  Moving  Loads,— 
To  assist  in  estimating  the  probable  maximum  moments  due  to  uni- 
form loads,  calculations  have  been  made  of  the  maximum  moment.> 
at  supports  and  at  centres  of  spans,  for  continuous  girders  of  from  two 
to  seven  equal  spans,  and  the  results  are  given  in  the  following  tabk. 


COEFFICIENTS     OF      ^  P,     FOR     MAXIMUM     MOMENTS      IN      CONTINUOl 
GIRDERS    FOR    UNIFORM    FIXED    AND    MOVING    LOADS. 


No.  of  Spans. 


Two  . 
Three 
Four 
Five  . 
Six  .. 
Seven 


Intbrmbdiatb  Spans  and  Supports. 


At  Centre  of  Span. 
(  +  ) 


Fixed. 


.025 
.036 
.046 

.043 
.044 


Moving. 


•07s 
.081 

.086 

.084 

,084 


At  Support. 
(-) 


Fixed. 


.071 
.079 
.086 
.085 


Moving. 


107 
III 
J16 
114 


End  Span  and  Sbcond  Support. 


At  Centre  of  Span. 
(  +  ) 


Fixed. 


.070 
.080 
.071 
.072 
.072 
072 


Moving. 


095 
100 

098 

099 

099 

099 


At  Support. 
(-) 


Fixed. 


"5 
.100 
.107 

•105 
.106 

.106 


Moving. 


•125 
.117 

.120 
.120 
.120 
.120 


It  is  found  in  general  that  for  all  spans,  excepting  the  end  span  and 
the  adjoining  support,  the  maximum  positive  and  negative  moments 
do  not  vary  greatly  in  the  several  spans.  For  the  end  spans  and 
adjacent  supports  the  maximum  are  considerably  higher.  The  results 
are,  accordingly,  arranged  in  two  groups  in  the  table.  For  the  inter- 
mediate spans  the  greatest  value  for  the  several  spans  is  given  in  each 
case.    The  quantities  are  the  coefficients  of  p  P.     It  is  to  be  noted 
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that  for  girders  of  five  or  more  spans  the  maximum  moments  arc  but 
little  affected  by  the  number  of  spans. 

31.  Continttous  Girders  with  Variable  Moment  of  Inertia. — ^If  the 
moiaent  of  inertia  varies,  then  in  the  expression  for  deflection,  eq.  (5), 
Art-  3,  the  quantity  /  must  be  left  under  the  integral  sign.  It  is  then 
possible,  as  in  Art.  11,  to  develop  a  relation  between  three  cbnsecutive 
moments  and  the  loads  in  the  two  included  spans,  in  which  the  various 
integrals  containing  /  are  solved  by  substituting  in  detail  the  values 
of  this  quantity.  It  is  unnecessary,  however,  to  derive  such  general 
formulas,  as  the  cases  arising  in  practice  can  more  readily  be  solved  by 
direct  methods. 

32.  Reactions  for  a  Two-Span  Continuous  Girder  with  Variable 
MontetU  of  Inertia, — ^It  will  be  convenient  to  derive  at  once  the  formula 
for  one  of  the  reactions,  as  J?i,  for  any  load  P  on  one  span  (Fig.  37). 


B 


.  p, 

Fig.  37. 

This  may  be  done  by  the  application  of  the  theory  of  deflection  or  of 
redundant  members,  explained  in  Part  I,  Chapter  VII.  Considering 
the  reaction  R^  as  the  redundant  force,  the  conditions  require  that  the 
total  effect  of  this  reaction,  and  of  all  other  forces  (P,  i?j,  and  R^,  must 
be  such  as  to  cause  zero  deflection  at  A. 

If  M  =  bending  moment  at  any  section  due  to  all  the  given  forces, 
and  tn  =  bending  moment  due  to  a  reaction  R^  ^  i,  then,  as  in  Art. 
222,  Part  I,  for  zero  deflection  at  -4, 

M dx  ,    . 

-^Y  •  ^  ="  ^- (34) 

As  in  the  case  of  redundant  members,  the  moment  M  may  be  con- 
sidered in  two  parts:  a  part  M'  due  to  the  given  loads,  with  the  support 
at  A  removed,  and  a  part  Af^  due  to  R^.  Then  we  have  Af^^  R^  X 
m,  and  hence 

rMdx  r^M'mdx       „     /^mUx  ,    , 


r 
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From  which  (£  being  assumed  constant), 

M'mdx 


R. 


r 


r 


m^dx 


(36) 


This  expression  is  general  for  spans  of  any  length  and  for  any  value  of  /. 
To  illustrate  the  use  of  eq.  (36)  consider  the  case  of  two  equal 
spans.  It  Will  be  necessary  to  perform  some  of  the  integrations  in- 
dicated in  three  parts,  namely,  from  A  io  D,D  to  5,  and  B  to  C  The 
values  of  M'  and  m  for  these  sections  are  as  follows: 


Saction 

Af' 

m 

M'm 

A   to  D 

-P(x-kl) 
-P(i  -k)x 

X 
X 
X 

0 

D  to  B 

-Pix'-klx) 
-P(i    -*)*« 

B  to  C  (origin  at  C) 

Therefore 


f^M'tndx  „  r'ix'  -klx)dx       „,         ..   r'K^dx 

Ja  — 7— =-^X — 1 ^(^-*Vo-r-' 

and    /     — J —  =  2  /    — J — ;  whence  from  (36), 

f^ix"  -  klx)dx' 
Jki  I 


.  =  7^"*)  + 


Jo         I 


'    .    .    (37) 


For  constant  /,  eq.  (37)  reduces  to  the  value  given  in  cq.  (25).  Note 
that  in  eq.  (36)  the  numerator  is  the  deflection  of  A  for  load  P,  the 
support  being  removed,  and  the  denominator  is  the  deflection  of  thii 
point  for  a  load  unity  acting  at  -4.  In  applying  eq.  (37)  the  values  of  / 
would  be  taken  as  constant  for  short  lengths  along  the  girder  and  the 
integration  performed  in  parts  (or  as  a  summation). 

For  a  girder  of  three  spans  the  redundant  reactions  are  two  in 
number  and  the  two  desired  equations  are  obtained  by  placing  equal 
to  zero  the  deflections  at  two  supports  and  expressing  all  moments  A/' 
in  terms  of  the  loads,  with  the  two  redundant  reactions  being  removed, 
exactly  as  in  the  solution  of  two  redundant  members.  For  an  example, 
see  Art.  77. 
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33.  Example. — Plate  girder  wUk  variable  Moment  oj  Inertia.  Assume  the 
following  data:  two  equal  spans  of  60  ft.;  dead  load  =  1,200  lbs.  per  ft.  per 
girder;  liveload,  including  impact,  =9,600  lbs.  per  ft.  per  girder.  The  moments 
will  first  be  calculated  on  the  assumption  of  uniform  moment  of  inertia,  using 
ihe  result  of  Art.  21.  The  maximum  dead-  and  live-load  moments  are  given 
in  Fig.  38,  and  the  total  maximum,  irrespective  of  sign,  by  the  upper  full  line. 


Fic.  38. 

Suppose,  now,  the  moments  of  inertia  of  the  girder  be  made  to  fit  this  maximum 
cur\'e  in  the  manner  shown  by  the  heavy  stepped  line,  varying  the  flanges  in 
four  sections. 

We  will  now  proceed  to  calculate  the  true  reactions  for  a  uniform  load  of 
one  pound  per  foot  over  the  entire  structure.  For  this  purpose  each  span  will 
be  divided  into  ten  sections  as  numbered,  and  the  integrations  of  eq,  (36) 
performed  as  summations.  Let  R^  be  assumed  as  the  redundant  force. 
Then  M'  of  eq.  (36)  will  -be  the  bending  moment  at  any  section  in  the  i20-ft, 
girder  under  the  load  of  one  fwund  per  foot  and  with  J?,  removed;  m  will  be 
the  moment  due  to  a  one-pound  load  at  the  centre  of  the  i20-ft.  span.  For 
the  purpose  of  this  calculation  the  values  of  I  need  be  known  only  relatively. 
The  /  for  sections  i  and  ^  will  therefore  be  called  unity,  that  for  sections  3-6 
will  be  1.38,  for  7  and  8,  i.i^;,  and  forq  and  10, 1.92.  The  value  of  rf x  =  6  ft. 
The  complete  calculations  are  as  follows; 
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Section. 


I 

2 

3 

4 

5 ^ 

6 

7 

8 

9 

lO 


I 

dx 

I 

M' 

m 

I.O 

6.0 

17s 

i-S 

I.O 

6.0 

499 

4.5 

1.38 

4.33 

787 

75 

1.38 

4.33 

i»o39 

10.5 

1-38 

4.33 

1,255 

^3S 

1.38 

4.33 

I.43S 

16.S 

IIS 

5.20 

1,580 

19  5 

IIS 

5.20 

1,687 

22.5 

1.92 

3.12 

1,760 

25 -5 

1.92 

3.12 

1.795 

28.5 

« 

y 

M'mdx 


1,600 

13,500 
25,600 

47,300 

73,500 

102,700 

160,200 

197,400 

140,000 

156,200 


918,000 


m^d  X 


13 

T2I 

244 
478 

789 
1,179 

1,977 
2,632 

2,030 

2,530 


11,993 


R^  «  2 — ? =  76.4;  i?j  =  60  —  76.4/2  =  21.8. 

11,993 

The  value  of  R^  for  uniform  moment  of  inertia  is  5/4  X  60  =  75.0.  The  true 
bending  moment  at  the  centre  for  unit  load  «2i.8X6o—  60X30=  —  492, 
whereas,  for  uniform  /  the  value  of  M,  =  —  \PP  =  —  440,  a  diflPerence oi 

about  10%.    The  maximum  positive  moment  for  :»  =  ^/  is  21.8  X  22.5  — 

o 


22.5' 


2 


—  237,  while  for  uniform  /  this  moment  =  253,  a  diflference  of  about  2%. 


The  effect  of  a  settlement  of  support  will  be  also  determined.     If  the  girder 
is  8  ft.  deep  its  moment  of  inertia  will  be  about  200,000  in*.      The  centre 

I    PP 
deflection  for  a  concentrated  load  of  1,000  lbs.  is  given  by  the  formula  -;r  rri 
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and  amounts  to  .00104  *".  A  settlement  of  the  centre  support  of  .001  in.  would 
therefore  decrease  the  centre  reaction  by  1,000  lbs.;  a  settlement  of  0.4  in. 
would  decrease  it  by  400,000  lbs.,  which  is  one-half  the  total  dead  and  live  load 
reaction. 

34.  The  Analysis  of  Continuous  Trusses. — ^The  methods  of  analysis 

of  this  chapter  have  been  based  on  the  theory  of  the  deflection  of  solid 

beams,  in  which  the  effect  of  shearing  distortion  is  so  small  compared 

with  that  from  flexural  stresses  as  to  be  negligible.     In  the  analysis  of 

trusses  the  same  formulas  are  generally  applied,  but  in  this  case  the 

errors  due  to  shearing  strains  (web  strains)  are  much  greater  and  in 

many  cases  are  too  large  to  be  neglected.     Then,  again,  if  the  formulas 

for  constant  I  be  employed  still  further  errors  are  introduced  in  case  the 

moment  of  inertia  is  made  variable.    The  usual  formulas  must  there- 
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fore  be  considered  as  only  roughly  approximate  and  suitable  only  for 
a  preliminary  design.  Such  a  design  being  made,  an  exact  solution 
may  be  worked  out  by  the  principle  of  deflections,  in  a  manner  similar 
to  that  explained  in  Art.  32.  The  analysis  of  two-  and  three-span 
trusses  is  considered  in  detail  in  the  next  chapter. 

35.  The  Moment  of  Inertia  of  a  Truss.  In  applying  to  a  truss 
various  formulas  derived  from  solid  beams  it  becomes  necessary  to 
determine  the  value  of  the  moment  of  inertia,  or  its  equivalent,  for  the 
truss.  This  equivalent  is  found  by  considering  the  chord  members 
only,  as  the  bending  moments  concerned  are  fully  resisted  by  the  chord 
members.  The  web  members  offer  no  aid  in  resisting  these  moments, 
and  hence  they  do  not  strengthen  the  truss  against  bending  moment  as 
here  considered.  In  getting  the  moment  of  inertia  for  purposes  of 
calculating  reactions,  etc.,  the  gross-sections  of  the  chords  should  be 
taken,  as  the  stiffness  of  the  structure  is  under  consideration  and  this 
depends  on  gross  rather  than  net  sections.  Due  allowance  should  be 
made  for  long  splice  plates.  I(  the  two  chords  differ  much  in  cross- 
section  the  centre  of  gravity  of  the  two  opposite  segments  may  be 
found  and  the  correct  value  of  I  determined  with  respect  to  this  centre 
of  gravity.  The  effect  of  web  members  is  not  to  make  the  truss  more 
rigid  by  adding  to  its  moment  of  inertia,  but  less  rigid  by  reason  of  the 
distortion  due  to  shear  or  web  stresses  as  noted  in  Art.  8.  Variable  mo- 
ment of  inertia  can  be  taken  account  of  by  using  corresponding  for- 
mulas developed  from  the  solid  beam,  but  web  distortion  can  be  taken 
account  of  only  by  the  method  of  deflection  as  explained  later  (Art.  63). 

36-  Use  of  Continuoiis  Girders. — Continuous  girders  are  now  very 
rarely  built  excepting  in  the  form  of  swing  bridges,  a  type  fully  discussed 
in  the  next  chapter.  Compared  with  a  series  of  simple  spans  a  contin- 
uous girder  shows  some  saving  in  material,  as  the  average  bending  mo- 
ment is  less.  The  shears  are,  however,  about  the  same.  Thus,  in  the 
two-span  girder,  Fig.  29,  the  total  positive  moment  area  for  one  span,  for 

(R^x  —  }i  p  x^)  dx  =  -^  p  /',    and    the    negative 
"  2^0 

Jri  II 

'      (R.x  —  yi  px^  dx  ^  —r2  P ?.    The  total  area, 
Ml  ^  768 

neglecting  sign,  =  -^pP.  For  a  simple  span  the  moment  area  =  —  p  P. 
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The  total  moment  area  for  the  continuous  girder  is  therefore  only  60% 
of  that  of  the  simple  span.  This  represents  approximately  the  relative 
chord  sections  required  for  a  fixed  load. 

For  moving  loads  the  average  moments  are  nearly  as  great  in  the 
continuous  girder  as  in  the  simple  span.  In  the  two-span  girder  the 
average  maximum  live  load  moment  =  .070  p  P  while  for  the  simple 
span  it  is  .083  p  P.  Considering  the  reversal  of  stress  which  occurs  in 
the  continuous  girder  and  which  calls  for  additional  material,  the  sav- 
ing is  very  little  or  nothing. 

For  the  three-span  girder  the  saving  will  be  somewhat  less  in  the  end 
spans,  but  more  in  the  centre  span,  than  in  the  case  of  the  two-span 
girder. 

It  will  be  seen  from  the  foregoing  that  the  economy  of  the  continuous 
girder  may  well  be  considered  where  the  fixed  loads  are  relatively  large. 
The  continuous  girder  possesses  also  an  advantage  in  the  fact  that  it 
may  be  erected  conveniently  without  the  use  of  false  work  by  building 
out  from  the  portion  already  in  place.  This  form  of  construction  has, 
however,  serious  disadvantages  which  generally  outweigh  its  advan- 
tages. Chief  of  these  is  the  effect  upon  the  stresses  of  a  slight  settlement 
of  supports,  or  a  variation  of  temperature  among  the  different  members 
of  the  structure.  Convenience  of  erection,  as  well  as  economy  of 
material  in  certain  cases,  is  substantially  secured  by  the  cantilever 
bridge  (Chapter  III),  which  is  constructed  as  a  continuous  structure, 
but  is  afterward  modified  so  that  hinged  joints  are  introduced  at  suit- 
able places,  thus  breaking  up  the  continuous  structure  into  a  series  of 
simple  trusses.  The  stresses  in  the  structure  are  then  no  longer  affected 
by  unequal  settlement  of  supports. 


CHAPTER  II 

SWING   BRIDGES 
Sbotion  I.— General  Considerations 

37.  Creneral  Arrangement. — Swing  bridges  arc  built  as  continuous 
girders  or  trusses,  arranged  to  turn  on  a  centre  i)ier.  When  closed, 
they  are  supported  to  a  greater  or  less  extent  at  the  two  ends,  but 
designs  differ  considerably  in  the  arrangement  of  details,  both  at  the 
centre  pier  and  at  the  end  supports. 

38.  Arrangements  at  Centre  Support— With  respect  to  the  centre 
support  there  are  two  general  arrangements,  the  centre-bearing  and  the 
rim-hearing  structure.  In  the  first,  the  entire  weight  of  the  bridge, 
when  open,  is  carried  by  a  centre  pivot  P  (Fig.  i),  the  weight  of  the 


two  trusses  being  transferred  thereto  by  a  cross-beam  or  beams,  c  c'. 
The  centre  bearing  at  P  may  consist  of  a  pivot  or  a  nest  of  conical 
rollers.  In  either  case  the  bridge  is  known  as  a  centre-bearing  bridge. 
When  the  structure  is  open  it  is  prevented  from  tipping  on  the  pivot 
by  means  of  a  few  guide  or  balance  wheels,  attached  to  the  frame  of 
the  structure  and  bearing  on  a  circular  track  placed  on  the  pivot  pier. 
These  wheels  are  not  intended  to  carry  any  considerable  load  and  are 
neglected  in  the  calculations  of  the  stresses  in  the  main  trusses  or 
girders.  When  the  bridge  is  closed,  wedges  are  generally  inserted  at  c 
and  c'  in  such  a  manner  as  to  support  the  trusses  or  girders  directly, 
and  so  relieve  the  pivot  of  most  or  all  of  the  weight  of  the  live  load. 
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In  the  rim-bearing  structure  the  trusses  or  girders  axe  supported 
by  a  large  circular  girder  or  drum,  which,  in  turn,  rests  and  turns  upon 
a  series  of  closely  spaced  rollers  moving  on  a  circular  track  below. 
Fig.  2  illustrates  this  type  of  turn-table,  and  four  methods  of  trans 
ferring  the  load  from  the  trusses  to  the  drum.  In  (b)  the  load  is  trans- 
ferred to  the  drum  at  four  points,  while  in  (c)  it  is  transferred  at  8 
points  by  the  aid  of  the  short  beams,  ef,  g  h,  etc.  In  either  case  the 
supports  of  each  truss  at  the  centre  pier  are  two  in  number,  c  and  i 
c'  and  d\    The  panel  or  span  ci\&  equal  to  the  width,  centre  to  centre 
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Fig.  2. 


of  trusses,  and  may  or  may  not  be  equal  in  length  to  the  other  panels  of 
the  structure.  The  arrangement  here  described  is  known  as  a  rim- 
bearing  turn-table. 

In  the  rim-bearing  structure  it  is  necessary  to  place  a  pivot  at  the 
centre  to  guide  the  structure  when  in  motion  and  to  resist  the  action 
of  the  wind,  but  in  the  forms  shown  in  Figs.  2  (6)  and  (c)  this  pivot 
carries  no  vertical  load.  On  some  accounts  it  is  advantageous  to 
transfer  a  part  of  the  load  to  this  pivot.  This  may  be  done  to  any 
desired  extent  by  the  use  of  radial  girders,  as  shown  in  Figs,  ((f)  and 
(e)y  upon  which  the  truss  is  supported.  This  arrangement  is  known  as 
part  rim  and  part  centre  bearing,  but  as  regards  the  trusses  the  supports 
are  at  Cy  d,  c\  and  rf',  exactly  as  in  Figs,  (fr)  and  (c).  In  either  case, 
therefore,  the  main  girder  or  truss  is  to  be  considered  as  having  four 
supports. 
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39.  Arrangements  of  End  Supports. — ^Thc  arrangement  of  end 
supjx)rts  must  be  such  that  when  ready  to  turn  the  bridge  will  be  free 
and  clear  from  its  bearings.  When  closed  and  ready  for  traffic  the 
ends  may  (i)  be  left  free,  or  (2)  be  latched  down  to  prevent  hammer- 
ing, or  (3)  be  raised  by  wedges  or  other  mechanical  device  so  that  some 
of  the  dead  load  is  carried  by  the  end  support.  For  ordinary  highway 
bridges  the  first  method  is  often  used,  but  for  railway  structures,  and 
preferably  in  all  cases,  either  the  second  or  third  arrangement  is  em- 
ployed in  order  to  prevent  hammering  at  the  ends  and  to  secure  a  better 
continuity  of  roadway.  The  third  method  is  the  one  generally  used. 
The  various  details  of  these  arrangements  are  discussed  in  Part  III, 
but  their  effect  upon  stress  calculations  is  fully  explained  in  the  follow- 
ing articles. 

40.  Application  of  Continuous  Girder  Formulas  in  Stress  Calcula- 
tions.— ^In  the  analysis  of  swing  bridges  the  formulas  derived  in  the 
preceding  chapter  are,  to  a  greater  or  less  degree,  applicable.  When 
the  structure  is  closed  and  the  ends  held  in  place,  either  by  latching 
down  01  by  raising  sufficiently  to  prevent  them  from  lifting,  any  live 
load  coming  upon  the  structure  affects  all  the  reactions;  that  is  to  say, 
Ihe  bridge,  under  live  load,  acts  as  a  continuous  structure  over  three  or 
four  supports,  as  the  case  may  be.  The  resulting  reactions  must  be 
determined  on  this  basis  and  in  their  calculations  use  is  made  of  the 
formulas  of  Chapter  I.  Generally  the  formulas  for  solid  beams  of 
constant  moment  of  inertia  arc  used  for  all  cases,  whether  the  structure 
is  a  plate  girder  or  a  truss  bridge.  The  results  are  therefore  only 
approximate  but  arc  usually  sufficiently  accurate  for  all  practical  pur- 
poses. After  the  design  is  completed  more  exact  values  of  the  stresses 
can  be  determined,  if  desired,  by  the  use  of  the  methods  already  men- 
tioned in  Art.  34.  These  methods  will  be  illustrated  in  the  following 
articles  and  the  errors  of  the  usual  approximate  method  will  be  deter- 
mined in  certain  cases. 

41.  Loads. — The  dead  load-  for  railway  swing  bridges  is  approxi- 
mately equal  to  the  weight  of  a  fixed  span  of  the  same  length,  less  the 
weight  of  the  turn-table,  or  the  portion  supported  directly  by  the  center 
pier. 

The  Live  Load, — In  the  case  of  continuous  bridges  the  inaccuracies 
in  the  calculations,  due  to  approximations  in  assumptions  and  to  tern- 
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perature  effects,  are  very  considerable,  so  that  the  refinements  of  the 
wheel-load  method  of  analysis  are  quite  unwarranted.  The  use  of  an 
equivalent  imiform  load  is  to  be  preferred,  the  amount  of  which  may 
be  selected  by  a  consideration  of  the  forms  of  the  influence  lines,  as 
explained  later.  If  the  wheel-load  method  of  calculation  is  preferred, 
the  use  of  influence  lines  is  the  most  convenient  method  of  procedure. 
This  is  illustrated  in  Art.  57. 
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42.  Formulas  for  Reactions. — Applying  the  theorem  of  three 
moments,  as  in  Art.  20,  we  derive  the  following  values  for  the  reactions, 
for  a  single  load  P  on  the  first  span : 

R.- -TiPij-Ak-k^^'Pii-k),    .      .    .    (i) 

2  (/i  -h  /j) 

^' =  -  r(r:pW/*  -  **>' ^'^ 

R.-'P-R.-R, (3) 

For  equal  sp>ans 

^21  =  7(4-5*  +  **), (4) 

4 

if2  =  f  (3  *  "  *"), (5) 

i?3  =--(*-  **) (6) 

To  assist  in  the  calculations,  values  of  R^  and  /?,  are  given  in  the  follow- 
ing table,  for  P  =  1,000  lbs.,  for  various  values  of  k,  for  trusses  of  equal 
spans  and  for  various  numbers  of  equal  panels  from  two  to  ten  in  each 
span.  For  R^  use  the  relation  R^  +  R2  +  Rz  "^  P*  The  table  may 
also  be  readily  used  for  girders  by  dividing  the  span  into  a  convenient 
number  of  equal  divisions,  such  as  8  or  10,  and  treating  the  points  of 
division  as  load  points.  From  this  table  the  total  reactions  for  any 
series  of  joint  loads  or  concentrations  can  readily  be  obtained. 
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TABLE  No.  2 

CONSTANTS  FOR  REACTIONS,    P  =  I, GOO  POUNDS,  FOR  BEAM  CONTINUOUS 
OVER  THREE   SUPPORTS,   WITH  TWO  EQUAL  SPANS 

(For  loads  on  the  left  span  only.) 


Xo.  of  Equal 

Panels  in  Each 

Span. 

Values  of  k. 

R, 

+ 

— -g' 

Rt 

2 

I  -r-2 

+    406.25 

-    93-75 

3 

1-^3 
2   " 

592.6 
240.7 

74-1 
92.6 

Ji?.  =  +    833.3 

2  R^ 166.7 

4 

lH-4 
2   " 

3" 

6:;i.4 
406.3 
168.0 

58.6 

93-8 
82.0 

. 

2  R,^  +  1265.7 

-Ti?,  =  -  234.4 

5 

1^5 
2   " 

3" 

4" 

752.0 
516.0 
304.0 
128.0 

48.0 
84.0 
96.0 
72.0 

■ 

.2"  /?,  =  +  1700.0 

2*  i?,  =  —  300.0 

1 

6 

I-^6 

2    " 

3  " 
4" 

5" 

792.8 
592.6 
406 . 25 

240.75 
103.0 

40.5 

74.1 

93-75 
92.60 

63.70 

i"i?i=  +  2135.4 

-^-^^3  "-    -    364    65 

1 

M         •    ■    •     • 

i-T-7 
2  " 

3" 
4" 

5" 
6  " 

822.2 
648.7 
484.0 

332.4 
198.2 

86.0 

35 -o 
65.6 

87.5 
96.2 

87-5 
56.9 

, 

IR,^  ■{■  2571.5 

ie^a  =  -  428.7 

1 

8 

i-T-8 
2  " 

3" 
4" 

5" 

6  " 

7" 

844-3 
691.4 

544-5 
406.3 

279.8 

168.0 

73-7 
Ji?!  =  +  3008.0 

30 -5 

58.6 

80.6 

93-8 

95-2 
82.0 

513 

Jl?,  =  -  492.3 
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TABLE   No.    2— {Continued) 


No.  of  Equal 

Ri 

Rt 

Pannels  in  Bach 

Values  of/;. 

+ 

— 

Span. 

iH-9 

861.5 

27.5 

2  " 

725.0 

52.8 

3  " 

592.6 

74  I 

4" 

466.4 

89.2 

5  " 

348.4 

96.0 

9 

6  " 

240.7 

92.6 

7" 

145-4 

76.8 

8  " 

64 -5 

46-7 

1 

i"/?!-  +  3444-5 

IR,^ 

-555-7 

■ 

I  -r  lo 

875-25 

24-75 

2  " 

752.0 

48.0 

3" 

631-75 

68.25 

4" 

516.0 

84.0 

5  " 

406.25 

93-75 

lO 

6  " 

304.0 

96.0 

7" 

210.75 

8925 

8  " 

128.0 

72.0 

9" 

57  25 

42.75 

^•i?!-  +  3881-25 

2*1?,- 

-  618.75 

43*  End  Conditions  Assumed  in  Calculating  Stresses. — ^Where  the 
customary  practice  is  followed  of  raising  the  ends  after  closing,  so  as  to 
cause  some  dead-load  reaction,  the  amount  of  this  uplift  is  usually 
determined  on  the  basis  that  it  shall  be  sufficient  to  prevent  hammering, 
or  what  amounts  to  the  same  thing,  that  the  end  reaction  shall  never 
become  negative  under  partial  live  load.  This  requires  the  temper- 
ature variations  to  be  considered  as  well  as  the  deflections,  questions 
which  are  discussed  in  Art.  65.  The  net  result  is  that  the  ends  arc 
usually  lifted  an  amount  which,  under  uniform  temperature  conditions, 
will  develop  dead-load  reactions  of  from  one-half  to  two-thirds  of 
what  they  would  be  on  the  assumption  of  normal  continuous-girder 
action  with  level  supports.  Temperature  differences  among  the  vari- 
ous members  of  the  truss  will  then  cause  considerable  variations  in 
reactions,  and  to  provide  for  this  in  the  design  it  is  generally  assumed 
that  the  reactions  under  dead  load  may  vary  anywhere  between  zero 
and  a  value  equal  to  that  determined  on  the  assumption  of  continuous- 
girder  action. 
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In  calculating  dead-load  stresses,  therefore,  two  cases  are  considered : 
Case  I,  bridge  open,  or  bridge  closed  and  ends  just  touching,  and 
acting  as  a  double  cantilever;  and  Case  II,  bridge  closed  and  ends 
raised,  bridge  acting  as  a  continuous  girder.  The  stresses  resulting 
from  either  case  are  then  to  be  combined  with  the  live-load  stresses  to 
give  maximum  results. 

In  calculating  live-load  stresses,  the  conditions  giving  rise  to  maxi- 
mum or  minimum  total  stress  should  be  kept  in  mind.  In  getting 
positive  live-load  moments  and  positive  shears  (considering  the  first  or 
left-hand  span),  it  is  to  be  noted  that  the  corresponding  dead-load  values 
of  positive  sign  are  a  maximum  with  maximum  uplift.  For  this  case 
the  structure  is  then  to  be  assumed  as  lifted  at  the  ends  a  maximum 
amount,  and  therefore  as  acting  as  a  continuous  girder  under  live  load. 
For  live-load  negative  moments  and  shears  a  minimum  uplift  is  the 
most  unfavorable  condition  and  therefore  for  these  calculations  the 
bridge  is  generally  assumed  as  just  touching  the  supports  under  dead 
load.  This  being  the  case,  when  the  live  load  extends  over  one  arm 
only,  the  other  arm  is  free  or  just  touching,  and  the  live-load  stresses 
in  the  first  arm  are  calculated  as  for  a  simple  span.  When  both  arms 
are  loaded  the  ends  come  to  a  bearing  and  the  structure  is  again  a  con- 
tinuous girder  so  far  as  the  live  loads  are  concerned.  In  either  case 
the  dead-load  stresses  are  the  same  as  for  bridge  swinging  free,  or  Case 
I.  Considering  the  position  of  live  loads  producing  maximum  positive 
and  negative  moments  and  shears,  as  shown  by  the  influence  lines  of 
Art.  26,  it  will  be  found  that  the  analysis  may  be  separated  into  the 
following  cases. 

Case  I. — Dead  load,  bridge  swinging,  cantilever  action. 

Case  II. — Dead  load,  bridge  closed  and  ends  raised,  continuous- 
girder  action. 

Case  III. — ^Live  load  on  first  span  for  maximum  positive  moments 
and  positive  shears,  bridge  acting  as  a  continuous  girder. 

Case  IV- — ^Live  load  on  both  arms  for  negative  moments  and 
negative  shears,  both  ends  bearing,  bridge  acting  as  a  continuous  girder. 

The  maximum  results  under  Case  IV,  as  shown  by  the  influence 

lines  of  Art.  26,  will  generally  require  loads  to  be  applied  on  two  separate 

parts  of  the  structure,  or  the  use  of  "  broken  loads."     This  may  or  may 

not  be  a  reasonable  assumption,  depending  upon  the  location  of  the 

a.— 4 
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bridge.  If  broken  loads  are  not  to  be  considered  then  the  negative 
shears,  excepting  for  sections  near  the  centre,  will  be  a  maximum 
with  loads  on  one  span  only,  which  condition,  with  minimum  dead-load 
uplift,  will  cause  the  opposite  end  to  rise  and  the  first  span  to  act  as  a 
simple  span.     We  then  may  include  an  additional  case: 

Case  V. — Broken  loads  not  considered.  Live  load  on  first  span  for 
negative  shears,  opposite  end  free,  first  span  acting  as  a  simple  span. 

For  sections  near  the  centre  the  maximum  negative  values  will  be 
caused  by  a  fully  loaded  bridge.  Case  IV. 

The  maximum  combined  stresses  are  then  found  by  combining 
Case  II  with  Case  III,  and  Case  I  with  either  Case  IV  or  Case  V. 

If  the  ends  are  not  raised  but  arc  simply  latched  down,  the  dead-load 
stresses  are  determined  by  Case  I.  These  arc  then  to  be  combined  with 
those  of  either  Case  III  or  Case  IV.  In  this  case  the  effect  of  tempera- 
ture variations  should  be  separately  allowed  for. 

44.  Plate  Girder  Bridge  of  Two  Equal  Spans. — Assume  the  follow- 
ing data:  /  =  80  ft.;  dead  load  =  1,200  lbs.  per  ft.  per  girder;  live 
load  =  equivalent  uniform  for  moment  in  an  8o-ft.  span  for  Cooper's 
£-60  loading,  Fig.  3. 

From  Fig.  4  we  find  for  this  loading,  and  a  span  of  80  feet,  an 
equivalent  uniform  load  for  the  quarter  point  of  3,450  lbs.  per  foot, 
hence  for  £-60  the  loading  will  be  3,450  X  6/5  =  4,140  lbs.  per  ft. 
per  girder.  Broken  loads  will  be  considered  as  possible.  The  loads 
will  be  assumed  as  concentrated  at  points  10  feet  apart.  The  dead- 
load  concentration  will  be  12,000  lbs.,  and  the  live-load  concentration 
41,400  lbs.  The  dead-load  concentration  at  the  end  will  be  taken  at 
6,000  lbs.,  and  the  moments  and  shears  will  be  determined  for  the  first 
span.    Fig.  5  (a)  shows  the  load  points  in  this  span. 

45.  Case  I.  Dead  Load,  Bridge  Swinging,  Cantilever  Action.— ThG 
calculation  of  moments  and  shears  for  this  case  requires  no  explana- 
tion. The  results  are  shown  by  the  curves  marked  /  in  Figs.  5  (b) 
and  (c).  In  the  curves  of  Fig.  (c)  the  shears  between  consecutive  load 
points  arc  plotted  as  ordinates  midway  between  loads  and  the  points 
so  found  arc  connected  by  straight  lines. 

46.  Case  II.  Dead  Load,  Bridge  Closed,  Ends  Raised,  Continuous- 
girder  Action. — ^For  this  case  the  value  of  22 j  is  readily  determined  from 
the  table  on  p.  47,  using  the  8-panel  span.     The  total  value  of  /?i  for 
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a  fully  loaded  bridge  (1,000-pound  joint  loads)  is  +  3,008  —  492  = 
2,516  lbs.  Hence  for  Case  II,  J?,  =  2,516  X  12  =  30,200  lbs.  The 
moments  at  the  several  points  arc  then  found  as  for  a  single  span.  For 
point  b,  M  =  30,200  X  10  =  302,000  ft.-Ibs.;  for  point  c,  M  ^  30,200 
X  20  —  12,000  X  10  =  484,000  ft.-lbs.,  etc.  The  results  are  shown  by 
curve  //,  Fig.  5  (6).  The  shear  in  section  a  —  b  =  R^  ^  30,200  lbs.; 
shear  in  6  —  c  =  30,200  —  12,000  =  18,200  lbs.,  etc.  These  shears 
are  given  by  curve  //,  Fig.  5  (c). 

47.  Case  III.  Live  Load  Positive  MomerUs  and  Shears,  Coniinuous- 
girder  Action. — ^In  accordance  with  the  principles  explained  in  Art.  21. 
Chapter  I,  the  first  span  is  fully  loaded  for  all  moment  centres  excepting 
in  the  fifth  part  of  the  span  next  to  the  centre  support.  This  part  will 
include  only  the  load  point  h.  Hence  for  all  other  points  the  first  span 
is  fully  loaded,  and  the  second  span  is  not  loaded.  It  will  be  assumd 
that  the  ends  are  fully  raised  before  the  live  load  comes  on,  as  this 
condition  gives  greatest  positive  or  least  negative  dead-load  moments 
and  shears.  The  combination  of  live-  and  dead-load  effects  under 
these  conditions  will  therefore  give  maximum  values. 

For  first  span  fully  loaded.  Table  2,  p.  47,  gives  R^  =  3,008  X 
41.4  =  124,500  lbs.  The  moments  arc  then  found  up  to  point  gy  in- 
clusive, as  in  Case  II,  and  are  shown  in  Fig.  5  (b)  by  curve  ///.  For 
point  h  some  of  the  loads  should  be  omitted,  determined  as  follows: 
The  position  of  a  single  load  which  will  cause  zero  moment  at  h  is  found 

by  substituting  in  the  formula  -f-  '=  — ^—^  (see  Art.  20,  eq.  (26) ).  Here 

/        5  ~  ^ 

X 

y-  =  7/8,  whence  k  is  found  to  be  0.65.     Therefore,  a  load  placed 

0.65  /  from  a  will  give  zero  moment  at  A;  loads  placed  on  the  right  of 
0.65  /  will  cause  positive  moments  at  h  and  loads  placed  on  the  left  will 
cause  negative  moments.  As  the  0.65  point  comes  between  /  and  gj 
then  for  maximum  positive  moment  at  h  joints  g  and  h  should  be 
loaded.  Loading  these  joints.  Table  No.  2  gives  i?i  =  (168  +  74)  X 
41.4  =  10,000  lbs.  M^=  10,000  X  70  —  41,400  X  10  ==  286,000  ft.- 
lbs. 

For  the  first  span/M%  loaded  the  moment  at  h  is  o,  and  that  at  1  is 
negative.  The  dotted  line  ///  a  in  Fig.  5  (b)  shows  the  moments 
arising  from  a  fully  loaded  condition. 
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For  maximum  positive  shears  the  first  span  is  loaded  from  the 
section  in  question  to  the  centre.  The  shear  in  section  a  —  J  =  i?j  = 
124,500  lbs.    For  section  b  —  c,  load  from  c  to  h,  inclusive.    Table  3 


Fig.  5. — Dead  and  I-ive  Ix)ad  Moments  and  Shears. 


gives   R^  =  (3,008  —  844)  X  41.4  =  89,500   lbs.     This    is    also   the 
shear.     The  results  are  given  in  Fig.  5  (c),  curve  ///. 

48.  Case  IV,  Live  Load  Negative  Moments  and  Shears,  Continuous- 
girder  Action. — ^The  maximum  negative  moments  at  all  points  except 
h  will  occur  when  the  second  span  is  fully  loaded  and  the  first  span  un- 
loaded. Case  I,  dead  load,  will  need  to  be  combined  with  this  case, 
but  it  is  to  be  noted  that  for  Case  I  the  dead-load  end  reaction  is  zero. 
Hence  a  live  load  on  the  second  span  only  will  lift  the  end  at  a  froe 
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from  the  support  and  the  girder  will  not  act  as  a  continuous  structure. 
It  is  assumed,  however,  in  this  analysis,  that  the  live  load  may  be 
divided  into  two  or  more  separate  portions  ("broken  loads"),  if 
necessary  to  produce  maximum  stresses.  In  this  case,  therefore,  it 
will  be  assumed  that  the  point  a  is  also  loaded,  which  will  be  sufl&cient 
to  hold  this  end  down.    The  second  span  will  be  fully  loaded. 

The  reaction  is  given  in  Table  2  (under  R^  and  is  —  492  X  41.4  = 

-  20,400  lbs.  From  this  value  the  negative  moments  from  bio  g are 
determined.  For  point  h  it  has  already  been  shown  under  Case  III 
that  loads  from  b  to  f  cause  negative  moments  at  h.  Hence  these 
points,  in  addition  to  the  second  span,  should  be  loaded.  The  value 
oiRi  is  [3,008  —  (168  +  74)  —  492]  X  41-4  =  2,274  X  41.4  =  94,200 
lbs.,  and  Mj^  =  94,200  X  70  -  41,400  X  5  X  40  =  —  1,700,000 ft. -lbs. 
For  point  i  both   spans   are   fully  loaded  and  the  value  of  M  is 

-  3,280,000  ft.-lbs.     These  moments  are  shown  by  curve  IV. 

The  value  of  M^,  if  loads  from  b  to /are  omitted,  is  equal  to  —  20,- 
400  X  70  =  —  1,428,000  ft.-lbs.  This  is  shown  by  the  dotted  extension 
of  curve  IV.  For  both  spans  fully  loaded  the  moments  at  g,  h,  and  i 
are  shown  by  the  dotted  line  IV  a.  The  moment  at  h  is  the  same  as 
for  second  span  only  loaded. 

The  diagram  illustrates  clearly  the  fact  that  the  moments  at  h  are 
but  slightly  increased  by  the  use  of  the  broken  loads,  over  the  values 
determined  for  one  or  both  spans  fully  loaded. 

For  negative  shears  the  second  span  is  fully  loaded  and  the  first  span 
from  the  left  end  up  to  the  section  in  question.  The  results  are  given 
in  Fig.  5  (c) ,  curve  IV. 

49.  Maximum  Total  Moments  and  Shears. — ^Assuming  that  the 
dead-load  stresses  when  the  bridge  is  closed  may  be  either  those  of 
Case  I  or  Case  II,  these  stresses  are  tb  be  combined  with  the  live- 
load  moments  and  shears  of  both  kinds  to  arrive  at  the  maximum 
positive  and  negative  values.  The  results  are  shown  by  the  full 
lines  in  Fig.  6. 

Fig.  (a)  shows  that  for  the  loads  assumed,  positive  moments 
cannot  exist  at  points  nearer  than  10  ft.  from  the  centre;  negative 
moments  may  occur  at  any  point.  Except  for  this  distance  of  10  ft. 
near  the  centre  all  flange  stresses  are  therefore  subject  to  reversal. 

In  the  case  of  shears  no  positive  shears  are  possible  nearer  than 
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about  30  feet  from  the  centre;    negative  shears  may  occur  at  any 
point. 

50.  Impact  Allowance, — ^In  Fig.  6  the  dead-  and  live-load  moments 
and  shears  have  been  directly  addeid,  and  the  total  stresses  taken  for 


n  and  in 


A000,000 


800,000 


Fig.  6. — Maximum  and  Minimum  Moments  and  Shears. 

the  maximum  or  minimum.  Under  most  modem  specifications,  how- 
ever, the  live-load  stresses  would  first  be  increased  by  a  certain  per- 
centage to  allow  for  impact,  or  dynamic  effect,  before  being  combined 
with  the  dead-load  stresses.    The  amount  of  such  allowance  is  dis- 
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cussed  in  Chapter  VII.  Whatever  this  may  be,  it  would  be  applied 
directly  to  the  resxdts  for  live  load  given  in  Fig.  5  and  then  combined 
with  the  dead-load  curves.  The  resulting  curves  would  vary  con- 
siderably from  those  given  in  Fig.  6  and  would  cross  the  axis  at  different 
points,  thus  affecting  not  only  the  maximum  stresses  but  the  range  over 
which  a  reversal  is  possible. 

51.  Reversal  of  Stress. — ^The  reversal  of  stress  indicated  by  the. 
curves  of  Fig.  6  is  based  not  only  upon  the  varying  effect  of  live  load 
but  also  upon  a  changed  condition  of  end  supports,  it  being  assumed  in 
the  one  case  that  the  ends  are  fully  raised  and,  in  the  other  case,  that 
they  are  not  lifted  at  all.  The  change  due  to  live  load  may  occur  quite 
rapidly,  but  that  due  to  a  change  in  condition  of  the  supports  can 
hardly  occur  during  the  passage  of  a  particular  train.  This  circum- 
stance is  commonly  recognized  in  specifications  by  providing  that  in 
determining  the  sections  of  members  subject  to  reversal  only  such 
reversal  need  be  considered  as  may  occur  during  the  passage  of  a 
train.  During  such  passage,  therefore,  the  condition  of  end  supports 
is  to  be  considered  constant  and  may  be  either  fully  raised  or  not  raised. 
The  effect  of  this  assumption  is  considered  in  detail  in  the  example  of 
Art.  54. 

52.  Effect  of  "Unbroken  Loads" — In  the  analysis  represented  in 
Fig.  5  it  has  been  assumed  that  the  live  load  may  be  divided  into  two 
or  more  parts  ("broken  loads").  This  assumption  may  or  may  not 
be  legitimate,  depending  upon  local  conditions.  Such  a  distribution 
of  load  would  not  occur  except  at  very  low  speeds  which  would  eliminate 
the  question  of  impact. 

Positive  moments  and  positive  shears  are  not  affected  by  this 
question,  as  the  loading  assumed  for  these  values  has  been  unbroken. 
For  negative  moments,  however,  if  unbroken  loads  are  assumed,  the 
left  end  cannot  be  assumed  as  held  down,  and  the  live-load  moments 
caused  in  the  first  span  by  loading  the  second  will  be  zero.  If  both 
spans  are  loaded  the  resulting  moments  are  as  given  by  the  dotted  curve 
IV  a.  Fig.  5  (6),  and  these  are  the  maximum  negative  moments  desired. 
These  are  then  to  be  combined  with  Case  I,  dead  load,  giving  the 
dotted  curve  of  Fig.  6  (a),  for  the  maximum  total  negative  moments. 

Negative  shears  will  be  caused  by  loading  the  first  span  from  the 
left  end  to  the  section  in  question,  the  second  span  being  unloaded. 
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With  this  loading  it  is  assumed  that  the  right  reaction  is  zero  and  there- 
fore that  the  first  span  acts  as  a  simple  beam.  The  shears  for  thi.N 
condition  are  given  by  curve  F,  Fig.  5  (c).  For  sections  near  the  centre. 
negative  shear  also  exists  when  both  spans  are  fully  loaded,  continuous 
girder  action.  These  shears  are  given  by  curve  IV  a,  Fig.  5  (c),  and 
are  seen  to  be  greater  than  those  of  Case  V  for  points  on  the  right  of  c. 
Combining  Case  I,  dead  load,  with  Cases  V  and  IV  a  gives  the  dotted 
line  of  Fig.  6  (6),  as  representing  maximum  negative  shears  w^ith  un- 
broken loads. 

53.  Ends  Latched  Down. — ^If  the  ends  are  not  raised  but  are  simply 
latched  down,  then  in  the  use  of  unbroken  loads  negative  reactions  will 
occur.  For  negative  moments  the  results  will  be  the  same  as  for  broken 
loads,  excepting  for  point  A,  which  maximum  will  now  be  given  by  the 
dotted  line  /F,  or  IV  a.  Fig.  5  (6).  For  negative  shears  a  full  load  on 
the  second  span  will  give  a  negative  reaction  at  a,  equal  to  492  X  41.4  = 
20,400  lbs.  This  will  be  the  greatest  negative  shear  up  to  the  point 
where  the  shear  for  a  fully  loaded  bridge  (ciurve  IV  a)  gives  a  greater 
result,  or  to  point  d  inclusive. 

Where  the  ends  are  latched  down  the  dead-load  stresses  are  those 
of  Case  I,  but  temperature  variations  need  to  be  taken  into  account 
by  a  separate  allowance.  This  may  be  done  by  adding  the  stresses 
resulting  from  a  certain  positive  or  negative  end  reaction,  calculated  on 
the  basis  of  assumed  temperature  variation,  as  explained  in  Art.  66. 
These  stresses  will  be  plus  or  minus  and  should  be  added  to  all  com- 
binations of  dead-  and  live-load  stresses.  Where  the  ends  are  raised, 
as  described  in  Art.  43,  the  combination  of  both  Case  I  and  Case  II, 
dead  load,  with  the  live-load  stresses,  makes  adequate  allowance  for 
these  temperature  variations.  The  possible  amount  of  such  variations 
is  discussed  in  Art.  66. 

54«  Centre-Bearing  Truss  Bridge  of  Two  Equal  Spans. — ^Assume  a 
truss  of  the  dimensions  given  in  Fig.  7.  The  dead  load  above  the  turn- 
table is  assumed  to  be  1,200  lbs.  per  ft.  per  truss,  and  all  applied  at  the 
lower  joints.  The  joint  load  at  a,  bridge  open,  is  taken  at  18,000  lbs. 
The  live  load  assumed  is  the  engine  loading  of  Cooper's  £-50  class. 
The  method  of  influence  lines  will  be  used  in  getting  live-load  stresses. 
Unbroken  loads  will  be  assumed. 

55.  Case  L  Dead  Load,  Bridge  Swinging, — ^The  stresses  for  this 
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condilion  are  readily  found,  either  graphically  or  algebraically.  Fig. 
7  (^  gives  the  stress  diagram  and  in  Table  A,  p.  63,  the  stresses  arc 
given  in  Col.  (2). 

56,  Cdse  II.  Dead  Load,  Ends  Raised. — ^In  this  case  the  load  at  a 
need  not  be  considered.  The  value  of  i?i  is  given  in  Table  2  on  p.  47, 
for  the  4-panel  truss.     It  is  equal  to  (1,266  —  234)  X  36  =  37,150  lbs. 


Fig.  7. 
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The  diagram  of  Fig.  7  (e)  is  then  readily  drawn.  The  stresses  are  given 
in  Col.  (3)  of  the  table  of  stresses. 

57.  Case  III.  Live  Load  on  First  Span  Onlyy  Maximum  Positive 
Moments  and  Positive  Shears ,  Continuoiis-girder  Action. — ^This  case 
gives  maximum  tension  in  lower  chord,  maximum  compression  in  up- 
per chord,  and  maximum  stresses  in  the  web  members  resulting  from 
positive  shears.  For  member  D  €  the  vertical  component  will  be  con- 
sidered instead  of  the  shear,  as  the  chord  D  E  takes  part  of  the  shear. 

The  influence  lines  for  moments  at  6,  c,  d,  and  e  are  given  in  Fig. 
7  (b) .  These  are  constructed  for  unit  loads,  using  the  reactions  given 
in  Table  2.  Thus  for  joint  c  the  bending  moments  due  to  load  imity, 
placed  successively  at  the  several  joints,  are  calculated  as  follows: 


Position  of  Unit  Load. 

Value  of  /?,. 

Moment  at  c. 

b 

.691 

.691  X2rf  —  I  xrf  =   11.46 

c 

.406 

.406  X  2d  =  24.36 

d 

.168 

.i68x2(f  =  10.08 

f 

-.082 

—  .082  X2d  =   —  4.92 

g 

-.094 

—  .094x2^  =  —  5.64 

h 

-059 

~.o59X2(i=  -354 

For  joint  d  the  work  may  be  shortened  by  noting  that  the  moments  for 
unit  load  at  rf,/,  g,  and  h  are  each  equal  to  3/2  times  the  corresponding 
moment  at  c,  as  the  only  change  is  in  the  lever  arm  of  R^.  For  point 
b  the  moments  due  to  loads  at  c,  d,  /,  g,  and  h  are  one-half  those  at 
joint  c. 

Having  the  influence  lines  dr?iwn  the  maximum  moments  are 
found  by  trial  for  the  given  wheel-loads  concentrations.  For  this  pur- 
pose the  influence  lines  may  conveniently  be  drawn  on  profile  or  cross- 
section  paper  so  that  the  ordinates  can  be  read  off  directly.  Then  the 
wheel  loads  should  be  laid  off  on  a  strip  of  paper  to  the  same  scale. 
The  locomotive  may  be  headed  in  either  direction  but  the  second  span 
is  not  to  be  loaded.  On  this  strip  should  be  drawn  circles  indicating 
relative  weights  of  wheels,  and  the  weight  of  each  wheel  written  in 
the  circle.  To  get  any  desired  moment  or  web  stress  for  any  given 
position  of  the  loads,  place  this  strip  in  the  given  position  on  the  base 
line  of  the  influence  line,  read  off  the  ordinate  above  each  load,  and 
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sum  the  products  of  the  loads  times  ordinates.  Two  or  three  trials 
will  usually  serve  to  determine  the  maximum  value  of  a  moment  or 
stress.  The  principle  stated  in  Art.  123,  Part  I,  that  maximum 
values  are  caused  only  when  a  load  is  placed  under  a  convex  point 
on  the  curve,  will  aid  in  selecting  the  proper  position  of  loads. 
The  similarity  of  the  influence  lines  to  those  for  simple  bridges  will 
also  aid  in  finding  this  position.  The  calculations  can  be  shortened 
by  dividing  the  loads  into  convenient  groups,  then  read  off  the  or- 
dinate above  the  centre  of  gravity  of  such  group,  and  multiply  by 
the  total  weight.  Only  those  wheels  under  a  single  straight  seg- 
ment of  the  influence  line  can  be  so  grouped. 

The  accuracy  of  this  method  of  computation  is  much  greater  than 
that  of  ordinary  graphical  methods.  Errors  are  compensating  rather 
than  cumulative.  If  the  lines  are  drawn  to  such  a  scale  that  the 
larger  ordinates  are  two  or  three  inches  in  length,  results  may  easily 
be  obtained  within  one  per  cent  of  the  correct  values. 

In  Fig.  7  (c)  are  shown  the  influence  lines  for  shears  in  the  panels 
ab,  b  Cy  and  c  d,  and  for  the  vertical  component  of  the  stress  in  D  e. 
In  this  case  members  D  E  and  d  e,  produced,  intersect  at  a,  so  that 
the  stress  in  Z>  e  is  the  same  as  in  a  simple  span.  Continuous-girder 
action  is  here  assumed.  The  maximum  positive  shears  are  deter- 
mined by  trial,  train  headed  toward  the  left  and  the  second  span  not 
loaded.  This  assumes  a  single  locomotive  or  two  locomotives  present, 
as  the  case  may  be.  The  small  amount  of  load  which  might  nec- 
essarily come  upon  the  second  span  is  neglected,  as  the  effect  in  any 
case  is  small. 

From  the  results  for  positive  moments  and  positive  shears,  the 
chord  and  web  stresses  arc  calculated  and  these  are  given  in  Col.  (4) 
of  the  table  of  stresses.  The  compression  in  c  D  is  small  and  much 
less  than  the  dead-load  tension. 

58.  Cdse  IV.  Maximum  Live-Load  Negative  Moments  and  Nega- 
tive Shears,  Continuous-girder  Action. — ^These  moments  and  shears 
are  determined  from  the  influence  lines  of  Figs.  (6)  and  (c)  in  the 
manner  already  described.  For  negative  moments  the  second  span 
only  is  loaded,  excepting  for  point  e,  which  requires  a  load  extending 
over  both  spans.  For  negative  shears  three  conditions  of  loading 
may  need  to  be  considered,  the  first  span  loaded  on  the  left  of  the 
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panel  in  question,  the  second  span  fully  loaded,  and  both  spans 
loaded.  For  panel  b  c  the  area  a  V  n^  of  the  influence  diagram, 
as  compared  to  area  e  g'  k  shows  the  relative  effect  produced  by  the 
first  two  positions  mentioned.  The  large  positive  area,  n^  c'  e  shows 
that  the  third  position  need  not  be  tried  in  this  case.  For  panel  c  d, 
a  load  extending  from  a  to  Wj  will  evidently  cause  greater  shear  than 
a  load  on  the  second  span,  but  the  positive  area  Wj  d'  e  being  small, 
it  is  possible  that  the  greatest  shear  will  occur  for  a  load  on  both 
spans.  For  stress  in  Z>  ^  both  spans  should  be  loaded.  The  several 
results  are  given  in  Cols.  (5)  and  (6)  of  the  table.  For  B  c  2l  load 
on  the  first  span  gives  a  stress  of  36,700  lbs.,  while  a  load  on  the 
second  span  gives  a  stress  of  32,300  lbs.  For  c  D  the  maximum 
stress  is  caused  by  loading  the  first  span  only. 

59.  Case  V.  First  Span  Fully  or  Partially  Loaded,  Bridge  Acting 
as  a  Simple  Span. — ^When  the  ends  of  the  truss  are  not  fully  lifted, 
a  load  on  one  arm  is  assumed  to  cause  no  reaction  at  the  far  end,  in 
which  case  the  loaded  arm  will  act  as  a  simple  span.  This  condition 
will  give  maximum  negative  shears  in  some  of  the  panels,  as  shown 
in  the  previous  problem.  It  will  also  give  information  required  in 
determining  reversal  of  stress  during  the  passage  of  a  train.  The 
stresses  are  determined  exactly  as  for  a  simple  span,  but  both  kinds 
of  web  stress  should  be  found  for  members  B  c  and  c  D,  Influence 
lines  for  these  moments  and  shears  are  shown  in  Fig.  7  by  dotted 
lines.  Resulting  stresses  are  given  in  Col.  (7)  for  all  members,  but 
it  will  be  found  that  many  of  these  are  not  needed  in  the  combinations. 

60.  Maximum  and  Minimum  Stresses. — In  Cols.  (8)  and  (10) 
are  given  the  maximum  and  minimum  stresses  as  determined  by 
combining  Case  II  with  Case  III,  for  stresses  caused  by  positive 
moments  and  shears,  and  Case  I  with  IV  or  V  for  stresses  caused  by 
negative  moments  and  shears.  In  the  latter  combination  it  is  to  be 
carefully  noted  whether  Case  IV  or  Case  V  is  to  be  used.  Case  IV 
is  to  be  used  only  when  both  arms  are  loaded  (Col.  (6)),  for  when 
only  one  arm  is  loaded,  with  ends  not  raised,  the  far  end  will  be  lifted 
and  the  loaded  arm  becomes  a  simple  span.  Case  V  is  then  to  be 
used.  Member  D  Eis  the  only  chord  member  having  a  tensile  stress 
(negative  moment  at  e)  for  Case  IV,  both  spans  loaded.  This  stress 
is  given  in  Col.  (6).      In  the  case  of  the  web  members,  Bc^  cDy 
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and  D  e,  the  greatest  of  the  values  in  Cols.  (6)  and  (7)  due  to 
negative  shear  are  to  be  combined  with  Case  I.  The  results  in  Cols. 
(8)  and  (10)  give  full  information  regarding  the  greatest  and  the  least 
stresses  in  all  the  members. 

If,  in  addition  to  the  absolute  maximum  and  minimum  stresses, 
it  is  desired  to  know  the  greatest  range  of  stress  during  the  passage 
of  a  single  train,  then  the  maximum  and  minimum  live-load  stress 
must  be  combined  with  each  of  the  dead-load  cases,  keeping  in  mind 
whether  the  structure  is  acting  as  a  continuous  girder  or  a  simple 
span.  The  additional  combinations  for  minimum  values  occurring 
during  a  single-train  movement,  the  condition  of  the  end  supports 
remaining  fixed,  are  given  in  Cols.  (9)  and  (11).  In  Col.  (9)  are 
combined  the  stresses  under  Case  II,  with  the  live-load  stresses  from 
maximum  negative  moments  and  shears.  As  the  structure  of  Case  II 
acts  always  as  a  continuous  girder,  the  live-load  stresses  to  be  here  con- 
sidered are  therefore  to  be  taken  from  either  Col.  (5)  or  (6),  whichever 
is  the  greater.  In  Col.  (i  i)  the  dead  load  is  Case  I,  and  the  structure 
acts  as  a  continuous  girder  only  when  loaded  on  both  arms.  The 
live-load  stresses,  are  therefore  to  be  taken  from  Col.  (6)  or  (7).  The 
stresses  shown  in  Cols.  (9)  and  (11)  will  be  needed  in  the  design  only 
when  of  opposite  sign  from  those  in  Cols.  (8)  and  (10)  respectively. 
When  this  is  the  case  then  the  member  will  be  designed  for  either 
combination  of  stresses,  the  combination  given  in  (8)  and  (9)  or  that 
given  in  (10)  and  (11).  Thus  member  B  D,  for  example,  will  be 
designed  for  a  maximum  compression  of  184,800  lbs.,  with  a  reversal 
to  7,300  lbs.  tension;  and  also  for  a  compression  of  118,200  lbs.,  with 
a  reversal  to  72,000  lbs.  tension,  using  the  greater  of  the  two  areas 
thus  found.  Similarly  B  c  will  be  designed  for  a  tension  of  72,200 
lbs.,  and  compression  of  35,100  lbs.,  or  a  compression  of  105,000 
lbs.,  and  tension  of  20,800  lbs.,  using  the  greater  area. 

Impact  allowances  made  to  live-load  stresses  are  made  directly 
to  the  stresses  given  in  Cols.  (4),  (5),  (6),  and  (7).  The  resulting 
values  are  then  to  be  combined  with  the  dead-load  stresses  in  the  same 
manner  as  here  described. 

61.  Use  of  Influence  Lines  for  Determining  Position  of  Loads.— 
If  desired,  the  influence  lines  may  be  used  to  determine  only  the 
position  of  loads  for  maximum  and  then  the  value  of  the  maximum 
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itself  may  be  exactly  determined  from  panel  concentrations,  calculated 
as  explained  in  Part  I,  Art.  148.  For  example,  the  influence  line  for 
moment  at  c,  Fig.  7,  is  very  similar  to  that  for  moment  at  c  in  the 
simple  span  a-e.  The  position  of  loads  will  therefore  be  determined 
very  closely  if  we  use  the  position  for  moment  at  <;  in  a  simple  span 
a-e.  This  is  found  by  the  usual  criterion  to  be  with  .wheel  No.  1 1 
at  c.  With  this  position  of  loads,  the  panel  concentrations  may  then 
be  calculated  and  the  moment  found  by  multiplying  these  loads 
by  the  ordinates  to  the  influence  line  given  on  p.  59  and  adding  the 
results.  Or,  the  position  having  been  determined  by  applying  the 
criterion  for  a  simple  beam,  the  moment  may  still  be  found  by  using 
the  influence  liAe  directly,  summing  up  the  products  of  ordinates 
times  wheel  loads. 

For  moment  at  d  notice  that  the  influence  line  approximates  to 
that  for  moment  at  (/  in  a  simple  span  m  e. 

The  influence  line  for  shear  may  be  used  in  the  same  way,  but  in 
this  case  there  is  less  likely  to  be  any  error  in  the  selection  of  the 
position  for  maximum  values. 

62.  Use  of  Equivalent  Uniform  Loads. — ^The  influence  lines  may 
also  be  used  to  select  a  suitable  equivalent  uniform  load,  in  the  same 
manner  as  explained  iA  Art.  173  of  Part  I.  Thus  for  moment  at  d 
the  dotted  straight  line  d'  m  may  be  substituted  for  the  broken  line, 
giving  the  approximate  influence  line  nh-d'-e.  The  proper  equivalent 
load  is  then  the  imiform  load  for  moment  at  d  in  a  beam  m  e  which 
is  at  the  0.3  point  in  a  loo-ft.  beam.  This  is  found  by  Fig.  4  to  be 
3;340  lbs.  per  foot.  This  load,  then,  multiplied  by  the  area  of  the 
true  influence  line,  a-d'-e,  will  give  the  desired  moment.  The  ordi- 
nates to  this  influence  line  are  2.19,  6.54,  and  15.12,  respectively,  and 
the  area  =  715.5.  The  moment  at  rf  =  715.5  X  3,340  =  2,390,000 
ft.  lbs.,  and  the  stress  in  c-d-e  =  79,700  lbs.  The  value  obtained 
from  the  concentrated  loads  was  79,800  lbs. 

Again,  the  influence  line  for  positive  shear  in  panel  b  c  is  n^  c^  e. 
This  is  of  nearly  the  same  form  as  that  for  moment  at  c  in  a  beam 
n,€,  or  at  the  0.2  point  in  a  beam  77  ft.  long.  From  Fig.  4  this  is 
found  to  be  3,500  lbs.  per  ft.  The  area  of  the  influence  diagram 
is  14.58  and  the  stress  in  B  c  is  therefore  14.58  X  3,500  X  1.414  = 
72,200  lbs.  The  value  given  in  Table  A  is  70,600  lbs. 
"•—5 
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A  convenient  way  to  carry  out  this  method  is  to  calculate  all 
stresses  for  a  uniform  load  of  unity  per  foot  and  then  to  multiply  the 
stresses  so  found  by  the  proper  equivalent  load  determined  for  each 
member. 

63.  True  Reactions  Calculated  from  Deflections. — ^It  was  noted 
in  Art.  34  that  in  the  application  of  the  usual  beam  formulas  tc 
trusses  there  are  two  sources  of  error:  (i)  that  due  to  the  assump- 
tion of  a  constant  moment  of  inertia  and  (2)  that  due  to  the  neglect 
of  the  web  distortions.  The  first  can  be  avoided  by  the  use  of  formulas 
for  variable  moment  of  inertia,  but  the  latter  only  by  the  application 
of  the  theory  of  deflections  or  of  redimdant  members  as  explained  in 
Chap.  VII,  Part  I.  Generally  it  is  found  that  the  two  sources  of 
error  mentioned  tend  to  compensate,  so  that  if  correction  is  made  for 
variable  moment  of  inertia  and  not  for  web  distortion,  the  result  is 
apt  to  be  more  in  error  than  when  both  are  neglected.  If,  therefore, 
it  is  desired  to  employ  a  more  exact  method  than  the  usual  one, 
the  method  of  redundant  members  should  be  used.  While  the  usual 
methods  give  results  accurate  enough  for  most  purposes  it  is  de- 
sirable to  know  in  general  what  the  range  of  error  may  be,  and  in 
some  cases  to  make  a  detailed  analysis  by  the  exact  method. 

As  the  theory  of  redundant  members  requires  a  knowledge  of  the 
cross-sections  of  all  the  members,  it  is  necessary,  before  this  method 
can  be  applied,  to  determine  these  sections  from  calculations  based  on 
the  usual  beam  theory,  or  some  other  approximate  method.  The 
sections  being  known  the  exact  stresses  may  then  be  found.  If  the 
preliminary  sections  are  too  greatly  in  error  they  can  be  corrected 
accordingly.  Such  a  change  in  section  will  cause  some  change  in 
the  reactions  and  the  stresses,  but  not  generally  enough  to  require 
a  second  calculation. 

In  the  application  of  the  method  of  redimdant  members  it  will  be 
convenient  to  consider  the  centre  reaction  R2  as  redundant.  Then,  as 
in  Art.  32,  the  value  of  R2  is  given  by  the  equation 
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in  which 

5'  =  stress  in  any  member  due  to  the  given  loads,  with  the 
structure  supported  at  the  two  ends; 

u  =  stress  in  any  member  due  to  one  pound  upward  load  applied 
at  the  centre; 

/  and  A  =  length  and  cross-section,  respectively,  of  any  member. 

By  the  application  of  eq.  (i)  for  a  unit  load  at  each  of  the  loaded 
joints,  the  influence  line  for  R^  can  be  drawn,  which  can  be  utilized  very 
readily  in  the  construction  of  the  true  influence  lines  for  moments  and 
shears.  The  labor  of  the  calculations  will  be  reduced  if  two  loads  of 
unity  be  assumed,  symmetrically  spaced.  Thus  in  Fig.  7,  to  determine 
R^  for  a  load  at  c,  assume  a  load  unity  at  both  c  and  g  and  determine 
the  value  of  iJj  for  these  two  loads.  For  a  symmetrical  load  such  as 
assumed  the  stresses  5'  need  be  calculated  for  one-half  only.  Also 
the  stresses  u  need  be  calculated  for  one-half  only.  Then  substituting 
in  (i)  the  result  will  be  the  reaction  for  the  two  loads.  But  the 
reaction  for  the  two  loads  is  equal  to  twice  that  for  one  of  them, 
hence  the  result  obtained  by  using  summations  for  one  span  only 
is  twice  the  correct  value  for  R2  for  a  single  load. 

The  graphical* method  is  very  convenient  in  such  problems  as 
these.    A  single  displacement  diagram  for  the  bridge  supported  at  the 


ends,  and  loaded  with  unit  load  at  the  centre  is  all  that  is  required. 
From  this  diagram  the  deflection  curve  of  the  lower  chord  joints  is 
drawn.  Let  Fig.  8  represent  such  deflection  curve.  Then  by  the 
principles  explained  in  Arts.  220  and  223,  Part  I,  the  deflection  at  e 
caused  by  a  unit  load  at  any  other  point  d  is  equal  to  d^.  But  a  unit 
load  (or  reaction)  at  e  causes  a  movement  of  3^,  hence  the  reaction  at 
e  due  to  a  unit  load  at  d  is  equal  to  d^/d^,  or,  in  general 


^^  =  j.     (^) 


'e 
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in  which  d  is  the  deflection  of  any  given  joint  due  to  one  pound  at  f, 
bridge  considered  supported  at  the  ends  only,  5^  is  the  deflection  at 
joint  e,  and  R2  is  the  center  reaction  due  to  one  pound  placed  at  the 
given  joint.  The  influence  line  for  if,  is  therefore  obtained  by 
plotting  the  deflection  curve  to  such  a  scale  that  d^  is  unity,  or  by 
replotting  the  values  3/3^. 

64.  Application  to  the  Truss  of  Fig.  7. — ^The  method  of  redundant 
members  will  be  applied  to  the  truss  of  Fig.  7  and  the  true  influence  lines  con- 
structed. The  graphical  method 'will  be  used.  The  lengths,  cross-sectionN 
stresses,  and  values  of  id/ A  for  unit  load  at  e  are  given  in  the  table  below. 
As  the  direction  of  /?,  is  not  in  question  the  unit  load  at  e  will  be  taken  a> 
acting  downward. 


Member. 


a-b-c 
c-d-e 
B-C-D 
aB 
Be 
cD 
De 
D  E 
Be 


Length 

Cross-section 
A. 

u. 

74 

720 

173 

+    .50 

-f  20.8 

720 

19 .8 

+  1.50 

+  54.6 

720 

28.0 

—  I.OO 

-25.7 

506.0 

36.1 

-  .707 

-    9-9 

506.0 

19.8 

^-  .707 

+  18.1 

506.0 

21.4 

-  -707 

—  16.7 

506.0 

44.8 

0 

379-4 

27.9 

-1.58 

-21.5 

480 

33-4 

• 

+    I.OO 

+  14.4 

The  quantities  in  the  last  column,  divided  by  £,  are  the  deformations  to  be 
used  in  constructing  the  displacement  diagram.  The  quantity  E  may  be 
omitted  as  only  relative  results  are  needed.  The  diagram  may  be  startwi  at 
the  centre  vertical,  the  point  e  being  assumed  stationary.  The  diagram  i> 
shown  in  Fig.  9.  One-half  only  is  drawn.  From  this  diagram  the  vertical 
movement  of  all  joints  with  respect  to  a  horizontal  line  a-k  may  be  measure<i. 
Dividing  each  deflection  by  the  deflection  of  joint  e  and  plotting  the  results, 
gives  the  influence  line  for  i?,  shown  in  Fig.  10  by  the  full  line  ae'  k.  Yor 
convenience  the  ordinates  are  plotted  above  the  axis.  The  numerical  values 
of  the  ordinates,  or  values  of  i?,,  are  as  follows: 


Point  Loaded. 
b 
C 
d 

e 


0-3S4 
0.685 

0.940 

1. 000 


By  the  approximate  method  previously  used  the  corresponding  values  of 
R2  are:   0.368;   0.688;   and  0.914,  respectively. 
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Having  the  influence  line  for  JRj,  the  other  reactions,  and  the  moment  and 
shear  at  any  section  for  a  load  at  any  point  can  be  determined  and  any  desired 
influence  line  drawn.  Or,  we  may  proceed  more  quickly  as  follows:  Consider 
the  moment  at  b.  Fig.  10.  A  load  P  placed  on  the  structure  at  any  point, 
as  Cf  will  cause  a  moment  at  b  which  may  be 
calculated  in  two  parts,  (i)  the  moment  which 
would  result  if  the  structure  were  supported 
at  the  ends  only,  and  (2)  the  moment  due  to 
the  centre  reaction  i?,.    The  moment  due  to  (i ) 


N 


is  equal  to 


P(2/~  kl) 
2/ 


X  a  = 


P  (2  -  k) 


«; 


\ 


J^2 


I 


and  that  due  to  R2  is  equal  to— ^  X  «  . 


liyc 


\ 


=  ordinate  c  c',  then  J?,  =  P  yc,  and  the  total 
moment  =  P  [  (2  —  i&)  —  ^<. 


A^^\ 


>r 


But  ordi- 


2/-  kl 
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Therefore  if 


=  2  —  ^,  hence  (/  (f       ! 


(/  (f  be  mul- 


^^s 
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^ 


nate  c  c^  =  2  X 

=  (2  -  ^)  -  >c. 

tiplied  by  a/ 2  the  result  will  be  the  moment 
at  h  for  a  unit  load  at  c.  Likewise  for  a  load 
at  any  other  joint,  the  ordinate  at  the  joint  be- 
tween the  straight  lines  aV  —  h^ ky  and  the 
curve  aef  k,\i  multiplied  by  the  constant  a/ 2, 
will  represent  the  moment  at  6.  The  shaded 
area  therefore  serves  as  the  influence  area  for 
moment  at  b. 

The   influence    diagram    may  be  recon-  Fig.  9. 

structed  to  a  horizontal  base  and  true  scale  by 

plotting  the   ordinates  M^,  (/ (f,  etc.,   multiplied   by  a/ 2.     The  replotted 
diagram  will  be  similar  to  the  diagrams  of  Fig.  7  (6). 

For  the  other  points,  c  and  </,  the  influence  lines  are  obtained  by  drawing 
the  straight  lines  a  <f  and  a  d".  The  true  ordinates  are  then  equal  to  the 
ordinates  between  these  lines  and  the  curve  for  R^^  multiplied  in  each  case 
by  a/ 2,  where  a  is  the  distance  of  the  moment  centre  from  the  left  end  of 
the  span. 

The  true  influence  lines  being  thus  drawn  the  exact  stresses  can  be  deter- 
mined in  the  same  manner  as  the  approximate  values;  but  a  comparison  of 
the  two  methods  can  readily  be  made  by  comparing  the  curves  for  the  approxi- 
mate and  exact  values  of  R^^  In  Fig.  10  the  dotted  curve  ae'  k  gives  the  values 
by  the  approximate  method,  corresponding  to  the  analysis  already  made. 
The  error  in  stresses  is  clearly  indicated  by  the  area  enclosed  between  these 
two  curves  as  compared  to  the  area  of  the  influence  diagram  for  any  particular 
moment  (or  shear).  In  this  case  the  errors  are  seen  to  be  very  small.  For 
example,  the  influence  areas  for  positive  moments  (multiplied  by  a/ 2),  are  as 
follows: 
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Enact.  Approidraatc.  Per  Cent  Emir. 
Mb                     II3S                    "3-8  +0.3 

Mc  1370  137-7  +0-S 

Mj  70.5  71.6  +1.5 

For  shears  a.  similar  method  of  constructing  influence  lines  may  be  use<i. 
Consider  the  shear  In  panel  b  c,  Fig.  10.     For  unit  load  at  c,  truss  supported  ai 


1 

/' 

^ 

8be«Iaau«iceLlii« 

^ 

;4' /i^^-^^^^^^ss^:^ 

-^ 

Fic.   10.                                             """~--.._ 

2I  —  kl  2  —  k 

ends  only,  the  shear  in  panel  6  c  is  equal  to   -. —  =  — —  ;  and 

the  shear  due  to  A  =  Rt/2  ^  —.    The  toUl  shear  =  I  (a  -  A)  —  y,]  X 
J.     The  ordinate  c'  c"  =  (2  —  A)  —  yc,  hence  the  shear  =  c'  c"  X  J.    Tho 
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ffdinatcs  of  the  shaded  area  in  general,  multiplied  by  J,  will  therefore  give  the 
rue  influence  line  for  shear  in  panel  b  c.  The  line  aV"  W  is  parallel  \.o  (f  k\ 
md  the  line  aV"  (f  h  has  double  the  ordinates  of  the  influence  line  for  shear 
n  a  simple  truss.  The  shear  ihfluence  lines  for  the  other  panels  are  drawn  as 
ndicated. 

The  method  of  constructing  influence  lines  here  described  may  of  course 
)e  used  in  the  usual  approximate  analysis.  The  curve  for  R^  is  first  con- 
jtructed,  after  which  all  the  influence  diagrams  are  drawn  without  further 
calculation.  They  may  then  be  redrawn,  if  desired,  on  a  straight  base  line 
ind  to  a  correct  scale.  The  method  here  used  will  be  found  of  general  utility 
also  in  the  analysis  of  arches  and  susp)ension  bridges. 

65.  Deflection  under  Dead  Load  and  Amount  of  Uplift  Required. — 

In  order  to  design  the  end-lifting  mechanism  it  is  necessary  to  know 

the  amount  of  uplift  required  and  the  force  necessary  to  produce  it. 

The  full  dead-load  deflection,  bridge  swinging,  is  given  by  the  general 

Sul 
formula  A  =  -5*  -^^rr^  where  5  =  dead-load  stress,  bridge  swinging, 

hi  A 

and  u  =  stress  for  i  pound  applied  at  the  end.  The  amount  of 
upward  deflection  produced  by  a  i -pound  force  is  5  =  i"  ^=-7    The 

total  force  required  to  remove  all  the  dead-load  deflection  (the  true 

Sul  I     u^l 
dead-load  reaction  for  a  continuous  girder)  is  therefore  H  -=-r  /  I  -z=rj, 

exactly  as  found  in  Art.  63  for  the  centre  reaction  Rj.  If  the  ends  are 
to  be  lifted  only  sufficiently  to  prevent  the  live  load  from  raising  the 
end  from  its  support,  then  the  movement  required  must  be  sufficient 
to  develop  a  reaction  equal  to  the  maximum  negative  live-load  reaction. 
If  this  be  R^  then  the  required  movement  =  d  R\  If  any  other  de- 
sired amount  of  reaction  is  to  be  obtained,  the  distance  to  be  moved  h 

readily  determined  in  the  same  manner. 

Sul 
In  the  truss  of  Art.  64  the  value  of  I  r=—r  for    the    dead    load, 

hj  A 

Case  I,  is  found  to  be  1.47  in.,  which  is  the  full  deflection  from 
normal  position,  and  is  the  uplift  required  if  the  ends  are  to  be 

u^l 
fully  lifted.     The  value  of   I  ^r-r  =  0.0000268  in.     The  resultmg 

reaction  (true  dead-load  reaction)  =  1.47  -J-  0.0000268  =  S4Joo  lbs. 
The  maximum  negative  live-load  reaction  ==  22,800  lbs.    (stress   in 
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abc  in  Col.  (5), Table  A).  To  prevent  hammering,  therefore,  the 
uplift  must  be  at  least  22,800  X  0.0000268  =  0.612  in.  In  practice, 
the  uplift  would  be  made  somewhat  greater  than  this  in  order  to  pro- 
vide for  variations  in  temperature  (Art.  66),  and  imperfect  adjustment. 

66.  Effect  of  Temperature  Variations. — ^A  very  important  question, 
and  one  of  especial  significance  when  discussing  the  accuracy  of  work- 
ing formulas,  is  that  of  the  effect  of  a  variation  of  temperature  between 
different  members  of  a  swing  bridge.  The  effect  on  reactions  of  any 
given  difference  of  temperature  can  very  quickly  be  found  in  the  same 
manner  as  the  true  reactions  for  loads. 

Let  /  =  change  of  temperature  of  any  member;  (o  =  coefficient  of 
expansion,  ==  .0000065  per  1°  F.;  /  =  length  of  member.  Thenw//  = 
total  change  of  length  of  any  member.  The  deflection  of  the  end  of 
the  truss  due  to  the  change  of  length  of  this  member  will  be  uwll 
where  u  has  the  same  significance  as  in  the  previous  calculations.  ^  For 
a  change  of  temperature  in  any  number  of  members  the  end  deflection 
will  be 

A^  =  S  ucjtl (3) 

The  reaction  necessary  to  produce  a  like  deflection,  or  the  reaction 
caused  by  the  assumed  temperature  changes,  will  be 

R,  =  AJd^Iu<otllI~^ (4) 

For  example,  suppose  the  lower  chord  of  the  bridge  of  Fig.  7  drop 
in  temperature  10^  below  that  of  the  remaining  members.  In  this 
case  wtllox  each  chord  member  =  0.0234  in.  and  i"  m  =  8  (one  pound 
at  a),  whence  the  deflection  =  0.187  ^^*  *^^  ^t  ™  0.187/0.0000268  = 
6,960  lbs. 

Observation  of  the  variation  in  deflection  of  swing  bridges  indicates 
that  the  differences  in  temperature  may  readily  amount  to  30°,  thus 
giving  rise  to  variations  in  reaction  of  as  much  as  50  per  cent  of  the 
normal  dead-load  reaction. 

The  great  effect  of  temperature  variations  evidently  renders  useless 
any  great  refinement  in  calculations  and  indicates  that  the  ordinary 
formulas  are  accurate  enough  for  all  ordinary  cases. 

67.  Counter- balanced  Swing  Bridges. — ^Frequently  in  the  case  of 
.narrow  channels  it  is  necessary  to  avoid  the  construction  of  a  pier  in  the 
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channel.  In  such  a  case  the  pivot  pier  must  be  built  at  the  margin  and 
a  single  arm  of  the  swing  span  made  of  the  length  required  for  the  open- 
ing. The  other  span  is  needed  only  for  balancing  the  channel  span 
and  is  made  as  short  as  convenient,  and  weighted  with  pig-iron  or  other 
heavy  material.  It  may  or  may  not  support  a  panel  of  the  live  load. 
The  stresses  are  found  by  the  application  of  the  general  formula  for 
unequal  spans  (Art.  23),  and  involves  no  new  principles. 


Sbotion  III.— The  Rim-bearino  Swing  Bridge 

68.  Rim-Bearing  Swing  Bridge, — ^Tniss  Continuous  over  Four 
Supports. — A  method  of  construction  formerly  quite  general  is  shown 
in  Fig.  II.  The  central  panel  is  fully  braced  and  the  truss  is  continuous 
over  four  supports. 

With  some  writers  it  has  been  customary  to  apply  to  this  form  of 
truss  the  formulas  for  a  continuous  beam  of  four  supports, — formulas 
based  on  the  assumption  of  uniform  moment  of  inertia  and  a  neglect 
of  deflection  due  to  shearing  stresses.  These  formulas  give  results 
closely  approximate  for  beams  and  long-span  trusses,  and  fairly  good 
results  for  two-span  swing  bridges;  but  their  application  to  trusses  of 
such  short  spans  as  here  considered  leads  to  very  erroneous  con- 
elusions.  With  only  one  span  loaded  large  negative  reactions  are 
obtained  at  B  or  C,  reactions  much  greater  than  can  ever  really 
occur,  and  which  greatly  exceed  the  dead-load  positive  reactions. 
To  furnish  these  negative  reactions  some  form  of  anchorage  would 
have  to  be  provided  at  B  and  C,  a  thing  quite  impracticable  in 
a  swing  bridge. 

Again,  the  central  span  5  C  is  so  short  that  the  effect  of  the  web 
distortions  (neglected  in  the  beam  theory)  becomes  of  great  importance 
and  an  exact  analysis  will  show  that  the  resultant  dead-  and  live-load 
reaction  at  JB  or  C  will  never  be  negative  (the  negative  live-load  reaction 
will  never  be  large  and  always  much  less  than  the  dead-load  positive 
reaction).  An  example  will  be  given  showing  the  results  obtained  by 
the  two  methods  of  calculation. 

69.  Calculation  by  Continuous- girder  Formulas, — Considered  as  a 
beam  continuous  over  four  supports,  and  with  equal  end  spans,  the 
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reactions  due  to  a  single  load  on  the  first  span  are  given  by  the  following 
formulas  derived  in  Art.  25: 


i?,  =P(i-*)-i^P(fe-A») 


n 


•     .     .    (I) 


R,^-Pik-k') 


in  which  n  =  ratio  of  centre  to  end  span  and  iV  =  4  +  8n  +  3«'. 
Assume,  for  example,  a  truss  of  the  same  span  lengths  as  the 


Fig.  II. 


Structure  of  Art.  76,  and  suppose  this  to  be  rigidly  braced  in  the  centra 
panel  and  to  be  treated  as  a  beam  continuous  over  four  support < 
(Fig.  13).     Assume  a  dead  joint  load  of  30,000  lbs.,  and  a  live  joint 


Fig.  12. 


load  of  75,000  lbs.  The  value  of »  =  0.107  and  N  =  4.89.  Applying 
eq.  (i)  we  find,  for  dead  load,  R^  =  R^  -=  +  56,100  lbs.,  and  R2  = 
Ri  =  +  93,900  lbs.     The  value  of  R^  for  full  live  load  on  the  first  span 
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is  by  eq.   (i),  R^,  =  -  ^  "^  ^  ^^"^  ^  f  J  (ife  -  fe^,  in  which  2  (ife  -  ife«) 

is  the  summation  for  the  several  load  points  on  the  first  span.  From 
this  we  find  iJ,  =  —  486,000  lbs.  The  total  reaction  at  h  is  therefore 
-  486,000  +  93,900  =  —  392,100  lbs.  To  provide  this  amount  of 
negative  reaction  would  require  a  strong  and  rigid  anchorage,  an 
arrangement  of  much  difficulty.  It  is  further  to  be  noted  that  if  R^  is 
negative,  R^  is  at  the  same  time  positive.  One  assumption  sometimes 
made  is  that  whenever  the  net  reaction  at  h  becomes  negative  this  point 
rises  slightly  from  the  support  and  the  bridge  becomes  a  two-span 
structure  with  supports  at  a,  g,  and  «.  Such  action  would  probably 
occur,  but  would  also  be  objectionable  as  it  would  cause  a  very  unequal 
distribution  of  load  on  the  drum  and  turntable.  It  will  be  shown, 
however,  that  the  true  reaction  at  h  is  never  likely  to  be  negative. 

70.  Calculation  by  Method  of  Redundant  Members. — Applying  the 
theory  of  redundant  members  to  the  truss  of  Fig.  11,  it  is  noted  that  the 
structiu-e  is  doubly  indeterminate.  The  two  redundant  forces  may 
conveniently  be  taken  as  the  reactions  if,  and  i?,.  With  these  removed 
the  truss  is  a  simple  span,  the  stresses  in  which  are  readily  calculated 
for  any  given  loading.     As  developed  in  Art.  225,  Part  I,  let 

5'  ==  stress  in  any  member  due  to  the  given  loads,  truss  supported 
atvl  and  D  only; 

u  =  stress  under  the  same  conditions  for  i -pound  reaction  at  B; 

V  =  stress  under  the  same  conditions  for  i -pound  reaction  at  C. 

S  =  total  actual  stress  in  any  member  due  to  given  loads  and  all 
reactions. 

Then  S  ^S'  +  uR^  +  v R^ (2) 

Also,  since  the  deflection  at  B  is  zero, 

Sul 
^£1"°' ^^ 

and  likewise,  as  the  deflection  at  C  is  zero, 

ySvl  .  . 

^EA"" ('^^ 

Substituting  the  value  of  S  from  (2)  we  have 

S^  ul  M*  /  Uvl 
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The  graphical  method  explained  in  Art.  223,  Part  I,  can  be  utilized 
to  calculate  the  variations  summations  of  eqs.  (5)  and  (6),  and  it  will 
be  found  convenient  to  determine  the  reactions  for  a  load  of  i  pound  at 
any  joint. 

In  accordance  with  the  method  above  referred  to,  it  will  first  be 
necessary  to  construct  a  displacement  diagram  of  the  truss  for  a  one- 
pound  load  applied  at  5,  truss  supported  at  A  and  D.  Then  from  this 
diagram  the  deflections  of  each  of  the  lower  joints  is  determined  with 
respect  to  the  supports  A  and  Z),  and  a  deflection  curve  constructed. 
Suppose  Fig.  12  (a)  represent  such  deflection  curve.  Then  suppose  a 
similar  curve  to  be  drawn  for  a  one-pound  load  at  C.  For  a  sym- 
metrical truss,  like  the  one  considered,  this  will  be  similar  to  the  cun'e 
for  load  at  B  and  need  not  be  actually  constructed,  but  for  clearness 
it  is  shown  in  Fig.  (6). 

Now  consider  a  unit  load  applied  at  any  joint  N.  In  accordance 
with  the  principles  explained  in  Art.  220,  Part  I,  the  ordinate  <?„ 
will  be  the  deflection  of  joint  B  due  to  this  unit  load;  and  the  ordinate 
J'^,  Fig.  (6),  will  be  the  deflection  of  joint  C  for  this  load.  Further- 
more, the  ordinate  d^  is  the  deflection  of  B  for  one  pound  at  C,  and  the 
ordinate  8\  is  the  deflection  of  C  for  one  pound  at  B.  Noting  the 
significance  of  the  various  summations  in  eqs.  (5)  and  (6),  and  assum- 
ing S'  to  be  the  stress  in  any  member  for  a  one-p)ound  load  at  JV,  we 
have  the  following  identities : 


^S-ul 


-  -8  '  v^=-_a' 


A  »'  /I 


"A        ^O'       A 

^^^  =  a.  =  av 


(7) 


A 
Substituting  in  (5)  and  (6),  and  neglecting  the  quantity  E,  we  have 


n    +  -^s  ^6    +  ^a  "e 


(8) 
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Solving  these  for  if  j  and  R^  we  derive 


R, 


^n  ^'e  —  ^'n  ^c 


e 


-  5'c  a, 


For  a  symmetrical  truss,  as  here  assumed,  8^ 
in  all  cases,  d^  =  8\y  hence  (9)  reduces  to 


R2- 


22,- 


'6 
n^b 


d'^  dh  —  8^  dc 


8t'  -  «V 


(9) 


8\,  and  we  also  have, 


(10) 


(") 


The  value  of  d\  is  obtained  from  Fig.  .12  (a)  on  the  right  of  the  centre. 

From  eqs.  (10)  and  (11)  the  reactions  R2  and  R^  can  be  very  quickly 
calculated  for  a  unit  load  at  any  joint,  and  from  them  the  true  reactions 
for  any  loading.  It  will  be  noted  that  R^  will  be  +  or  —  according 
as  the  value  of  d\  d^  is  greater  or  less  than  8^  8^. 

Appl)ring  this  method  to  Fig.  13,  the  displacement  diagram  is  first 
to  be  drawn  for  one  pound  at  g,  truss  supported  at  a  and  n  only.    The 


Q H 


_-_f___i__^_j_.. 


Fig.  13. 


cross-sections  and  lengths  of  the  various  members,  excepting  the  centre 
diagonals,  are  given  in  Art.  76.  To  avoid  the  multiple  system  the 
centre  diagonals  will  be  assumed  as  shown  in  Fig.  13  and  to  be  of  24 
sq.  in.  each  in  section.  The  stresses  u  are  then  calculated,  the  values 
ofu//il,  and  finally  the  displacement  diagram  drawn.  The  values 
of  the  several  deflections  (times  E)  measured  from  this  diagram 
are  as  follows,  8  denoting  the  deflection  of  any  joint  on  the  left  and 
y  that  of  the  corresponding  joint  on  the  right : — 
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Joint. 

d. 

d' 

b 

126 

119 

c 

235 

225 

d 

338 

322 

e 

416 

398 

f 

465 

447 

g 

480 

h 

466 

Substituting  in  eqs.  (10)  and  (11)  we  derive  the  following  values 
for  if  2  and  R3  for  unit  loads : 


Joint  Loaded. 

^ 

^ 

b 

0.378 

— 0.118 

c 

0.609 

—0.122 

d 

0-934 

—0.236 

e 

1.089 

—0.229 

f 

I  137 

-0.173 

First  span  fully  loaded 

4.147 

-0.879 

From  this  we  find  that  for  the  first  span  fully  loaded  with  P  =  75,000 
lbs.,  Rj  =  311,000  lbs.,  and  i?,  =  —  66,500  lbs.  The  total  dead-  and 
live-load  reaction  at  A  =  +  98,000  —  66,500  =  +  31,500  lbs.  \Vc 
also  find,  from  moments  about  D  or  Ay  the  true  values  of  Ri  and  /?, 
for  first  span  loaded,  to  be  +  155,000  lbs.  and  —  24,500  lbs.,  respect- 
ively. 

71.  Comparison  of  Restdis. — ^The  value  of  R^  was  found  in  Art. 
69,  by  the  continuous-girder  theory,  to  be  —486,000  lbs.  Comparing 
this  with  the  correct  value  of  —  66,500  lbs.  given  above  it  will  be  seen 
that  the  continuous-girder  method  is  quite  inapplicable  to  such  a  case. 
Again,  the  value  of  i?*  is  found  by  the  two  methods  to  be  —24,500  and 
+  2,400  lbs.,  respectively. 

It  may  be  noted  here  that  the  method  of  analysis  of  Art.  76,  for  the 
truss  partially  continuous  over  four  supports,  may  be  applied  with  little 
error  for  end  reactions  to  the  case  here  considered.  By  that  method 
the  value  of  R^  for  first  span  fully  loaded  is  163,900  lbs.,  and  R^  = 
—  23,600  lbs.    R2  =  211,100  lbs. 

In  trusses  of  this  type  the  formulas  for  a  two-span  bridge  are  often 
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used  for  calculating  the  end  reactions,  with  fairly  satisfactory  results. 
Thus  for  the  ist  span  loaded  the  coefficients  on  page  47  give  a  value  of 
R^  =  160,000  lbs.,  and  /?3  =  —  27,300  lbs.,  compared  to  values  of 
155,000  and  —  24,500  lbs.  respectively. 

72.  Stresses  in  Centre  Diagonals. — If  the  reaction  at  h  had  the  large 
negative  value  found  by  the  application  of  the  beam  formulas  the  shear 
in  span  g  h  would  be  484,000  lbs.,  giving  a  stress  in  each  of  the  diagonals 
of  304,000  lbs.,  which  would  require  the  use  of  a  large  member  as 
assumed.  Considering  the  true  reactions,  however,  the  shear  is  equal 
to  /?3  +  i?4  =  —  91,000  lbs.,  giving  a  maximum  stress  of  only  57,200 
lbs.  in  each  diagonal  or  only  2,400  lbs.  per  sq.  in.  for  the  section 
assumed.  If  smaller  members  had  been  used  their  unit  stress  would 
have  been  only  slightly  larger  as  the  deformation  is  necessarily  about 
the  same.  This  is  an  important  deduction,  for  it  shows  that  whatever 
the  size  of  member  used  in  this  panel  the  unit  stress  will  be  low. 

From  these  considerations  it  is  evidently  advisable  to  employ  for 
the  diagonals  of  this  panel,  members  of  only  sufficient  sectional  area  to 
stiffen  the  structiu*e,  when  open,  against  wind  and  any  unbalanced 
dead  load.  Then  in  the  analysis  these  small  members  may  be  neglected 
and  the  calculations  made  as  explained  in  the  following  article.  Large 
members  serve  no  useful  purpose.  In  recalculating  old  structures, 
where  large  members  have  been  used,  the  foregoing  analysis  shows 
that  they  may  likewise  be  neglected.  In  modem  practice  small  diago- 
nals are  generally  employed,  making  a  truss  partially  continuous  over 
four  supports  (Art.  74). 

73.  Truss  Continuous  over  Three  Supports. — ^To  avoid  the  objection 
to  the  truss  continuous  over  four  supports,  noted  in  Art.  68,  some 


Fig.  14. 

trusses  have  been  constructed  of  the  form  shown  in  Fig.  14.  In  this 
iorm  the  link  E  F  carries  the  load  at  the  centre  to  the  rigid  frame 
BFC,    The  length  of  the  nanel  BC  h  made  equal  to  the  width  of  the 
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truss  in  order  that  the  weight  upon  the  turntable  may  be  uniformly 
distributed.  The  length  of  the  other  panels  in  the  lower  chord  is 
independent  of  B  C.  The  analysis  is  precisely  the  same  as  for  a  sim[de 
two-span  continuous  girder,  with  centre  support  at  F. 

74.  Truss  Partially  Continuous  over  Four  Supports;  Equal  Mo- 
ments at  the  Centre  Support* — ^Fig.  15  shows  a  form  of  construction 
which  also  avoids  the  objection  noted  in  Art.  68.    In  this  form  the 


rigid  frame  EFBC  supports  the  truss  by  means  of  the  short  linb 
EG  and  F  H.  The  portion  EC  oi  the  frame  is  a  part  of  the  lower 
chord  of  the  bridge;  in  other  respects  the  frame  may  be  considered  a 
part  of  the  pier.  There  being  no  diagonals  in  the  panel  EF HG, 
there  can  be  no  shear  transmitted  across  this  panel,  and  the  moments 
at  E  and  F  must  always  be  equal. 

The  same  object  may  be  secured  in  a  simpler  way  by  using  full 
diagonal  bracing  (Fig.  17)  of  small  section,  as  mentioned  in  Art.  72. 
These  members  are  then  neglected  in  the  calculations,  giving  a  condi- 
tion of  equal  moments  at  the  centre  supports  exactly  as  in  Fig.  15. 


I  f 


B 


f  .  .  ■ » >  > .  > J  i  ■  1 1 .1  ■  I  I  ■ .  1 1  .  I  ,f  >  1 1  I  >  1 1  St^^^S'^^KTT  •  J  »  ■»  ■  i  ■  i  .  .  p »  ■  ■  I )  ■  ^  I  1 1  I  >  I  ij 


-h- 


t'^'t 


Fig.  16. 


-w 


Formulas  for  reactions  for  such  a  case  may  be  derived  as  for  beams  and 

will  be  found  to  apply  with  about  the  same  accuracy  as  in  the  case  of 
the  two-span  truss. 

75.  Reactions  for  a  Beam  Partially  Continuous  over  Four  Supports; 
Equal  Moments  over  Centre  Supports, — Fig.  16  represents  a  continuous 
beam  on  four  supports.  It  is  assumed,  however,  that  throughout  the 
middle  span  the  beam  has  the  same  moment  of  inertia  as  elsewhere  but 
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is  not  capable  of  resisting  shear,  so  that  the  bending  moment  is  constant 
from  B  to  C.  The  value  of  R^  will  be  derived  for  a  load  P  on  the  first 
span. 

It  will  be  convenient  to  solve  this  problem  by  the  use  of  the  general 
formula  for  deflection  as  applied  to  beams,  derived  in  Chapter  VII, 
Part  I.     It  is 

D^J-^.m,      ............     (12) 

in  which 

D  =  deflection  of  any  point; 

M  =  moment  at  any  section  due  to  the  given  loads; 

m  =  bending  moment  at  any  section  due  to  a  force  of  i  pound 
applied  at  the  point  whose  deflection  is  desired. 

The  reaction  R^  will  be  considered  as  a  redundant  reaction  and  its 
value  determined  by  equating  to  zero  the  deflection  of  the  beam  at  this 
jx)int.  Let  M'  =  moment  at  any  section  due  to  the  given  loads,  with 
the  reaction  at  A  removed,  and  m  =  moment  due  to  a  reaction  of  one 
pound  dXA.    Then,  as  in  Art.  63, 

M  =  M'  +  R^m (13) 

Substituting  in  (12),  placing  Z>  =  o  and  solving,  we  have  (assuming 
E  and  /  constant) 

M'  mdx 

/     nt^  dx 

The  values  of  the  integrals  for  the  case  of  a  single  load  P  in  the 
first  span  will  now  be  determined.  With  the  support  at  A  removed 
the  other  reactions  are  determinable  by  statics  from  the  condition  of 
zero  shear  in  the  span  B  C  If  if',,  22' 3,  if' 4,  and  M\  and  M\  represent 
the  reactions  and  moments  due  to  the  load  P,  with  R^  removed,  we  have 

^'.-^P (15) 

.Vise  M\  «  M\ P  /i  (i  -  *),  and  hence 

if'*  =  ^  =  -  p  (I,  -  *)  ?,    .  .  .  .  (16) 

and  2?',  =  -  i?',  =  P  (I  -  *)  ^ (17) 

II. 


/' 
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The  values  of  the  quantities  M'  and  w,  and  the  several  integrals, 
for  the  various  parts  of  the  beam  AN,NB,  BC,  and  C D  are  given 
in  the  following  table.    The  origin  for  A  B   is  conveniently  taken 


Section. 


AN 
NB 

BC 
CD 


M' 

m 

O 

X 

P(x-kl,) 

X 

PhU-k) 

ir 

I, 

X  — 

I. 

M'm 


m* 


-  P{x^-kl^x) 

-Pl2(,-k) 
I  ^ 

-P-(i-k)x^ 
/  > 


*a 


X^ 


3fi 


I 


M'mix 


Pli' 


o 

-P/.MI-*)  /, 

PI' 


f 


m^d  I 


3 


( 


at  A  and  for  C  D  3,t  D.     Substituting  the  summations  in  (14)  wc  derive 
the  formula 

'2+2  .3- 

If  /i  =  /j  =  /,  then 


R 


.  =  ■^  [(■-*)- JTTF^tl^]- ■    •    ■    <'^' 


R 


.-[(■-) -4?fS] (■ 


Compared  to  eq.  (4),  Art.  42,  it  is  observed  that  (19)  differs  from  (4,; 
only  in  the  addition  of  the  term  6  Z,  in  the  denominator. 

Having  determined  2?i,  the  following  formulas  are  readily  derived. 


22,  = 


/,  {k  -  1^) 


R,=  -  /?,  =  P 


+  6/,  +  2 


d: 


2/1    +    6/2+2/5/3 


.  (20) 


(21) 


76.  Example  of  Truss  Bridge,  Partially  Continuous  over  Four 
Supports. — ^A  complete  analysis  will  be  made  of  the  truss  of  Fig.  17.  The 
diagonals  in  the  centre  panel  are  of  small  cross-section  and  will  be  omitted  in 
the  calculations,  thus  making  the  truss  partially  continuous  over  four  supports. 
The  formulas  of  Art.  75  will  be  used,  after  which  the  true  reactions  will  also  be 
determined  by  the  method  of  redundant  members. 

Assume  a  dead  load  of  1,325  lbs.  p)er  foot  or  33,100  lbs.  per  joint.  A  load 
of  f  PT  will  be  assumed  for  joint  a.  For  live  load  use  Cooper's  £-50  loading 
with  50%  increase  for  impact  on  all  members  excepting  vertical  hangers,  which 
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Fig.  17. 


9t. 


Fig.  18. 
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need  not  be  considered  in  this  analysis.    This  is  equivalent  to  the  use  of  load- 
ing of  £-75  without  impact. 

Reaction  Coefficients,    Applying  eqs.  (19)  and  (21)  we  have  the  following 
values  of  left  reactions  for  unit  loads: 


Joint  Loaded. 
h 
c 

d 

e 

Ri 
.798 

.603 

.419 

.254 

Joint 

Loaded. 

. 

• 
1 
k 
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Rx 

-  -0549 

-  .0797 

-  .0808 
-.0638 

} 

2  = 

.112 
2.186 

m 

-  .0349 

2"  =  -  .:iui 

Dead-Load  Stresses. — For  Case  I,  the  structure  is  a  double  cantilever.  The 
stresses  are  given  in  Col.  (2)  of  Table  B,  For  Case  II,  the  truss  is  a  continuous 
girder  and  R^  =  (2.186  —  .314)  X  W^  =  61,960  lbs.  The  stresses  are  given 
in  Col.  (2)  of  the  table  on  p.  85. 

Live-Load  Stresses. — ^These  are  found  from  influence  lines  drawn  for 
moments  and  vertical  components  of  web  stress.  Fig.  17  shows  the  influence 
lines  for  moments  at  c  and  /  and  for  vertical  components  of  stress  vaBc  andeF. 
Having  these  lines  drawn  the  stresses  are  found  by  trial,  using  unbroken  loads 
The  results  are  given  in  Cols.  (4),  (5),  and  (6)  of  the  table.  Col.  (7)  gives  the 
stresses  when  considered  as  a  simple  span,  also  determined  from  influence  lines. 

Combination  of  Stresses. — ^The  combinations  of  stresses  are  made  as  in 
Art.  60.  Cols.  (8)  and  (9)  taken  together,  and  Cols.  (10)  and  (11),  give  the 
greatest  range  of  stress  which  can  occur  during  the  passage  of  a  single  train. 
It  should  be  remembered  that  Col.  (5)  can  be  combined  with  Col.  (3)  only,  as 
th«  structure  becomes  a  simple  span  when  ends  are  not  raised  and  one  arm  only 
is  loaded.     In  Col.  (10)  several  of  the  values  are  a  maximum  for  Case  I  alone, 

.Sectional  Areas. — From  the  maximum  and  minimum  stresses  here  found 
the  cross-sections  of  the  several  members  have  been  determined,  using  the 
following  working  stresses: 

for  tension,  16,000  lbs.  per  sq.  in.  on  net  section; 
for  compression,  16,000  —  70  — . 

For  alternating  stresses  add  50  per  cent  of  the  lesser  to  each  stress  and  take  the 
greater  of  the  two  areas  so  determined.    The  results  are  as  follows: 
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77.  True  Reactions  for  Trusses  Partially  Continuous  over  Four 
Supports. — ^The  method  of  redundant  members  is  applied  to  this  type 
of  truss  in  the  same  way  as  for  the  two-span  bridge,  Art.  63.  Consider 
Ri  as  redundant.  Then  with  this  support  removed  the  other  reactions 
are  determined  by  statics.  For  any  load  P  on  the  first  span  these 
reactions  are  given  by  eqs.  (i5)-(i7).  For  a  load  P  on  the  third  span, 
i?3  =  o  and  i?3  and  R^  are  the  same  as  for  a  simple  span.  The  stresses 
5'  of  eq.  (i),  Art.  63,  are  thus  readily  determined,  and  likewise  tk 
stresses  u  due  to  a  one-pound  reaction  at  A.  The  value  of  R'  is  then 
given  by  eq.  (i). 

The  graphical  process  may  be  employed  in  the  same  manner  as 
in  Art.  63.  Where  the  spans  are  equal,  as  in  Fig.  17,  the  two  centri: 
reactions  may  be  taken  as  redundant  and  a  displacement  diagram 
drawn  for  a  load  of  one  pound  placed  at  each  of  the  points  g  and  A, 
considering  the  truss  supported  at  the  two  ends.  From  this  diagram 
the  deflection  curve  of  the  lower  joints  with  respect  to  the  ends  a,  n, 
may  be  constructed  as  in  Art.  64.  Taking  the  deflection  at  g  and  h 
equal  to  unity  this  becomes  a  reaction  influence  line  and  may  be  used 
directly  for  constructing  influence  lines  in  the  same  manner  as  in  Fig. 
10.  Such  a  construction  has  been  carried  out  for  Fig.  17,  and  Fig.  18 
shows  the  reaction  curve  and  the  influence  lines  plotted  thereon,  fo? 
moments  at  c  and/,  and  for  V.  comp.  of  stress  in  Be  and  e  F.  The  dotted 
line  is  the  reaction  line  calculated  by  the  beam  formulas  of  Art.  75. 
The  diagram  shows  clearly  the  error  involved  in  the  use  of  the  usual 
formulas.  It  amounts,  for  example,  to  a  maximum  of  4.6  per  cent 
for  moment  at  c  and  5.6  per  cent  for  stress  inB  c. 

The  scale  of  the  influence  diagram  for  moments  is  found  by  muhi- 
plying  the  ordinate  by  a/ 2  as  in  Art.  64,  where  a  is  the  distance  of  the 
moment  centre  from  the  left  end.  The  correctness  of  the  construction 
is  shown  as  follows:  Consider  any  moment  centre  £,  Fig.  19,  and  a 
load  Pi  distant  k  I  from  A,    Let  Mj  ==  moment  at  B  due  to  this  load. 

Then 

M 

Ri  =  Pi  (i  -  *)  -  Y  and 

M^-iJ^a  =  fPiCi  -  )fe)  -  ^1  .  a.     .      .     .     (fl) 
Now  if  a  second  load  P2  be  applied  on  the  second  span,  distant  k  I 


RIM-BEARING     SWING     BRIDGE 


«7 


from  Dy  the  moments  at  B  and  C  will  be  double  their  value  for  a 
single  load.  By  the  graphical  analysis  above  given  the  ordinate  ff 
X  P  is  the  value  of  R^  and  -R3  for  these  two  loads.  The  value  of 
Ri  is  P  (i  —  ff)y  and  the  moment  at  B  for  the  two  loads  ==  R^  I 


B 


M, 
C 


JP^ 


!>. — -j^f- 


ft: 1 ' 


R«       ft. 


-h < 


D 
R4 


-P{1  -  kl)  =^P   {i  -ff)  I  -P  {I  -  kl).      For    a    single    load 
the  moment  is  one-half  of  this,  or  M^  =  — ^ "^ ^-^^ ^. 


Substituting  in  (a)  and  reducing  we  then  have 


(p) 


The  ordinate  /'/''  is  equal  to  (2  —  ^  —  ff),  hence  for  unit  loads 
the  moment    M^  =  /'/"  X  -  as    already    stated.      For    shear,  the 

ordinates  arc  to  be  multiplied  by  X)  and  for  Vert.  comp.  web  stress 

I         s 
in  Fig.  17  the  factor  is  —  X  y,  where  5  =  distance  of  point  of  in- 
tersection of    chords  to  the    left  of  a  and  /  =  distance  from    this 
intersection   to   the  foot  of  the  diagonal  in  question.     (See  Part  I, 
Art.  162.) 

Where  the  spans  are  unequal  it  is  simpler  to  draw  the  displacement 
diagram  for  unit  load  at  one  end,  as  a,  and  from  this  construct  the 
deflection  diagram  for  points  b  and  c  with  respect  to  a  line  joining  a 
and  d.  The  resulting  diagram  may  be  used  in  all  respects  as  shown 
in  Fig.  18. 

78.  Rim-bearing  Turntable;   Four  Supports. — E(iual  Moments   at 


8S 
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the  Centre  Supports. — ^Fig.  20. — In  this  the  two  triangular  frames 
B  H  C  and  C I D  support. the  truss  by  means  of  the  short  links  F  H 
and  G  I.  The  portions  B  C  and  C  D  oi  the  frames  are  a  part  of  the 
lower  chord  of  the  bridge.  The  point  C  is  common  to  both  frames. 
The  inclinations  of  the  members  B  H,  H  CjC  I,  and  /  D  are  such  that 
under  maximum  loads  at  H  and  /  the  supports  J8,  C,  and  D  are  equally 


Fig.  20. 

loaded.  This  arrangement  brings  the  weight  on  the  turntable  uni- 
formly distributed  over  six  points.  These  points  can  be  spaced  equal 
distances  apart  on  the  turntable.  Under  all  conditions,  the  moments 
at  the  two  centre  supports  F  and  G  are  always  equal.  The  analysis 
will  then  be  the  same  as  in  Art.  74. 

79.  Lift  Swing  Bridges. — Various  devices  have  been  suggested 
whereby  the  bridge  may  be  made  continuous  when  being  opened  and 
two  simple  spans  when  closed.  Fig.  21  shows  a  form  in  which,  when 
the  bridge  is  to  be  swung,  the  supports  at  B  and  C  are  lifted  far  enough 
to  bring  the  links  E  F  and  F  G  into  action  and  to  raise  the  ends  A  and  D 


E o- Q 


from  their  supports.  All  the  weight  is  then  at  the  centre  and  the  bridge 
is  swung  on  a  centre-bearing  pivot.  When  closed,  and  the  supports 
B  and  C  lowered,  the  links  EF  and  FG  are  under  no  stress.  The 
analysis  then  consists  in  finding  the  dead-load  stresses  when  open,  as 
in  the  other  forms,  and  the  dead-  and  live-load  stresses  when  closed, 
the  bridge  then  consisting  of  two  simple  spans.     Other  forms  designed 
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to  accomplish  this  object  employ  toggle  joints  in  the  members  E  F 
and  F  G,  or  at  other  points  of  the  upper  chord,  whereby  it  is  shortened 
and  the  ends  of  the  span  lifted  free  of  the  supports. 

80.  Double  Swing  Bridges. — In  a  few  cases  where  the  clear  span 
required  is  large  two  swing  spans  have  been  arranged  as  shown  in 
Fig.  22,  giving  a  clear  opening  from  C  to  E.  When  closed  the  ends 
at  D  are  locked  so  that  the  cantilever  ends  are  forced  to  deflect  equally. 
Except  for  this  connection  the  reactions  and  stresses  would  be  deter- 


mined from  statics,  as  in  the  cantilever  bridge.  The  problem  will  be 
solved  by  determining  the  reaction  at  D  for  a  single  load  placed  at  any 
point  on  one  of  the  structures. 

Suppose  the  joint  at  D  not  to  exist.  The  structure  A  BC D  will 
then  be  statically  determinate,  and  the  reactions  and  deflection  at  any 
point  may  be  determined  by  methods  explained  in  Art.  77.  Likewise 
the  structure  D  EFG  will  be  statically  determinate  and  its  deflections 
may  be  found.  Under  these  conditions  let  the  following  deflections 
be  determined:  (i)  The  deflection  at  D  of  the  structure  A  D,  for  a 
single  load  P  placed  at  any  point  ot  A  D;  (2)  the  deflection  at  D  of 
the  structure  A  D  ior  sl  load  of  one  pound  applied  at  D;  and  (3),  the 
deflection  at  D  of  the  structure  D  G  for  one  pound  placed  at  D.  Rep- 
resent these  deflections  by  d^,  d'^,  and  d''^,  respectively.  If  the  two 
structures  now  be  connected  the  common  point  D  will  deflect  a  distance 
<?„  under  the  load  P,  which  will  be  less  than  d\  by  reason  of  the 
restraining  action  of  the  structure  D  G, 

Let  R^  be  the  reaction  at  D,  assumed  upward  on  A  D,  Then  we 
have,  with  respect  to  the  structure  A  D, 

and  with  respect  to  the  structure  D  G 

K  =  R*  0%. 
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Eliminating  5„  we  have 

"•-r^- <"' 

When  d\  is  downward  then  R^  is  positive,  or  upward  on  A  D.    The 
values  of  R^  being  known  the  other  reactions  are  found  by  statics. 
If  the  two  structures  are  alike  and  symmetrical  about  D,  then 

8'^  =  d^d  and  we  have  R^  =^  }4  Tr\  but  -;^  is  the  right  reaction  for  a 

^  d  0  d 

swing  bridg:^,  A  D,  on  rigid  supports,  hence  the  reaction  at  D  is  one- 
half  that  of  a  structure  on  rigid  supports. 

For  a  symmetrical  double  bridge  of  the  form  considered  in  Art.  74, 
the  value  of  R^,  for  a  single  load  on  span  A  B  is,  therefore, 

and  for  a  single  load  on  span  C  Z>,  distant  k  I  from  D 

i?,  =  KP  [(I  -  h)  -  /'^\':'2  /T    •  •  (24) 

L  2  /i  -f  6  /j  -f-  2  Z, J 

81.  Stresses  in  Lateral  Trusses. — ^The  same  general  arrangement 
of  lateral  bracing  is  employed  as  in  the  ordinary  through  bridge.  The 
loads  upon  the  upper  lateral  system  are  transferred  to  the  lower  chord 
by  portals  at  the  ends  and  centre.  Where  the  arrangement  of  the 
main  truss  provides  a  diagonal  compression  member  in  the  panel  next 
the  centre,  as  member  h  /,  Fig.  17,  the  portal  is  placed  in  the  plane  of 
this  member  and  the  upper  laterals  may  be  considered  as  terminating 
at  I.  The  tower  is  then  braced  independently.  The  lower  lateral 
system  is  complete  from  end  to  centre. 

Owing  to  the  relative  flexibility  of  a  portal  frame  the  upper  lateral 
system  is  little  affected  by  the  continuity  of  the  structure  and  may  be 
treated  in  the  same  manner  as  in  a  simple  span  h  n,  whether  the  bridge 
is  open  or  closed.  The  lower  lateral  system  requires  consideration  of 
continuity.  The  maximum  shears  near  the  end  will  occur  for  bridge 
closed  and  live  load  covering  one  span,  corresponding  to  Cases  II  and 
III  of  the  analysis  for  the  vertical  truss.  For  the  shears  near  the 
centre  the  maximum  may  occur  for  bridge  open,  or  for  bridge  closed 
and  loaded  with  live  load.     In  the  first  case  the  shears  are  determined 
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as  in  Case  I,  but  to  these  should  be  added  the  shear  due  to  one-half 
the  load  on  the  upper  lateral  system.  For  the  case  of  bridge  closed 
the  shears  are  determined  as  for  Case  II  and  Case  IV  for  main  trusses. 

The  wind  pressures  assumed  are  generally  on  the  basis  of  50  lbs. 
per  sq.  ft.  on  truss  alone  when  closed;  and  30  lbs.  per  sq.  ft.  on  truss 
when  open,  or  on  truss  and  train  when  closed  and  loaded. 

Chord  stresses  resulting  from  wind  loads  should  be  considered 
where  they  increase  the  chord  stresses  in  the  main  trusses. 


CHAPTER  III 

CANTILEVER   BRIDGES 

82.  Greneral  Arrangement  of  Spans. — ^A  cantilever  bridge  is  one 
in  which  one  or  more  of  its  trusses  are  extended  beyond  their  supports 
thus  forming  cantilever  arms.  The  ends  of  these  cantilever  arms  then 
furnish  supports  for  other  trusses.  In  the  usual  form  each  complete 
truss  has  only  two  supports  and  therefore  the  reactions  and  stresses 
are  statically  determined.  Two  general  arrangements  of  spans  are 
illustrated  in  Figs,  i  and  2.  Fig.  i  illustrates  the  arrangement  used  in 
the  case  of  numerous  spans  and  Fig.  2  the  more  usual  case  of  a  crossing 
requiring  one  long  span  and  two  short  ones.  In  Fig.  i  the  structure 
consists  of  a  series  of  main  trusses  ACyDG,  etc.,  supported  so  as  to 
form  two  cantilever  arms.  Then,  resting  upon  these  cantilever  arms, 
are  simple  trusses  C  D,  G  H,  etc.  In  Fig.  2  the  main  trusses  are  A  C 
and  D  p.  They  rest  upon  supports  at  i4,  5,  £,  and  F,  and  are  canti- 
levered  at  one  end  only.  Obviously  a  combination  of  the  single  and 
double  cantilevers  may  be  the  best  arrangement  in  some  cases.  Fig.  3 
represents  the  arrangement  of  the  Niagara  bridge,  and  Fig.  :^ 
several  Ohio  River  bridges.  The  Mississippi  River  bridge  at  Memphis 
consists  of  one  double  cantilever  similar  to  DO,  Fig.  i,  one  single 
cantilever  like  A  C,  Fig.  2,  and  two  simple  spans,  one  forming  a  shore 
span  and  the  other  a  suspended  span  between  the  cantilevers.  The 
Thebes  bridge  over  the  Mississippi  River  consists  of  two  double 
cantilevers  and  three  simple  spans. 

In  Fig.  I,  the  spans  A  B  and  E  F  are  called  intermediate  spans,  the 
spans  BCy  D  E,  FG,  etc.,  cantilever  spans,  or  cantilever  arms,  and 
C  D  and  G  H,  suspended  spans.  In  Fig.  2  spans  A  B  and  E  F  are 
called  anchor  spans  instead  of  intermediate  spans.  The  points  A  and 
F  require  anchorage  to  balance  the  loads  on  BC  and  D  E. 

83.  Advantages  of  the  Cantilever  Bridge. — ^The  chief  advantage  of 
the  cantilever  type  for  spans  of  ordinary  lengths  is  in  the  fact  that 
certain  spans  can  be  erected  without  the  use  of  falsework  by  building 
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out  from  the  portion  already  constructed.  Thus  in  Figs,  i  and  2, 
spans  A  B  and  E  F  would  first  be  erected  on  falsework,  as  usual. 
This  being  done  the  cantilever  arms  B  C  and  E  D  are  constructed  by 
building  out  from  the  points  B  and  £.  These  arms  being  designed  to 
ad  as  cantilevers  when  in  service  their  construction  in  this  manner 
mvolves  no  unusual  erection  stresses.     The  points  C  and  .D  being 


Fig.  I. 


reached  the  suspended  span  is  then  built  by  continuing  the  same  mode 
of  construction  from  both  sides  until  connection  can  be  made  at  the 
centre.  Temporary  members  are  used  at  the  ends  C  and  D  so  that 
the  two  ends  of  the  simple  span  may  act  temporarily  as  cantilevers. 
WTien  connection  is  made  at  the  centre  these  temporary  members  are 
disconnected  so  that  the  span  C  Z>  is  free  to  turn  at  points  C  and  D  and 


r — h-- 


_J . — ^  , 


Fig.  2. 


also  has  free  horizontal  motion  at  one  end,  thus  becoming  a  simply- 
supported  span.  In  the  case  of  the  suspended  span  the  erection 
stresses  need  to  be  specially  considered  as  the  chord  stresses  are  of 
different  character  from  those  which  occur  after  erection. 

The  advantages  in  regard  to  erection  which  the  cantilever  type 
offers  make  it  especially  applicable  to  crossings  where  falsework  is 
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not  practicable,  as  at  the  Niagara  gorge,  or  where  the  depth  of 
channel  or  navigation  interests  makes  it  especially  expensive  or 
undesirable. 

For  spans  of  ordinary  length  (up  to  500-600  feet),  the  cantilever 
type  affords  no  economy  over  the  simple  truss,  except  in  the  case  of 
expensive  falsework,  as  noted  above.  For  very  long  spans,  however, 
where  the  dead  load  becomes  relatively  large,  the  cantilever  type 
becomes  the  more  economical,  the  advantages  in  this  respect  becoming 
greater  the  longer  the  span.  A  bridge  of  this  type  can  thus  be  built  of 
a  span-length  considerably  greater  than  would  be  possible  for  a  simple 
truss. 

This  gain  in  economy  where  the  dead  load  is  relatively  large  is  due 
partly  to  the  fact  that  the  average  moments  for  uniform  loads  are  less 
than  in  the  simple  truss,  and  partly  to  the  fact  that  the  dead  weight 
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Fig.  3. 


in  the  cantilever  type  is  concentrated  largely  at  points  near  the  support, 
thus  tending  to  reduce  the  moments  still  further.  The  wind -pressures 
on  the  structure  will  also  be  concentrated  in  the  same  favorable  manner. 
On  the  other  hand,  the  alternating  stresses  in  the  intermediate  or 
anchor  spans  of  the  cantilever  bridge  tend  to  increase  the  amount  of 
material  required  and  so  reduce  the  relative  economy. 

An  unfavorable  element  of  some  importance  is  the  large  deflections 
of  the  cantilever  ends  as  compared  with  those  of  a  simple  span. 
Short  cantilever  arms  and  long  suspended  spans  are  advantageous  from 
this  standpoint. 

The  distribution  of  moments  in  a  cantilever  bridge  is  much  the  same 
as  in  a  continuous-  girder,  but  in  the  former  the  points  of  inflection  are 
fixed  by  the  hinges  at  the  ends  of  the  suspended  spans.  The  variation 
in  maximum  moments  throughout  a  cantilever  structure  is  shown  by 


ADVANTAGES    OF    THE    CANTILEVER    BRIDGE  95 

the  moment  diagrams  of  Figs,  i  and  2.  The  maximum  moments  in 
the  suspended  and  cantilever  arms  occur  for  a  full  load  on  these  spans. 
For  a  uniform  loading  the  moment  curve  for  the  entire  span  B  E  will 
be  a  parabola,  bcdcj  with  centre  ordinate  =  yi  =  wL^/Sy  the  same 
as  for  a  simple  beam  of  length  L.  The  portion  c  d  gives  the  positive 
moments  in  the  suspended  span  and  the  portions  b  c  and  d  e  the 
negative  moments  in  the  cantilever  spans.  For  the  intermediate  or 
anchor  arm  E  F,  the  .maximum  moments  are  generally  the  negative 
moments  which  occur  when  the  live  load  extends  over  the  suspended 
and  cantilever  arms.  Were  there  no  dead  load  on  EF  the  negative 
moment  curve  c/ would  be  a  straight  line;  the  effect  of  the  dead  load 
is  to  give  to  this  line  a  flat  curvature,  the  centre  ordinate  to 
which  is  the  dead  load  positive  moment  at  the  centre  of  the  span. 
The  dotted  curves  e"  kj"  (Fig.  i)  and  ef  kf  (Fig.  2)  represent  the 
moments  for  span  £  F  fully  loaded  and  show  the  maximum 
positive  values. 

The  maximum  moments  in  a  series  of  simple  spans,  BE  and 
EFj  are  shown  by  the  curves  boe  and  e^kfoxe^kf,  measured 
from  the  lines  b  e  and  e  /  as  axes.  The  relative  chord  sections 
required  in  the  two  types  of  structures  is  indicated  to  a  certain 
extent  by  the  areas  of  the  respective  moment  diagrams.  The 
sum  of  the  moment  areas  for  the  span  B  E  \s  seen  to  be  much 
less  for  the  cantilever  than  for  the  simple  span,  but  for  the  span  E  F 
it  is  somewhat  greater. 

The  moment  areas  of  Figs,  i  and  2  depend  to  a  considerable  extent 
upon  the  relation  between  the  span  lengths  BE,  EF,  and  C D.  The 
longer  BE  as  compared  with  EF  the  greater  will  be  the  moment  ordinate 
y^.  and  the  greater  the  negative  moments  in  span  E  F,  but  if  £  F  is 
made  too  long  then  the  positive  moments  therein  become  too  large. 
Generally  £  £  is  made  from  one-half  to  two-thirds  of  B  £,  if  not 
determined  by  special  considerations  such  as  favorable  pier  locations, 
width  of  channel  span,  etc.  Negative  reactions  in  the  type  shown  in 
Fig.  I  are  to  be  avoided. 

The  spans  L  and  /i,  being  assumed  as  fixed,  the  length  of  the  sus- 
pended span  C  D  for  maximum  economy  may  be  investigated.  The 
position  of  the  ends  of  the  span  C  Z>  fix  the  points  of  zero  moment  and 
therefore  determine  the  location  of  the  axis  V  c'  of  the  moment  diagram. 
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Let  yi  =  central  ordinate  of  parabola  be  de  and  y^  =  ordinate  at  e 
The  sum  of  the  positive  and  negative  moment  areas  of  the  span  B  E 
is  equal  to  (area  rectangle  b'  bee^  —  (area  parabola  be  ode)  +2X 

(area  parabola  cod)  =  y^L  -  i^L^  +  4  vyi  ^  Vir  9        Considering 

3  3 

c/a  straight  line,  the  moment  area  for  span  ef  =  y,  l^  (includes  both 

anchor  spans  of  Fig.  2).      We  have  also  the  relation  — — —  =  — . 

y^         L- 

Substituting  and  differentiating  with  respect  to  /,  we  find  for  mini 
mum  sum  of  moment  areas 

/,  =  K  (i  +  h). 

Considering  the  span  L  only,  it  is  found  that  for  minimimi  moment 
areas  l^  ^  yi  L.  The  shears  in  the  central  span  do  not  vary  greatly 
for  considerable  variations  in  ratio  of  span  lengths,  but,  on  the  whole 
are  less  the  shorter  the  suspended  span. 

84.  Analysis. — ^The  suspended  span  being  a  simple  truss,  its  analysis 
for  dead  and  live  load  requires  no  special  consideration.  Erection 
stresses  need  to  be  considered,  these  being  calculated  with  each  half- 
span  treated  as  an  extension  of  the  cantilever  arms.  The  stresses  in 
the  cantilever  arm  and  in  the  anchor  or  intermediate  span  will  be 
discussed  in  detail.  It  will  -  serve  to  illustrate  the  entire  problem  to 
consider  a  structure  of  the  form  shown  in  Fig.  4. 

a.  The  Cantilever  Arm, — Consider  the  cantilever  arm  D  E,  Tht 
dead-load  moments  and  shears  are  readily  found  by  first  getting  the 
amount  of  load  transferred  to  E  from  the  suspended  span  and  then 
taking  shears,  or  moments  of  joint  loads,  on  the  right  of  any  section. 
For  live-load  stresses  the  maximum  moment  and  shear  at  any  section 
in  the  arm  D  E  will  result  when  the  span  D  F  is  fully  loaded,  although 
loads  to  the  left  of  any  given  section  do  not  affect  the  stresses  of  that 
section. 

Influence  lines  for  moment  at  /  and  shear  in  panel  /  K  are  shown 
in  Figs.  4  (6)  and  (c).  The  effect  of  a  load  unity  on  the  span  EF  \s 
evidently  proportional  to  the  reaction  caused  at  £,  both  as  to  moment 
and  shear,  hence  the  lines  F'E^  are  straight  lines,  with  ordinates  at 
E'  equal  to  a  and  unity,  respectively.  As  the  load  moves  from  £  to  / 
the  resulting  bending  moment  decreases  uniformly  to  zero  when  the 
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load  reaches  /.  The  shear  remains  equal  to  unity  until  the  load 
reaches  K  and  then  decreases  to  zero  as  the  load  crosses  the  panel  K  L 
For  maximum  moment  at  /  the  criterion  is  the  same  as  for  moment  at 
£  in  a  simple  beam  /  F.  For  shear,  the  same  position  of  loads  may  be 
used  as  for  shear  in  the  end  panel  of  a  simple  truss  extending  from  /  to 
F. 

b.  The  Intermediate  Span, — ^The  dead-load  moments  and  shears 
due  to  loads  on  this  span  are  the  same  as  in  a  simple  truss.  To  these 
must  then  be  added  the  moments  and  shears  due  to  the  action  of  the 
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Fig.  4. 

cantilever  arms.  Let  Mp  ==  moment  at  D,  found  from  the  cantilever 
arm  D  £,  and  M^;  the  moment  at  C,  found  from  the  arm  B  C  Then 
at  intermediate  points  in  C  Z>  the  moment  due  to  the  cantilevers  will 
vary  from  C  to  D  uniformly.     Hence  at  a  distance  a   from  C  the 

a 
moment  is  M^  =  M^  +  (Mjr,  —  Af^)  y-.    The  same  result  will  of  course 

be  obtained  by  calculating  first  the  total  reaction  at  C  and  taking 
moments  of  all  forces  on  the  left,  about  the  given  centre  of  moments. 
The  shear  due  to  the  cantilever  loads  will  be  constant  throughout 
II.— 7 
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span  C  D  and  is  to  be  added  to  the  shears  due  to  loads  in  C  D.  This 
constant  shear  is  equal  to  the  reaction  at  C  minus  the  loads  on  the 
cantilever  to  the  left.    For  symmetrical  conditions  this  shear  =  o,  and 

For  live-load  moments  and  shears,  construct  the  influence  lines  for 
moment  at  G  and  shear  in  panel  G  H, 

Moment  at  G. — ^Fig.  {d). — ^A  load  unity  at  E  causes  a  negative  re- 
action at  C  equal  to  A  and  hence  a  negative  moment  at  G  equal  to  —-*. 

which  is  laid  off  as  E'  E"  in  Fig.  {d).  As  the  load  moves  to  D  or  F, 
the  moment  at  G  decreases  uniformly  to  zero  and  the  influence  line  for 
this  portion  is  F'  E"  D',    As  the  load  moves  from  D  to  G,  the  moment 

increases  from  zero  to  a  value  of  — —, at  G;  beyond  G  the  mo- 

ment  decreases  again,  becoming  zero  when  the  load  is  at  C,  then 

/ 

Y  (/j  —  a)  when  at  5,  and  finally  zero  for  load  at  A.     Since  the  ratio 

of  E'^E'toG'^GMsequal  to  7-^,  it    follows   that   G"  D' E"  is  a 

/a  -  a 

straight  line.  Similarly,  G"  O  B"  is  a  straight  line.  The  influence 
line  shows  that  for  a  maximum  positive  moment  at  G  the  span  C  D 
should  alone  be  loaded,  and  that  for  a  maximum  negative  moment 
the  spans  A  C  and  D  F  should  be  loaded. 

If  concentrated  loads  are  used  the  criteria  are  evident  from  the 
diagrams.  For  positive  moment  it  is  the  same  as  for  moment  at  G 
in  a  beam  C  D,  and  for  negative  moments  it  is  the  same  as  for  moment 
at  £  in  a  beam  A  C,  and  at  £  in  a  beam  D  F. 

Shear  in  panel  G  H.—Fig.  (e).— The  portion  D'  H"  G"  C  is  the 
same  as  for  a  discontinuous  span.  Between  D  and  F  the  shear  in 
G  H  is  equal  to  the  reaction  at  C  caused  by  the  load,  and  is  negative, 

having  a  value  of  y  for  unit  load  at  E.     When  the  load  is  between  A 

and  C  the  shear  is  positive  and  equal  to  the  negative  reaction  at  D. 
As  before,  the  lines  5^  C  G"  and  H"  D'  £^  are  straight  lines.  The 
position  of  loads  for  a  maximum  positive  or  negative  shear  is  evident 
from  the  diagram  and  also  the  exact  positions  of  concentrated  loads,  if 
desired. 
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c.  The  Anchor  Span. — ^If  the  portion  AC  he  omitted  in  Fig.  4 
the  span  C  D  becomes  an  anchor  span.  The  influence  lines  are  un- 
changed and  the  stresses  will  remain  the  same  excepting  those  due 
to  the  cantilever  arm  5C,  which  are  now  zero.  The  maximum 
negative  reaction  at  C  is  required  in  order  to  determine  the  anchorage 
which  will  be  necessary. 

85.  Equivalent  Uniform  Loads. — ^In  calculating  stresses  in  large  can- 
tilever bridges  some  equivalent  uniform  load  is  usually  employed.  The 
influence  lines  will  assist  in  arriving  at  a  suitable  value  for  such  uniform 
load,  as  they  show  clearly  the  length  of  load  or  portion  of  structure 
which  is  significant.  The  method  explained  in  Art.  173,  Part  I,  will 
enable  the  equivalent  load  for  any  given  system  of  concentrated  loading 
to  be  determined  for  any  case.  Thus  for  negative  moments  through- 
out span  C  Dy  due  to  loads  on  D  Fy  the  equivalent  load  is  that  fdr 
moment  at  £  in  a  span  D  Fy  or  at  a  point  I J  (/4  +  /g)  from  the  end  in  a 
span  of  length  (/^  +  l^>  Suppose  l^  =  200  feet  and  l^  =  300  feet. 
Then  1^1  {I4,  +  l^)  =  0.4  and  from  Fig.  4,  p.  53,  the  equivalent 
uniform  load  for  Cooper's  £-50  loading  for  the  0.4  point  in  a  beam 
500  feet  long  =  2,600  lbs.  per  ft.      This  loading  will  give  exact  result. 

86.  Divided  Supports  at  the  Piers. — ^For  convenience  of  details  the 
support  at  a  pier  is  sometimes  arranged  as  a  double  support,  like  the 
centre  supports  of  a  certain  type  of  swing  bridge  (see  Fig.  15,  Chapter 
II).  Such  a  form  is  used  in  the  Niagara  bridge,  Fig.  3.  The  diagonals 
are  omitted  over  the  support  so  that  no  shear  can  be  transmitted  and 
the  moments  at  each  of  the  two  points  over  the  support  are  equal. 
The  same  arrangement  may  be  made  at  both  supports  in  the  type  of 
Fig.  I.  In  the  calculations  of  stresses  the  panel  over  the  support  may 
be  neglected  and  the  calculations  made  exactly  as  for  the  case  already 
explained.  The  moments  throughout  the  structure  will  be  the  same 
and  therefore  also  the  shears.  The  load  carried  by  each  of  the  two 
supports  will  then  be  equal  to  the  respective  shears  in  the  adjacent 
panels,  plus  any  joint  load  applied  at  the  supports.  The  sum  of  the 
two  shears  will  be  the  total  pier  reaction  as  found  in  the  other  form. 

87.  Deflection  of  Cantilever  Bridges. — ^The  deflection  of  a  canti- 

Sul 
lever  truss  may  be  calculated  by  the  usual  formula  A  =  I  -^^— r>  or 

LA 

by  the  Williot  diagrams.     The  end  of  the  cantilever  arm  is  subject  to 
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a  relatively  large  deflection,  as  its  movement  is  due  not  only  to  the 
deformations  of  the  members  of  the  cantilever  arm  itself,  but  to  the 
deformations  also  of  the  members  of  the  anchor  or  suspended 
span  which  act  to  cause  a  change  of  angle  in  the  truss  at  the 
pier.     Some  idea  of  the  relative  deflections  of  a  simple  span  and  a 
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cantilever  can  be  obtained  by  means  of  the  deflection  formulas  for- 
beams.     Consider   a   load    P    placed  at   C,    Fig.   5.       The  deflec- 

tion  of  C  relative  to  the  tangent  at  B  =  A'  «  ^-^  and  that  of  A 

is  A'^  =  P  T=  .  — ^r>    The  effect  of  the  distortion  in  ^4  J3  is  to  cause 

A" 
the  tangent  at  B  to  change  angle  an  amount  equal  to  -7—,  which  causes 

A" 
an  additional  deflection  of  C  equal  to  -y    X  hi    hence   the  total 

movement  of  C  is 

^    h      3E1    • 

A  simple  span  of  length  2  /j  will  deflect  at  the  centre  a  distance 

Pl^  2  PI ' 

^    'y.     If  /j  "=  hf  the  deflection  of  the  cantilever  becomes  — =-7  ,    or 

o  Jb  1  3  ^  -i 

four  times  as  much  as  a  simple  span  of  length  2  /j-  Short  cantilever 
arms  and  long  suspended  spans  are  therefore  favorable  from  the 
standpoint  of  deflection.  An  especially  unfavorable  condition  is 
such  as  occurs  in  the  Niagara  bridge,  Fig.  3,  where  the  deformation 
of  the  metal  towers  gives  rise  to  still  greater  deflections. 

88.  Cantilever  Bridge  Without  Suspended  Span. — ^If  the  suspended 
span  be  omitted  and  the  ends  of  the  cantilevers  connected,  the  structure 
becomes  a  partially  continuous  girder  and  is  no  longer  statically  deter- 
minate. For  two  such  cantilevers  the  reactions  arc  found  as  explained 
in  Art.  80,  Chapter  II.    For  additional  spans  so  connected  the  number 
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of  redundant  reactions  becomes  greater,  requiring  the  solution  of  two 
or  more  general  equations  as  illustrated  in  Art.  70.  The  Blackwell's 
Island  bridge,  New  York  City,  is  of  this  type. 

89.  Wind  Stresses. — ^The  wind  pressure  is  carried  to  the  supports 
by  means  of  lateral  trusses  arranged  according  to  the  same  cantilever 
system  as  the  vertical  trusses.  The  stresses  are  therefore  determined 
in  the  same  nmnner  as  explained  in  the  preceding  articles. 


CHAPTER  IV 

ARCH   BRIDGES 
StonoH  I.— Oehxkal  OoRsiDERAram 

90.  An  Arch  as  distinguished  from  a  simply  supported  structure, 
is  a  beam  or  truss  whose  general  form  is  that  of  a  curve,  or  arch,  and 
which  is  so  supported  on  its  abutments  that  horizontal  as  well  as  vertical 
motion  is  resisted.  The  reactions  are,  therefore,  in  general,  not  vertical 
but  are  inclined,  the  horizontal  components  of  which  act  in  a  general 
direction  toward  each  other  and  constitute  the  horizontal  thrust  of 
the  abutment  upon  the  arch. 

In  the  case  of  roof  arches  the  horirontal  reactions  are  generally 


Fig.  1. 

supplied  by  means  of  a  tic  rod  uniting  the  two  supports,  thus  relieving 

the  foundations  of  this  duty. 

91.  Kinds  of  Arches.  ^Arches  of  timber  or  metal  may  consist  ol 

curved  beams  with  solid  webs  and  flanges,  or  they  may  be  curvc<t 

trusses  with  upper  and  lower  chords  and  web  members,  cither  riveted 

or  pin -connected. 

With  reference  to  the  ordinary  modes  of  support  arches  may  he- 
ist. Hinged  at  the  abutments  and  at  the  crown. 
2d.  Hinged  at  the  abutments  and  continuous  throughout. 
3d.  Fixed  rigidly  to  the  abutments  and  continuous  throughout. 
Figs,  I,  2,  and  3  illustrate  three  forms  of  the  three-hinged  arch; 
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Fig.  4  illustrates  a  two-hinged  arch,  and  Fig.  5  an  arch  with  no  hinges. 
In  Fig.  I  the  arch  is  made  in  the  form  of  a  curved  plate. girder.  Two- 
hinged  arches  are  also  often  built  in  this  manner.  Fig.  2  is  a  roof  arch 
in  which  the  horizontal  reactions  are  furnished  by  a  tie  rod.  Occa- 
sionally such  a  tie  rod  is  employed  in  bridge  construction.  Fig.  3  is 
a  spandrel  braced  arch,  the  bracing  occupying  the  entire  space  up  to 


Fig.  2. 

the  roadway.  This  form  is  also  well  adapted  to  the  two-hinged  arch. 
Arches  of  one  hinge,  placed  at  the  crown,  have  been  constructed,  but 
they  are  not  advantageous  and  will  not  be  considered  in  this  work. 

In  Figs.  I,  4,  and  5  the  roadway  is  supported  on  the  arch  by  means  of 
vertical  members,  which  serve  merely  to  transmit  the  loads  to  the  arch 
at  certain  joints  or  load  points.  Arch  ribs  as  well  as  braced  arches  are 
generally  loaded  at  certain  load  points  only,  as  in  the  case  of  the  simple 
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truss,  or  the  plate  girder  with  steel  floor  system.  In  certain  cases  it  is 
expedient  to  suspend  the  roadway  from  the  arch,  as  indicated  in  Fig.  4. 
92.  Masonry  Arches  of  concrete  or  stone  masonry  are  often  built 
with  two  or  three  hinges,  but  generally  with  no  hinge.  While  arches 
of  brick  or  stone  masonry  can  hardly  be  considered  as  arch  ribs,  those 
of  solid  or  reinforced  concrete  may  be  classed  as  such.  In  any  case 
the  most  satisfactory  method  of  analysis  of  such  structures  is  by  the 
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so-called  "elastic  theory"  as  developed  hereafter  for  the  arch  rib  in 
general. 

The  masonry  arch  may  support  the  load  continuously  through  the 
medium  of  spandrel  filling  of  earth  or  other  material,  or  the  roadway 
may  be  supported  on  piers  or  spandrel  arches,  as  in  the  metallic  bridge, 
thus  concentrating  most  of  the  load  at  certain  load  points. 


Fig.  4. 


93.  Loads  and  Reactions. — ^The  methods  of  supporting  the  road- 
way of  an  arch  bridge  have  been  mentioned  in  Art.  91. 

The  amounts  of  the  dead,  live,  and  wind  loads  are  fixed  upon  in  the 
same  manner  as  for  other  structures.  For  long-span  structures  the 
live  load  is  generally  assumed  as  a  uniform  load,  but  as  arches  are 
sometimes  built  of  spans  of  very  moderate  length,  concentrated  loads 
may  need  to  be  considered.    The  use  of  influence  lines  enables  this 
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to  be  done  with  little  more  labor  than  is  involved  in  the  analysis  for 
imiform  loads. 

The  reactions  are  generally  considered  as  resolved  into  two  com- 
ponents, vertical  and  horizontal.  In  the  arch  with  hinged  ends  these 
four  components  fully  determine  the  reactions  (Fig.  6).  In  the  arch 
with  fixed  ends  (Fig.  7),  the  reactions  also  include  moments  Mx  and 
Af,.     In  the  three-hinged  arch  the  four  reactions  may  be  determined 
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by  the  principles  of  statics,  as  explained  in  Part  I,  Chapter  II,  by 
reason  of  the  fact  that  the  moment  is  zero  at  the  centre  hinge.  In  the 
arch  of  two  hinges  there  are  four  unknowns  and  in  the  arch  without 
hinges,  six.  In  both  of  these  types  the  reactions  cannot  be  deterihined 
by  statics  alone  as  they  are  dependent  upon  the  flexibility  of  the  arch 
and  hence  upon  its  form  and  dimensions.    To  solve  these  cases  re- 
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quires  the  consideration  of  the  deformations  of  the  structure  as  in  the 
case  of  the  continuous  girder. 

In  the  process  of  such  an  analysis,  formulas  may  be  developed  for 
arches  of  solid  beams  of  certain  definite  forms  and  proportions.  These 
formulas  may  then  be  applied  approximately  to  other  forms  of  beams 
and  even  to  trusses  not  too  unlike  the  forms  assumed.  In  this  way  an 
approximately  correct  design  may  be  made.      More  exact  stresses 


Fig.  7. 

may  then  be  foimd,  if  desired,  by  a  calculation  of  the  deformations  of 
the  actual  arch,  as  in  the  case  of  the  swing  bridge. 

For  two-hinged  spandrel-braced  arches,  such  as  shown  in  Fig.  3 
but  with  two  hinges  only,  a  formula  developed  for  a  solid  beam  will 
net  give  satisfactory  results,  and  resort  must  be  had  to  the  method  of 
deflections  or  redundant  members.  Where,  however,  the  truss  is  of 
small  depth,  as  in  Fig.  4  or  5,  a  suitable  beam  foY-mula  may  often  be 
applied  with  satisfactory  results. 
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In  the  arch  of  two  and  of  no  hinges  the  reactions  are  modified  by 
changes  of  temperature,  since  the  structure  is  not  free  to  expand. 
Also,  in  this  form  of  structure,  we  can  no  longer  neglect  the  effect  upon 
the  reactions  of  the  changes  in  dimensions  produced  by  the  stresses 
themselves.  It  will  be  seen,  therefore,  that  the  analysis  of  these  two 
types  of  arches  involves  not  only  the  given  loads  but  also  the  possible 
temperature  changes  and  a  close  knowledge  of  the  dimensions  of  the 
structure  itself. 

In  the  analysis  of  arches  it  is  generally  convenient  to  determine  the 
reactions  for  a  single  (vertical  or  horizontal)  load  placed  at  any  load 
point.  The  reactions  being  known  the  stresses  in  any  member  are 
readily  foimd  by  the  principles  applicable  to  simple  beams  and  trusses. 
Then  by  summation  the  reactions  or  stresses  for  any  given  loading  may 
be  found  and  thus  the  effect  of  dead  and  live  loads  determined. 

94.  Internal  Stresses. — After  the  loads  and  reactions  have  been 
found  the  stresses  in  any  part  of  the  arch  can  be  determined  by  the 

general  methods  applicable  to  simple  beams 
and  trusses.  However,  the  presence  of  hori- 
zontal external  forces  and  the  special  form 
of  the  structure,  while  involving  no  new  prin- 
ciples, modifies  somewhat  the  general  formu- 
las, methods,  and  definitions. 

95.  The  Arch  Rib — (a)  Algebraic  Method. 
Fig.  8.  — Consider  an  arch  rib  of  constant  depth,  and 

let  Fig.  8  represent  the  portion  to  the  left  of 
any  section  N  taken  at  right  angles  to  ^he  axis.  The  external  forces 
are  supposed  to  be  known. 

Let  I  V  =  sum  of  the  vertical  components  of  the  external  forces 
on  the  left  of  the  section; 

I  H  =  sum  of  the  horizontal  components  of  these  forces. 
I  M  =  sum  of  the  moments  of  the  forces  about  the  gravity  axis  at  A''. 
a  =  inclination  of  axis  at  N  to  the  horizontal. 
The  internal  stresses  at  the  section  N  are  commonly  expressed  as 
a  moment  Af ,  constituting  a  stress  couple  as  in  a  simple  beam,  a  thrust 
Ty  consisting  of  a  direct  compn.ssion  uniformly  distributed  over  the 
section,  and  a  shear  V,  at  right  angles  to  the  axis,  as  in  a  simple  beam. 
Then,  equating  external  and  internal  forces,  we  have  in  general 
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T  =  IV  sin  a-\-IH  cos  a 
V  =  I  V  COS  a  —  JT  if  sin  a 
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(I) 


(b)  Graphical  Method . — The  moment,  shear,  and  thrust  are  readily 
obtained  from  the  force  and  equilibrium  polygons.  Let  A  b  cdy  Fig. 
9  (a),  represent  the  equilibrium  polygon  drawn  for  the  external  forces 


Fig.  9. 

aaing.  Then  R  is  the  line  of  action  of  the  resultant  of  all  forces  on 
the  left  of  the  section.  Let  p  =  angle  between  R  and  the  axis  at  N 
and  z  =  lever  arm  of  R  about  the  gravity  axis  of  the  section.  We  then 
have 

M  ^Rz 


r 


(2) 


F  =  J?  sin  f3 
T  =  R  cos  p 

The  moment  i?  z  is  also  equal  to  (Hor.  comp.  R)  X  y,  or  ii  in  Fig.  (b) 
11  =  Hor.  comp.  R,  we  have  also 

M  =  Hy (3) 

When  the  loads  are  all  vertical  then  H  is  the  pole  distance  of  the  force 
polygon.     Hereafter  the  loads  will  generally  be  assumed  as  vertical. 
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The  values  of  Af ,  V,  and  T  having  been  found  at  any  section  iht 
stress  intensities  are  deduced  as  for  the  case  of  combined  flexure  and 
compression  in  straight  beams. 

If  -4  =  area  of  cross-section; 

/  =  moment  of  inertia  of  cross-section; 

yi  and  ya  ==  the  distances  from  the  centroid  of  the  section  to  ex- 
treme  upper  and  lower  fibres,  respectively; 

/i  and  /a  =  the  corresponding  fibre  stresses,  then,  assuming  M  as 
positive  when  causing  compression  in  the  upper  fibres,  we  have 


•^'      A^     I 

_T      My, 
^'~A         I 


(4) 


The  distribution  of  shearing  stress  follows  the  same  law  as  in  a 
straight  beam. 

The  application  of  these  formulas  involves  a  small  error  due  to  the 
curvature  of  the  beam,  which  brings  the  centroid  of  stress  slightly 
inside  the  centre  of  gravity  of  the  section.  This  error  is  large  only  in 
the  case  of  beams  of  very  short  curvature,  such  as  rings  and  hooks. 
It  is  negligible  in  the  case  of  most  arches. 

Moment  Centres  for  Maximum  Fibre  Stresses, — ^In  determining 
maximum  total  fibre  stress,  /i  or/2,  and  in  studying  the  effect  of  mo\-ing 
loads,  it  is  convenient  to  reduce  eq.  (4)  to  a  different  form.    If  r  = 

radius  of  gyration,  ==  \  -j^  then  eq.  (4)  may  be  written  in  the  form 


_Tr'  +  My,'] 


and  /j  = 


/ 

Tr^  -My, 


I 
Referring  to  Fig.  10,  M  =  Te,  hence 


(s) 


Jl    ~  T 


''ij.*')'' 


f  3                                        /  r'         \ 
Now h  ^  is  a  length  and  T  [ h  e  }  is  a  moment,  which  may 
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be  called  M\.    Hence  we  have,  f^  «=  — 4^,  in  which  M\  is  equal  to 
the  thrust  T,  multiplied  by  the  arm  f  ^  H j .      If    now  we   lay 


r' 


off  the  distance  —  helow  the  gravity  axis,  fixing  a  point  0^,  this 
point  may  be  taken  as  the  centre  of  moments  for  M\j  for  then 
M'l  =  r  (  e  H J.      (This  point  0^  is  known  as  the  kern  point  of 

the  section.)     A  similar  point  aixrve  the  neutral  axis,  distant  —  there- 

from,  gives  the  centre  of  moments  O2  for  the  lower  fibre  stress.     These 

moments  may  be  called  M\,    Having  the 
moments  M\  and  M\,  the  fibre  stresses  are 


/.=^and/,  =  ^'.    .     (6) 


The  extreme  fibre  stresses  are  proportional 
to  the  moments  M\  and  M'2  and  hence  will 
be  a  maximum  when  these  moments  are  a 
maximum.  In  finding  maximum  fibre 
Fig.  10.  stresses  for  moving  loads  it  is  therefore  con- 

venient to  determine  the  maximum  moments, 
using  points  o^  and  O2  as  moment  centres.  The  values  of  the  moments 
3f'  may  be  found  in  the  same  manner  as  for  any  other  moment 
centre,  using  either  T,  R,  or  H  in  the  equation,  H  being  the  hori- 
zontal component  of  i?,  as  in  Fig.  9  (6) .     Thus 

M\^T{e-\-  ^)  ^Rz'  =  Hy.        .     .     .     (7) 

If  the  beam  is  a  plate  girder  and  the  moment  of  resistance  of  the 
web  is  neglected,  or  is  taken  account  of  by  adding  a  certain  fraction  of 
its  area  to  the  flange,  then  the  kern  point  or  moment  centre  becomes 
the  centre  of  gravity  of  the  flange. 

96.  The  Braced  Arch. — {a)  Algebraic  Method. — If  the  arch  is  a 
truss  then  the  stresses  in  the  members  are  found  most  conveniently  by 
moments;  or,  if  the  chords  are  parallel  or  nearly  so,  the  web  stress 
may  also  be  foimd  conveniently  by  shears  as  in  a  parallel  or  curved- 
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chord  truss.  Algebraically  the  stress  in  A  B  (Fig.  ii)  ^^Mj^it^, 
stress  in  C  Z>  =  Af^  //j.  The  stress  m.  A  D  may  be  found  by  taking 
moments  about  the  intersection  oi  AB  and  C  Z>,  if  convenient,  or  by 
an  equation  of  horizontal  or  vertical  components.  Generally  the 
co-ordinates  of  each  joint,  referred  to  horizontal  and  vertical  axes, 
will  be  known,  and  hence  horizontal  and  vertical  projections  of  any 


Fig.  II. 


member  can  be  readily  found.  The  moments  If,  of  the  external  forces 
on  the  left  of  the  section,  arc  also  readily  obtained  from  a  summation 
of  the  moments  of  the  loads  and  reactions  in  detail. 

{b)  Graphical  Method. — ^The  resultant  R  being  known,  the  stresses 
may  be  found  by  various  graphical  methods  (Fig.  ii).     The  bending 

Rz, 


moment    at    P  =  M^^  =  R  z^,    whence   S^  = 


^2- 


Rz, 


h 


Mj^  =  Rz2  and 


For  stress  in  S^  the  force  polygon  for  R,  S^,  5j,  and  53 


may  be  drawn,  as  in  Fig.  11  (b).  Or,  draw  R  to  an  intersection  £, 
with  one  of  the  forces  S^.  Then  the  resultant  of  R  and  S^  must  pass 
through  the  intersection  D  of  the  other  two.  This  gives  the  direction 
of  the  resultant  of  R  and  Si  and  enables  the  three  forces  to  be  deter- 
mined by  the  force  polygon  as  shown  in  Fig.  (c) . 

97.  Advantages  of  the  Arch  Bridge. — ^If  all  the  loads  were  fixed, 
the  form  of  an  arch  could  be  so  selected  that  the  equilibrium  polygon 
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of  the  forces  would  follow  the  axis  of  the  arch  throughout,  as  in  Fig.  12. 
The  only  stresses  then  existing  in  the  arch  would  be  the  thrust,  and  the 
design  would  be  of  maximum  economy.  Compared  to  a  truss,  such 
an  arch  rib  would  correspond  somewhat  to  the  upper  chord,  where  the 


: — :: — 2 


Fig.  12. 


chord  is  curved  just  enoughto  take  all  the  shear.  In  the  arch  the  lower 
chord  is  replaced  by  the  thrust  from  the  abutments.  If  the  arch  docs 
not  exactly  fit  the  equilibrium  or  pressure  line,  as  in  Fig.  13,  it  will  be 


Fig.  13. 

subjected  to  small  bending  moments,  represented  by  the  shaded  areas. 
The  truss,  however,  is  subjected  as  a  whole  to  moments  as  represented 
in  Fig.  14,  and  the  advantage  of  the  arch  is  still  large.     When  the  live 


F|G.  14. 


load  is  large  as  compared  to  the  dead  load,  the  moments  which  occur 
in  the  arch  under  partial  loading  also  become  large,  and  the  advantages 
of  the  arch  become  still  less,  but  the  moments  are  yet  on  the  average 
smaller  than  in  the  truss.     Offsetting  the  advantage  of  such  reduced 
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bending  moments  are  the  increased  stresses  in  the  piers  or  abutmenu 
tne  serious  modification  of  stresses  which  are  caused  by  any  slight 
settlement  of  supports  (except  in  the  three-hinged  type),  the  stresses 
arising  from  temperature  changes,  and  the  large  deflections  under 
moving  loads,  with  increased  secondary  stresses,  as  compared  with 
deep  trusses. 

Arches  are  well  adapted  to  high  crossings,  especially  those  of  a 
single  span.  They  can  be  constructed  without  falsework,  in  the  same 
manner  as  cantilever  bridges,  and  in  many  locations  their  form 
fits  the  contour  of  the  ground  very  well,  requiring  a  minimum  amount 
of  substructure.  The  use  of  arches  at  the  "Niagara  gorge  illustrates 
these  points. 

As  compared  to  the  suspension  type  of  bridge  the  arch  is  more 
rigid  and  better  suited  for  heavy  railroad  traffic  for  any  but  the  longest 
spans.  It  is  not  so  well  adapted  as  the  suspension  bridge  for  very  long 
spans,  as  the  long  compression  rib  of  the  arch  cannot  compare  with  a 
tension  cable  in  certainty  of  design  or  economy  of  material.  Deforma- 
tions of  a  tension  cable  develop  moments  tending  to  resist  further 
deformations,  while  deformations  of  a  compression  rib  develop 
moments  tending  to  increase  still  further  such  deformations. 

98.  Deflection  of  Curved  Beams. — ^The  equations  of  Arts,  i,  2,  and 
3  apply  only  to  beams  which  are  straight  before  bending.     If  a  beam 

is  curved  in  its  unstrained  con- 
dition, as  in  an  arch  rib,  the  for- 
mulas will  be  somewhat  modified, 
due  to  the  fact  that  the  length  of  an 
element  is  no  longer  approximately 
equal  to  its  horizontal  projection. 

Let  A  By  Fig.  15,  be  any  portion 
of  a  curved  beam  in  its  unstrained 
form.  Suppose  now  that  under  the 
action  of  certain  forces  the  beam  is 
bent  so  that  this  portion  is  brought 
into  the  position  A'  B\  We  wish 
now  to  find  the  movement  of  B  and  the  tangent  at  B,  with  reference 
to  A  and  the  tangent  at  A,  these  two  points,  A  and  B,  being  any  two 
points  in  the  beam.    This  relative  motion  will  be  made  apparent  by 
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making  A'  coincide  with  A,  and  the  tangent  at  A'  coincide  with  the 
tangent  at  A.  This  new  position  is  represented  by  the  dotted  outline 
A  B".  The  absolute  movement  B  B^^  now  shown,  is  the  relative 
movement  required.  The  tangent  at  B  has  moved  through  an  angle 
A  ip,  making  now  an  angle  with  the  tangent  at  A  oi  0  —  A  ^,  0  being 
the  original  angle.  The  point  B  has  also  moved  in  space  a  distance 
B  B^y  the  components  of  which  motion,  referred  to  any  two  rectangular 
axes  with  origin  at  J?,  will  be  called  A  y  and  A  x.  The  effect  of  flexure 
alone  will  be  first  considered,  after  which 
the  effects  of  direct  stress  and  temperature 
change  will  be  taken  account  of. 

99.  Angular  Change ^  =  A  ^.  Let  C  EF 
D,  Fig.  16,  be  an  element  of  the  beam,  of 
length  d  5j  whose  end  faces  C  E  and  D  F  are 
at  right  angles  to  the  axis,  and  whose  end 
tangents  make  an  angle  with  each  other  orig- 
inally equal  to  d  0.  Let  d  <phe  the  change 
in  angle  between  end  faces  or  end  tangents  Fig.  16. 

due  to  bending.     The  change  in  length  of 
a  fibre  at  a  distance  y  from  the  neutral  axis  will  be  equal  to  yd  <py  and 

y  d  <p 
the  corresponding  stress  per  unit  area  will  be  equal  to  /  =  £  ■    ,    - 

a  s 

li  da  is  an  element  of  area  of  the  cross-section,  the  total  moment 
of  resistance  of  the  beam  is  equal  to    /     fday^J     Ey^  da-r— 

But  for  any  particular  section,  E  and  -t^  are  constant;  and  if  M  is 

a  s 

the  bending  moment  at  the  section,  taken  about  the  axis  iV,  and  /  is 
the  moment  of  inertia  of  the  section,  we  have 

M  «£^  f  y^da  -=EI^, 
ds  •^F  ^  ds 

from  which  we  have 

^  ^  =  -£7"' ^^^ 

and  in  Fig.  15, 

A^  =  y^a^  =  y^    -^ (9) 

n.- 
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It  has  been  assumed  that  the  curvature  of  the  beam  is  large  as  com- 
pared to  the  width  D  F  so  that  the  length  of  all  fibres  of  an  element 
d  s  may  be  assumed  equal.  For  beams  of  very  short  curvature,  as  in 
the  case  of  hooks,  machine  frames,  etc.,  this  assumption  cannot  be 
made. 

Note  that  eq.  (9)  reduces  to  eq.  (3)  of  Chap.  I,  if  ds  is  replaced  by 
dx, 

100.  Components  of  Deflection  y  =  A  y  and  A  x. — Let  AC  DEB, 
Fig.  17,  represent  the  axis  of  the  unstrained  form  of  the  beam,  and 

ACD'E''  S"  the  strained  form  A  B\ 
of  Fig.  15.  Now  conceive  the  beam 
to  pass  into  its  strained  form  by  the 
successive  bending  of  each  d  5  in  turn. 
The  bending  of  the  element  A  C 
through  the  angle  d  (p  causes  the  por- 
tion BC  to  turn  through  the  same 
angle  d  <p  about  C  as  a  centre,  with 
radius  u,  the  point  B  moving  to  5' 
through  a  distance  d  v,  having  the 
components  d  y  and  d  x.  Then  from 
the  bending  of  C  D'  the  point  B' 
moves  to  B",  etc.  If  x  and  y  are  the  co-ordinates  of  any  point  C, 
origin  at  5,  we  have,  by  similar  triangles, 

dy  X  .  Sx  y 
T^  =  -  and  T-  =  -. 
ov       u  dv      u 

Solving  for  d  y  and  d  x  and  substituting  for  d  v  the  value  ud<pj  we 
have 

d  y  =  xd  <p  and  d  x  =  —  y  d  <p. 

Substituting  the  value  oi  8  <p  from  eq.  (8),  we  have 

Ay=fsy^f^xd<p=f^^^^,      .      .     .     (10) 


Fig.  17. 


and 


Equations  (9),  (10),  and  (11)  are  the  fundamental  equations  em- 
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ployed  in  the  analysis  of  arch  ribs  of  steel  and  in  the  elastic  theory  of 
masonry  arches.  These  formulas  are  also  used  for  approximate 
analysis  of  trussed  arches,  in  the  same  manner  as  the  formulas  for  the 
solid  continuous  girder  are  used  for  continuous  trusses.  The  deforma- 
tion due  to  shear  is  negligible  in  the  case  of  the  solid  beam,  but  is  of 
importance  in  the  case  of  the  truss  unless  the  depth  be  relatively  small. 
Equations  (ic)  and  (ii)  can  readily  be  derived  directly  from  the 
general  formula  for  the  deflection  of  a  beam  given  in  Art.  214,  Part  I. 

For  a  curved  beam  the  formula  would  be  A  =    /  '  _,  -     .  m,  in  which 

•^     hi 

m  =  bending  moment  for  a  one-pound  load  applied  at  the  point  whose 
deflection  is  desired.  For  A  x  the  unit  load  would  be  applied  at  B 
and  acting  horizontally.    The  value  of  tn  would  be  equal  to  y,  hence 

Ax=  —  /  .  y,  A rv being  negative.     Likewise  A  y  ^J     p  t  -^' 

loi.  Effect  of  Direct  Stress  on  the  Values  of  t^  ip^  Ay  and  A  x, — 
Arch  ribs  are  generally  subjected  to  combined  compression  q,nd  bend- 
ing. In  the  foregoing  analysis  the  effect  of  bending  alone  has  been 
considered ;  we  will  now  determine  the  effect  of  the  direct  compression 
upon  the  form  of  a  curved  rib. 

Suppose  the  element  C  D,  Fig.  18,  represent  any  element  subjected 
to  the  thrust  T,  applied  at  the  gravity  centre  and  producing  a  uniform 
compressive  stress  /  per  unit  area.  As  a 
result  of  this  stress  all  the  fibres  will  be 
shortened  a  proportionate  amount  and  C  D' 
F'  E  may  represent  the  deformed  element. 

The  distortion  N  N'  ^  ^ds,  Accompany- 

E 

ing  the  longitudinal  shortening  N  N'  there 
will  be  a  slight  expansion  transversely,  but 
this  will  be  very  small  and  will  be  ne- 
glected. The  width  C  E  will  therefore  be 
unchanged  and  hence  the  radius  and 
centre  of  curvature  of  the  arch  at  this  point  will  remain  unchanged. 
If />  =  radius  of  curvature  of  the  axis  then  we  have 

%         f     ^^  e    \ 


Fig.  18. 
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and  for  the  entire  rib  between  any  two  sections  A  and  B,asm  Fig.  15, 


-r 


fds 
Ep' 


(13) 


The  components  of  the  motion,  A  x  and  A  y,  are  determined  as 
follows:     Supj)ose   in  Fig.  19  each  element  ds  is  shortened  by  the 

amount  ^  ds.    The  shortening  of  the  element  A  C  aflfects  the  move- 
rs 

ment  of  B  in  two  ways,  (i)  by  the  direct  shortening  of  the  rib  and  (2) 

by  the  change  of  angle  dtp  pro- 
duced*. The  first  causes  a  shorten- 
ing in  the  value  oi  dx  equal  to 

/  / 

-^  d  s  cos  a  =  ^  d  Xy  and  in  the 

/  / 

value  of  d  y  =  -^  d  5  sin  a  =  -£r 

<  dy.  The  change  of  angle  d  if 
causes  a  movement  of  B  deter- 
mined as  in  Art.  99.  The  x-com- 
ponent  =  d x  =  —  y  3  <p  and  the  y-component  =^  d y  =  xd  <p.  Sub- 
stituting the  value  oi  d  <p  from  eq.  (12),  we  have  for  the  total 
movement  due  to  the  shortening  of  the  element  A  C, 


Fig.  19. 


and 


/  J      .  fxds 


Ep 


(14) 


Integrating  between  A  and  B  we  have  finally 


_  r'fd, 


"y-A 


E 


+ 


r 


Ja      E        Ja     E 


fxds 
Ep 

ds 


Ep 


(IS) 


The  origin  is  at  B  and  x  is  measured  positively  toward  the  left. 

102.  Effect  of  Temperature  Changes. — Let  (o  =  coefficient  of  ex- 
pansion and  /  =  change  of  temperature,  an  increase  of  temp>erature 


r 
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being  called  plus.  An  increase  of  temperature  throughout  the  arch  of 
/  degrees  will  cause  a  proportionate  increase  of  dimension,  each  ds 
being  increased  by  (old  s.  The  x-  and  y-components  will  be  increased 
by  the  amounts  <otdx  and toidy  respectively,  and  hence  for  any 
portion  A  Boi?L  beam  (Fig.  15), 

Lx  =  —  (ot I     dx  and  Ay  =  —  wt  I    dy.  .  (16) 

The  angle  0  will  not  be  affected. 

103.  Total  Values  of  A  <py  Ay  and  A  x. — Combining  the  results 
Arts.  99-102,  we  have  for  the  total  movement  of  5,  due  to  loads  and 
temperatiire  change 

^^Mds     fdsn 
ET  "^  £7 J 

B 


.  r^  FM xds      fdy      fxds  .,"1  ,„x 

.  r^  r     Myds     fdx     fyds         ^  ,    "I         ,    x 

^*  =  X  L--l7-+V-i7""'''"J  •  ^'^^ 

104.  Application  of  Deflection  Formulas  to  Arches. — In  an  arch  of 
two  hinges  each  part  is,  in  general,  subjected  to  bending  moments  and 
direct  stresses,  and  therefore  the  arch  is  distorted  at  all  sections.     While 


Fig.  20. 


the  end  points  remain  in  a  fixed  position  the  end  tangents  do  not,  each 
one  turning  more  or  less  about  the  hinge.  In  Fig.  20  let  the  line  AC  B 
represent  the  initial  form  of  the  arch  axis  and  the  line  AC  B  the  bent 
form  under  load.  The  tangent  at  A  has  turned  through  an  angle  p 
and  at  B  through  some  other  angle  p\     To  represent  the  motion  of  B 
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relative  to  the  tangent  at  A  the  arch  may  be  rotated  about  A  through 
the  angle  p  until  the  bent  form  coincides  at  that  point  with  the  original 
position.  The  movement  at  B  is  now  correctly  shown  and  is  from 
B  to  B\  The  values  of  A  y,  A  x,  and  A  ^  at  5'  are  given  by  the 
formulas  of  the  preceding  articles,  but  we  are  as  yet  unable  to  calculate 
these  as  the  reactions  and  stresses  remain  undetermined. 

Now  A  :v  is  a  small  quantity  as  compared  to  A  y,  which  is  itself 
small  as  compared  to  the  dimensions  of  the  truss.  Hence  we  may 
place  A  :v  =  o  and  therefore  from  (19)  wc  have 

_     r^r      Myds      fdx      fyds 


—  (old 


-y 


o. 


EI      '     E  Ep        J      "    •    ^'°^ 

This  equation  of  condition,  together  with  the  three  equations  of  statics, 
supplies  the  four  equations  necessary  for  the  determination  of  the 
reactions  for  a  two-hinged  arch. 

If  the  supports  are  not  fixed,  as  in  the  case  where  a  tie  rod  is  used, 


Fig.  21. 


then  A  jc  is  not  zero  but  is  equal  to  the  elongation  of  the  tie  rod  under 
the  stress  H,  A  5;  is  to  be  assumed  as  positive  when  corresponding  to 
a  shortening  of  the  arch. 

For  arches  with  fixed  ends  the  values  of  both  A  x  and  A  y  are  zero, 
and  also  the  total  change  in  angle,  A  f,  from  A  to  5,  is  zero.     Hence 
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in  eqs.  (17),  (18),  and  (19)  the  right-hand  members  reduce  to  zero, 
giving  three  condition  equations.  These,  with  the  three  equations  of 
stsLti.cs,  enable  the  six  unknown  elements  of  the  reactions  in  this  case 
to  be  determined. 

X05.  Application  to  Trussed  Arches. — ^The  beam  formulas  above 
developed  may  be  applied  approximately  to  trusses,  as  was  done  in 
the  case  of  continuous  girders  and  trusses.  In  many  cases,  however, 
the  results  thus  obtained  are  not  sufficiently  accurate  and  recourse 
must  be  had  to  the  method  of  redundant  members  whereby  due  account 
is  taken  of  the  deformation  of  the  truss  as  actually  built. 

r 

Sbotiom  II. — ^Abohes  of  Three  Hiitges 

io6.  Reactions  and  Stresses  for  Dead  Load. — The  reactions  for  the 
three-hinged  arch  for  any  given  loading  are  fully  determined  by  statics, 
as  explained  in  Chap.  II,  of  Part  1.  A  summary  of  the  equations  as 
applied  to  vertical  loads  will  be  here  given.  Fig./^i  shows  an  arch  of 
three  hinges  supporting  vertical  loads.  A  and  B  are  at  the  same  level. 
Taking  moments  about  B  we  have  at  once 

F,  =  i-P(i-*) (I) 

Likewise,  with  A  as  moment  centre 

.V,=^IPk (2) 

Then   with  C  as  moment  centre,  considering  only  the  structure  A  C 
(the  moment  at  C  being  zero),  we  have 

'V,--l'ip{\-kl)-H,h  =  o, 


whence 


-  .-ffa=^[^»-4i'(i-2*)],       ...      (3) 

also 

H,  =  H, (4) 

whence  all  reactions  become  known. 

Graphically^  the  reactions  are  determined  by  constructing  ain 
equilibrium  polygon  which  shaH  pass  through  the  hinges,  A,  C,  and  5, 
?13  show^n  in  Fig.  21.     See  ?il§o  Art.  45,  Part  I,  In  the  manner  there 
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described  the  dead-load  reactions  may  be  found  at  once,  and  thence  the 
dead-load  stresses  either  algebraically  or  graphically.  (See  Art.  60, 
Part  I,  for  example  of  the  graphical  method  applied  to  a  roof-arch.)  In 
the  case  of  a  trussed  arch  a  stress  diagram  is  the  most  expeditious  way 
of  determining  dead-load  stresses. 

Z07.  Reactions  for  a  Single  Load. — ^Let  ABC,  Fig.  22,  represent  a 
three-hinged  arch  of  span  /  and  rise  h.  P  is  any  load,  distant  k  I  from 
the  left  end. 

(a)  Graphical  Method. — ^The  equilibrium  polygon  is  constructed 
by  drawing  BC  to  intersect  the  load  vertical  at  i  and  drawing  A  i. 

I 


N- M- ••  p 


Fig.  23. 

The  force  polygon  determines  V^,  F,,  and  H.    For  a  load  on  the  right 
half,  the  left  reaction  line  would  pass  through  A  and  C. 
(b)  Algebraic  Method. — As  in  Art.  106,  we  have 

V,'Pii-k) (5) 

F,  -  P  * (6) 

For  a  load  on  A  C, 


H  - 


2h       2h   ' 


For  a  load  on  CB 


H  = 


VJ      PI 


(I  ^  *). 


(7) 


(8) 


2h       2h 

It  will  be  seen  that  the  values  of  V^  and  F,  are  the  same  as  for  a  simple 
beam,  and  that  H  is  the  same  for  loads  symmetrically  placed  on  the  two 
halves,  or  for  k  in  (7)  equal  to  (i  -  A)  in  (8). 
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loS.  Use  of  Reaction  Lines  to  Determine  Position  of  Live  Loads 
for  Maximum  Stresses. — ^The  nature  of  the  stress  produced  in  any 
member,  by  a  load  placed  at  any  given  point,  can  readily  be  determined 
from  a  study  of  reaction  lines,  constructed  as  explained  in  the  preceding 
article.  This  information  is  sufficient  to  determine  the  position  of 
live  load  for  a  maximum  stress  in  any  member.  The  method  of  in- 
fluence lines  is  also  well  adapted  for  this  purpose,  and  for  the  calculation 
of  the  stresses  themselves.     Both  methods  will  be  explained. 

Let  ;,  Fig.  23,  be  any  section  cutting  three  members  of  a  braced 
arch  of  three  hinges,  Aj  B,  and  C    The  centre  of  moments  for  i>  £  is 


Fig.  23. 

G,  and  a  load  at  1,  the  intersection  of  J?  (7  and  A  G,  will  cause  no  stress 
in  D  £,  since  the  line  AG\s  the  line  of  action  of  the  abutment  reaction 
at  Ay  the/)nly  external  force  on  the  left  of  the  section.  For  loads 
between  i  zxiAB  the  left  reaction  line  will  pass  below  G,  passing  through 
C  for  loads  on  C  B.  The  moment  of  the  reaction  at  A,  about  G,  will 
then  be  negative  and  cause  tension  in  D  E.  For  loads  between  i  and  E, 
inclusive,  the  reaction  line  from  A  lies  above  G,  and  therefore  the 
stress  in  £>  £  will  be  compressive.  For  loads  between  D  and  A  the 
only  force  on  the  right  of  the  section  is  the  reaction  at  B,  acting  in 
the  line  B  C,  which  also  causes  compression  in  D  £.  Therefore  for 
a  maximum  tension  in  Z>  £  all  joints  from  i  to  B  should  be  loaded 
and  for  maximum  compression  all  joints  from  A  to  i. 

The  centre  of  moments  for  £  G  is  at  D,  and  from  considerations 
similar  to  the  preceding,  it  is  found  that  the  maximum  tension  and  the 
maximi^ip  compression  in  this  member  occur  when  the  load  extends 
to  the  left  and  right,  respectively,  of  point  i\ 

For  the  web  member  D  G,  draw  A  i^  parallel  to  P  £  and  F  G,  if 
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these  members  are  parallel,  or  toward  their  intersection  if  not  parallel. 
For  all  loads  between  G  and  B  the  reaction  line  from  A  lies  above  A  i", 
since  this  line  never  passes  below  C.  Hence  the  component  of  the 
reaction  perpendicular  to  A  i"  (in  case  of  parallel  chords),  or  the 
moment  of  the  reaction  about  the  intersection  ol  D  E,  F  G,  and  A  i' 
(in  case  of  non-parallel  chords),  produces  tension  in  the  member  DC. 
For  loads  from  Z>  to  ^4  the  right  reaction,  acting  in  the  line  B  C,  causes 
compression  in  D  G.  Hence  for  maximum  tension  in  D  G,G  B  should 
be  loaded,  and  for  maximum  compression  D  A  should  be  loaded.  If 
A  i"  should  pass  to  the  left  of  C,  then  all  loads  between  its  intersection 
with  B  C,  and  B,  would  cause  compression  in  D  G. 

In  the  case  of  an  arch  rib  the  centres  of  moments  are  taken  as  ex- 
plained in  Art.  95,  and  in  finding  the  load  for  maximum  shear,  the 
limiting  line,  corresponding  to  A  i'^,  is  drawn  parallel  to  the  flanges  at 
the  section  considered. 

log.  Influence  Lines  for  the  Three-Hinged  Arch. — ^For  some  pur< 
poses  the  use  of  influence  lines  is  preferable  to  the  method  just  explained. 
In  the  case  at  hand  their  construction  leads  at  once  to  methods  of 
calculating  maximum  stresses  for  concentrated  loads  which  are  as 
readily  applied  as  in  the  case  of  simple  trusses. 

no.  Infltience  Line  for  H, — Consider  the  arch  of  Fig.  24,  with  a 
single  load  P  at  any  point  D  or  D\     The  value  of  H  for  loads  on  the 

PI  PI 

left  half  is  —j-  k,  and  for  loads  on  the  right  half  is  — r  k\     The  influ- 
2n  °  2  h 

ence  line  for  H  then  consists  of  the  two  straight  lines  A'  C  and  C  W 
of  Fig.  (6),  the  ordinate  C  C  being  equal  to  //4  h. 

III.  Influence  Lines  for  Moment. — Consider  the  moment  at  G  for 
stress  in  D  E.  The  value  of  this  moment  for  a  load  on  the  right  of 
the  section  \s  V^a  -  H  y,  and  for  a  load  on  the  left  it  isV^a- 
P  (a  —  k  I)  —  H  y.  Noting  that  the  value  of  V^  is  the  same  as  in  a 
simple  truss,  it  is  seen  that  in  all  cases  the  moment  at  G,  due  to  the 
vertical  forces  Fi  and  P,  is  the  same  as  in  a  simply  supported  truss, 
and  that  the  total  moment  is  equal  to  this  moment,  less  the  ipoment 
H  y.  Hence  to  construct  the  influence  line  for  Mq  we  may  first 
construct  the  influence  line  for  moment  at  G'  in  a  simple  bcamil'B' 

(Fig.  c)y  making  G'  C  = as  in  Art.  122,  Part  I.     Then  on 


\ 
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this  same  base   construct   a   diagram  A' C  B\  in  which  C  C^  = 

I 

—r  .  y.  The  ordinate  to  this  diagram  at  any  point  will  then  be  H  y, 
4  fi 

and  the  total  bending  moment  at  G,  due  to  a  load  unity  at  any 
point,  will  be  given  by  the  ordinates  of  the  shaded  area  between  the 
lines  A'G"  B'  and  A^  C  B'.     This  shaded  diagram  is  therefore  the  in- 


FiG.  24. 


fluence  diagram  for  moment  at  C  It  is  unnecessary  to  replot  this  dia- 
gram to  a  straight  base  as  the  shaded  area  gives  all  needed  information. 

Fig.  (rf)  shows  the  influence  diagram  for  moment  at  E  for  stress 
in  G  K.  The  diagram  is  the  same  as  Fig.  (c)  excepting  the  ordinate 
C  Cy  the  value  of  y  being  now  the  ordinate  to  point  E,  which  is  equal 
to  h  plus  length  of  center  strut. 

The  points  i"  in  Figs,  (c)  and  {d)  arc  the  critical  points,  correspond- 
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ing  to  the  points  i\  and  t,  of  Fig.  (a).  Loads  placed  in  those  verticals 
cause  no  moments  at  the  respective  moment  centres..  The  influence 
areas  indicate  clearly  the  relative  eflfect  of  loads  on  diCFerent  parts  of 
the  arch.  They  can  readily  be  used  for  calculating  maximum  stresses 
due  to  either  uniform  or  concentrated  loads,  as  in  the  case  of  simple 
structures. 

112.  Criterion  for  Maximum  Momeni. — ^The  form  of  the  influence 
lines  of  Figs,  (c)  and  (d)  gives  at  once  the  criterion  for  maximum 
moments,  as  in  Arts.  123  and  134  of  Part  I.  The  influence  areas  are 
all  triangular  in  form  and  hence  the  same  criterion  for  maximum  will 
apply  as  for  moment  in  a  simple  beam  of  a  length  equal  to  the  length 
of  the  triangular  area  in  question.  Thus  for  maximum  positive 
moment  at  G  the  criterion  is  the  same  as  for  moment  at  G'  in  a  beam 
A'i'  (Fig.  c).  Hence  if  the  loads  on  the  portions  A'  G'  and  G'  i'  be 
represented  by  G^  and  Ga  the  criterion  for  maximum  is 

Gj    ^   G2   ^  Gj  4-  G,  ,. 

A'a  .    G'i'         A'i' ^^^ 

The  train  should  probably  head  toward  the  right.  For  the  maximum 
negative  moment,  load  V  B\  heading  train  toward  the  left,  the 
criterion  is 

Gi   ^    G3    ^  Gt  +  Ga  ,   , 

i'C'      CB'  i'B' ^    ^ 

It  will  be  seen  that  the  determination  of  the  distances  needed  in 
cqs.  (9)  and  (10)  requires  the  fixing  of  point  V  only,  which  can  be  done 
by  the  reaction  lines  shown  in  Fig.  (a).  The  above  method  is  equally 
applicable  to  arch  ribs,  using  the  proper  kern  point  or  flange  centre  for 
the  moment  centre. 

113.  Influence  Lines  for  Web  Stress  or  Shear. — Consider  the  sticss 
in  D  G,  Fig.  25.  It  will  be  convenient  to  construct  the  influence  line 
for  the  vertical  component  of  this  stress.  Produce  FG  to  the  inter- 
section /.  The  stress  in  Z)  G  is  found  from  the  moments  about  /  of 
the  forces  to  the  left  (or  right)  of  the  section.    For  loads  from  G  to  J? 

s       Hy 

this  moment  =  F^  s  —  H y,  and  Vert.  comp.    DG  ^  V^  — -^, 

where  y  =  ordinate  to  moment  centre  /.  And  for  loads  from  A  to  F, 
Vert.  comp.  D  G  =  7,  — --^.     For  unit  load  the  influence 
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lines  for  V,  5//  and  7,  (/  —  s)lt  are  given  in  Fig.  (i)  by  the  lines 
A"  B'  and  A' B".  (These  are  the  same  as  for  web  stress  in  a  simple 
truss  of  the  form  shown.)  Then,  as  in  Art.  iii,  we  may  plot  to  the 
same  base  a  diagram  for  H  yjt,  making  the  ordinate  C  C  equal  to 
/  yf  4  h  t.    The  shaded  areas  are  then  the  influence  areas  for  the  ver- 


Fio.  35. 

tical  component  in  DG.    The  point  »'  is  readily  found  also  by  the 
indicated  construction  in  Fig.  (a). 

For  maximum  compressive  stress  in  DG,  the  portions  A' N'  and 
('  B'  should  be  loaded,  and  for  maximum  tension  the  portion  N'  i'. 
The  criteria  may  be  stated  as  for  moment,  but  the  question  of  separate 
loadings,  or  broken  loads,  for  sections  A'  N'  and  *'  B'  requires  special 
consideration. 
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Fig.  (c)  shows  the  influence  diagram  for  stress  in  K  L,  Here  it 
will  not  be  convenient  to  get  the  intersection  of  the  chords,  but  instead 
the  method  of  shears  may  be  used.  The  points  K"  and  M'  are 
determined  by  placing  a  unit  load  at  K  and  then  at  M  and  calculating 
the  stress  in  iC  L  as  for  a  simple  span.  Then  for  a  unit  load  at  C 
calculate  the  stress  inKL  due  to  the  horizontal  force  H  equal  to  //4  h. 
Plot  this  as  C  C     This  enables  the  complete  diagram  to  be  drawn. 

In  the  rib  or  solid  beam,  Fig.  26,  the  shear  for  loads  on  the  right  of 
the  section  is  F  =  F^  cos  a  —  fl"  sin  a,  and  for  loads  on  the  left  it  is 
—  V2  cos  $L  —  i?  sin  a.  The  resulting  influence  diagram  is  shown  in 
Fig.  (6).  iThe  lines  A''  B'  and  A'  B^  are  the  same  as  for  shear  in  a 
simple  be^m,  multiplied  by  cos  a,  and  the  term  H  sin  a  is  given  by  the 
diagram  il'C'' 5'. 

114.  Infiisence  Line  for  Thrust. — ^The  thrust,  T,  Fig.  26,  is  equal 
to  Fi  sin  a  +  H  cos  a,  for  loads  on  the  right  of  the  section,  and  - 
V2  sin  a  +  il  cos  a,  for  loads  on  the  feft.  The  influence  diagram  for 
the  thrust 'is  given  in  Fig.  (c). 

115.  Equivalent  Uniform  Loads  for  Three-Hinged  Arches.— The 
influences  lines  of  Figs.  24  and  25  aid  greatly  in  selecting  a  suitable 
equivalent  uniform  load.  It  will  be  noted  that  only  a  portion  of  the 
span  is  covered  for  maximum  moments  and  that  therefore  the  equiva- 
lent uniform  load  should  be  selected  with  reference  to  a  span  length 
considerably  shorter  than  the  arch  span. 

The  special  method  of  selection  explained  in  Art.  174,  of  Part  I, 
is  directly  applicable  to  this  case.  Thus  for  the  maximum  n^ment  at  C, 
Fig.  24  (c),  the  equivalent  uniform  load  is  that  for  moment  at  C  in 
the  beam  i' JB'.  If,  for  example,  /  =  180  feet,  then  i' J5'  =  about  no 
feet,  t'c^  —  20  ft.,  and  i'C/i'-B'  =  0.18;  hence  the  equivalent  uniform 
load  is  that  for  moment  at  the  0.18  point  in  a  beam  no  feet  long. 
Referring  to  Fig.  4,  p.  53,  we  find  this  to  be  3,400  lbs.  per  foot  for 
Cooper's  E-50  loading.  The  maximum  live-load  moment  at  G  is 
therefore  equal  to  area  i"  C  B'  X  3,400. 

116.  Deflection  of  the  Three-Hinged  Arch. — ^The  methods  of 
calculating  deflections  are  the  same  as  given  in  Chap.  VII,  Part  I. 
Under  full  loads  arches  deflect  less  than  simple  trusses,  but  under 
partial  loads  the  deflection  at  the  quarter  point  may  be  much  greater. 

In   ap])lying   the    graphical  method  to  the   three-hinged   arch,  a 
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separate  diagram  must  be  drawn  for  each  half  ia  case  of  unsymmetrical 
loading.  Then  since  all  members  in  general  change  their  direction 
the  diagram  will  require  correction,  which  must  be  made  on  the  basis  of 
fucd  abutments  and  a  hinge  at  the  centre.  As  the  construction  of  dis- 
placement diagrams  is  of  special  importance  in  the  case  of  arches,  such 


a  diagram  will  be  drawn  for  the  arch  shown  in  Fig.  27  (a),  which  is  an 
outline  of  the  arch  bridge  of  the  Chicago,  Milwaukee  and  St.  Paul 
Railway  Company  across  the  Menominee  River,  near  Iron  Mountain, 
Michigan.*      The  span  length  is  207  feet. 

-\  load  of  1,000  lbs.  per  joint  will  be  assumed  as  applied  on  the  left 

■  •  See  Engitietring  News,  Nov.  so,  190a. 
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half  only,  giving  unsymmetrical  conditions.    The  resulting  stresses, 
determined  graphically,  are  tabulated  below,  together  with  lengths 

SI 
and  cross-sections  of  members  and  values  of  deformation  times  £,  =  -7-. 

A 


Member 

Length 

/ 

Cross-Section 
A 

Stress 
5 

SI 
A 

ab 

276 

27.2 

—      910 

-    9,200 

be 

276 

27.2   . 

-  1,800 

-  18,300 

cd 

276 

24.6 

-2,560 

—  28,700 

de 

276 

24.6 

-2,380 

—  26,700 

eF 

153 

31.2 

-  2,650 

-  13,000 

AB 

3^3 

46.2 

-  2,800 

-  19,000 

BC 

310 

38.0 

-  1,760 

—  22,800 

CD 

302 

38.0 

-      730 

-    5,900 

DE 

240 

38.0 

+      100 

+       800 

EF 

153 

38.0 

-        90 

-       400 

aA 

624 

40.7 

-2,560 

-  39»3<» 

aB 

550 

20.6 

+  1,810 

+  40,300 

bB 

476 

32 -4 

—  2,080 

-  3i,3a> 

bC 

435 

14.7 

+  1,400 

+  41,600 

cC 

336 

235 

—  1,600 

—  22,800 

cD 

348 

14-7 

+      970 

+  23,000 

dD 

213 

19.8 

—      910 

-    9,800 

dE 

306 

14-7 

—      200   • 

-    4,200 

eE 

132 

19.8 

+      160 

+    1,100 

Fg 

153 

31.2 

-        80 

—       400 

i1 

276 

24.6 

-        70 

-       800 

276 

24.6 

+      480 

+    5,400 

276 

27.2 

+      330 

+    3,300 

jk 

276 

27.2 

+      150 

+    1,500 

FG 

153 

38.0 

-2,660 

-  10,700 

GH 

240 

38.0 

-  3.070 

-  19,400 

HI 

302 

38.0 

-  3,050 

—  24,200 

I J 

310 

38.0 

-  2,930 

-23,800 

JK 

313 

46.2 

—  2,620 

-  17,700 

gG 

132 

19.8 

+        20 

+       200 

Gh 

306 

14.7 

+      600 

+  12,600 

hH 

213 

19.8 

—      260 

—    2,800 

Hi 

348 

14-7 

-      180 

—    4,400 

il 

336 

23 -5 

-h       TOO 

+    1,500 

n 

435 

14.7 

—      260 

-    7,700 

JJ 

476 

32 -4 

+      200 

+    3,000 

J  k 

550 

20.6 

-      250 

-    6,700 

kK 

624 

40.7 

-+-      210 

+    3,200 

Fig.  (6)  is  the  displacement  diagram  for  the  left  half,  assuming 
il  a  to  remain  vertical;  and  Fig.  (c)  is  the  diagram  for  the  right  half, 
K  k  remaining  vertical.     It  remains  now  to  correct  these  diagrams  on 
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Fig.  27. 
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the  basis  that  the  movement  of  the  point  F  is  determined  by  the 
deformation  along  the  lines  A  F  and  FK.  The  actual  deformation 
of  -4  F  is  determined  in  Fig.  (b)  by  drawing  A  O  perf>endicular  to  line 
A  F  oi  Fig.  (a).  The  distance  FO  is  the  deformation  required;  it 
is  compression.  Then  likewise,  in  Fig.  (c),  the. distance  FO,  from 
F  to  the  line  K  O,  is  the  true  deformation  of  line  F  Koi  Fig.  (a).  These 
deformations  being  known,  a  diagram,  Fig.  (d),  assuming  A  and  K  to 
stand  fast,  determines  the  true  movement  of  F,  which  is  the  distance 
A  F.  Then,  in  Figs.  (6)  and  (c),  the  correction  diagrams,  shown  by 
light  full  lines,  are  drawn,  making  F  F'  in  each  one  equal  to  F  AT  of 
Fig.  {d).  The  true  movement  of  any  joint  is  then  found  as  usual  from 
Figs.  (6)  and  (c),  measuring  from  the  correction  diagram. 

117.  Deflection  Due  to  Temperature  Changes. — ^For  a  uniform  change 
of  temperature  throughout  the  arch,  all  thp  members  are  affected 
proportionately  and  each  half  of  the  arch  will  be  exactly  similar  to  the 
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Fig.  28. 

original  form,  but  with  all  dimensions  reduced,  or  increased  in  the  same 
ratio.  From  this  condition  the  movement  of  the  crown,  or  any  joint, 
can  readily  be  stated  algebraically. 

Coiisider '  the  arch  of  Fig.  28.  Let  /  =  change  of  temperature. 
0)  =  coefficient  of  expansion,  and  A  =^  rise  of  crown  hinge  C  due  to 
the  change  of  temperature.  The  length  b  is  increased  by  the  amount 
wtb  wliich,  since  the  span  length  is  fixed,  acts  \o  raise  point  C.     From 

the  relation  A^  =  6*  —  ,f-j    we  have,  by  differentiation,  2  ArfA  = 

b 
2  b db,  and  hence  dh  ^  db  r-     But  for  small  movements  H.  ^  dh, 

h  , 

and  wtb  ^  dby  hence  we  have 

For  other  points  the  movement  is  readily  deduced  from  that  at  C. 
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118.  Stresses  in  Lateral  Systems. — A  complete  lateral  system  for 
a  three-hinged  arch  requires  an  arrangement  of  bracing  as  shown  in 
Fig.  29  or  in  Fig.  30.  The  dotted  lines  indicate  the  planes  in  which 
diagonal  bracing  is  required  in  order  to  give  lateral  rigidity.  In  Fig. 
29  a  complete  upper  lateral  system  is  provided,  transferring  its  load  to 
points  a  and  c^  on  the  left  and  c^  and  h  on  the  right.     From  these  points 
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Fig.  29. 


the  loads  are  transferred  by  means  of  vertical  transverse  bracing  to  the 
jxjint  C  and  to  the  abutments  at  A  and  B.  The  upper  laterals  cannot 
be  made  continuous  at  the  centre,  as  motion  must  be  free  at  this  point. 
The  lower  laterals  extend  continuously  from  A  to  B.  In  Fig.  30  the 
loads  acting  at  the  upper  panel  points  are  transferred  at  each  panel  by 
means  of  vertical  transverse  bracing  to  the  lower  lateral  system,  and 
thence  to  the  abutments. 

Generally,  for  the  sake  of  added  stiffness,  transverse  bracing  is 
used  at  every  panel  and  an  upper  lateral  system  also  provided.     In 
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Fig.  30. 

this  case  the  loads  will  travel  from  the  upper  joints  to  the  abutments 
along  the  two  paths  offered,  in  proportion  to  their  rigidity.  By  reason 
of  the  large  section  of  the  lower  chord,  and  the  fact  that  the  shortest 
path  to  the  abutment  is  down  the  vertical  and  thence  along  the  lower 
rhord,  it  is  economical  and  convenient  to  provide  bracing  along  this 
line  of  travel  sufficient  to  take  most  or  all  of  the  loads  on  the  upper 
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joints.  The  upper  laterals  along  the  roadway  should  then  be  added 
for  sake  of  increased  rigidity  and  should  be  designed  to  carry  one 
third  to  one-half  of  the  loads  at  the  upper  joints.  The  analysis  of  the 
several  systems  will  be  considered  on  this  basis. 

(a)  The  Upper  Lateral  Truss. — ^The  stresses  in  the  upper  lateral 
truss  are  calculated  as  for  a  simple  truss  with  supports  at  a  and  c,,  c j 
and  6.     Lateral  forces  applied  in  a  plane  above  the  lateral  truss  will 

cause  an  overturning  moment,  giving  rise  to  ver- 
tical loads  on  the  main  trusses,  as  in  the  case  of 
an  ordinary  bridge.  These  loads  may  be  com- 
bined with  other  vertical  loads  developed  by  the 
transverse  bracing  and  the  lower  laterals,  as  dis- 
cussed later. 

(6)  The  Transverse  Bracing. — ^Fig.  31  repre- 
sents the  transverse  bracing  at  any  panel,  and  H' 
the  amount  of  the  lateral  panel  load  assumed  as 
carried  by  the  transverse  bracing  (the  total  upper 
panel  load  in  Fig.  30),  applied  at  a  distance  c  above  the  top  laterals. 

Then  Hon  comp.  fF==W;V  =  V'  =  W  ^-±-^;  H  =-  W.    Stress  in 
h  -\-  c 


Fig.  31. 


fF^W 


The  reactions  V  and  F',  reversed  in  direction,  act  as 


vertical  loads  upon  the  main  trusses  at  F  and  F'.  The  reaction  H  is 
supplied  by  the  lower  lateral  system. 

If  upper  laterals  are  used  then  the  transverse  frames  at  c  and  h 
receive  the  loads  from  these  laterals  and  are  stressed  the  same  as  the 
end  bracing  in  a  simple-span  deck  bridge. 

(c)  The  Lower  Lateral  Bracing. — ^The  lateral  forces  acting  :it  the 
several  joints  are  equal  to  the  lower  joint  loads,  plus  the  lateral  forces, 
if  any,  brought  to  the  joints  by  the  transverse  bracing  in  the  several 
panels.  Having  these  lateral  forces,  the  shears  in  the  lateral  system  arc 
found  as  for  a  simple  truss  of  the  same  span.  These  shears  give  the 
lateral  components  of  the  web  stresses.  Since  the  diagonal  members 
of  the  lower  lateral  system  do  not  lie  in  a  horizontal  plane,  the  resultant 
of  the  diagonal  stress  and  that  of  the  lateral  strut  meeting  at  the  same 
joint  is  inclined,  this  inclination  being  different  at  each  joint.  These 
resultants  being  determined  they  can  in  turn  be  resolved  into  horizontal 
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and  vertical  components  in  the  plane  of  the  main  truss.  The  stresses 
in  the  main  truss  due  to  these  forces,  together  with  those  due  to  the 
loads  brought  by  the  transverse  bracing,  are  then  found. 

In  the  case  of  an  arch  rib,  lateral  bracing  is  usually  inserted  along 
both  the  top  and  bottom  flanges.  The  lateral  load  brought  down 
from  the  roadway  together  with  that  applied  along  the  girder  itself, 
may  be  assumed  to  be  equally  divided  between  the  two  systems  of 
bracing. 

Example. — For  illustration,  the  lower  lateral  stresses  of  Fig.  30  will  be 
detemiined.  Width  between  trusses  =  6  =  16  ft.  Suppose  the  lateral  force 
acting  along  the  top  chord  =  500  lbs.  per  lineal  foot,  applied  10  ft.  above  the 
plane  of  the  upper  chord,  and  the  lateral  force  acting  along  the  lower  chord  = 
3cx>  lbs.  f>er  lineal  foot.  The  total  lateral  force  acting  at  each  joint,  JC,  F,  and 
Gy  including  the  load  transferred  by  the  cross-bracing  =  (500  4-  300)  X  20  = 
16,000  lbs.     The  overturning  effect  at  each  panel  causes  vertical  loads  at  the 

several  panels  as  follows;      At  panel  C,  (500  X  20)  X  -r  =  15,600  lbs.;    at 

28  ^7 

panel  F,  10,000  X  -7  =  17,500  lbs.;   and  at  G,  10,000  X  ^  ==  23,200  lbs. 

These  forces  act  as  downward  loads  on  the  leeward  truss  and  upward  loads  on 
the  windward  truss. 
Fig.  32  represents  the  lower  lateral  system,  with  lateral  loads  W,  each  equal 


to  16,000  lbs.     Tension  diagonals  are  assumed.    For  convenience  in  dealing 

with  the  diagonal  members  their  stresses  will  be  resolved  into  three  components 

parallel  to  the  axes  X,  F,  and  Z,  as  indicated;  the  Z-axis  being  perpendicular 

to  the  plane  of  the  truss.    The  Z-component  in  each  diagonal  will  be  equal 

to  the  shear  in  the  panel,  and  will  have  the  following  values:  in  panel  C  F  = 

8,000  lbs.,  panel  FG  =  24,000  lbs.,  and  panel  G  B  =  40,000  lbs.    The  stress 

lenG[th 
m   any  diagonal  =  Z-component  X  — ^.    The   stresses   in   the   several 

lateral  struts  are  equal  to  the  respective  shears. 
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The  effect  of  the  lateral  stresses  upon  the  main  truss  remains  to  be  deter- 
mined. At  each  joint  resolve  the  stress  in  the  diagonal  into  X,  F  and  Z 
components.  The  Z-component  is  balanced  by  the  stress  in  the  strut;  the 
X  and  Y  components  act  in  the  plane  of  the  main  truss  as  loads  upon  that  truss 
At  joint  C  the  diagonals  C  F  and  C  E  act.  The  Z-component  in  each  =  8,000 

20 
lbs.    The  X-component  =  8,000  X  -r-  —  10,000  lbs. ;  and  the  F-component 

=  8,000  X  -^  =  i>Soo  lbs.      On  the  leeward  truss  the  X-components  act 
10 

toward  the  abutments  from  the  centre  and  the  F-components  act  downward. 

At  F  and  E  the  same  forces  act,  but  in  an  opposite  direction.    Then  in  panel 

20 
F  G  the  AT-component  of  jP'  G  =  24,000  X  -7-  =  30,000  lbs. ;    and  the  1- 

component  =  24,000  X  ~  ~  13,500  lbs.     In  G'  B  the  corresponding  value> 

are  50,000  lbs.  and  37,500  lbs.,  respectively.     Combining  the  vertical  or  }'- 
components  with  the  vertical  loads  from  the  transverse  bracing,  we  have  the 


Fig.  33. 

following  downward  loads  acting  on  the  truss  A^  B\  At  C,  1,500  X  2  + 
15,600  =  18,600  lbs.;  at  jp',  13,500  -f  17,500=  31,000  lbs.;  and  at  G\ 
37,500  +  23,200'=  60,700  lbs.  The  upward  loads  on  truss  AC  B  will  be  the 
same  numerically,  but  applied  on  joints  nearer  the  abutment  in  each  case. 
The  X-components  of  the  diagonal  stresses  act  as  horizontal  forces' at  the 
joints.  The  total  vertical  and  horizontal  forces  acting  on  the  truss  A'  C  B*  are 
shown  in  Fig.  33.  The  stresses  resulting  therefrom  are  readily  determined  in 
the  usual  manner. 


Section  III.— Abohss  of  Two  Hinqss 


119.  General  Formulas  for  Reactions  for  an  Arch  Rib  of  Two 
Hinges. — Some  of  the  general  notation  employed  will  be  here  given. 
p  =  radius  of  curvature; 
a  =  inclination  of  arch  axis  at  any  point; 
a^  =  inclinationof  arch  axis  at  springing  line; 
L  =  length  of  arch  axis; 


ARCHES   OF   TWO   HINGES 


135 


M  =  bending  moment  at  any  section  due  to  given  loads  and  the 
true  reactions; 

M'  ==  bending  moment  at  any  section  due  to  given  loads  and 
vertical  reactions  only. 

The  reactions  V^  and  Fj,  Fig.  34,  are  obtained  at  once  from  mo- 
ments at  B  and  A.    They  arc 

V,^IP(i-k)     .     .     .     .     .     .     (I) 

and 

F,  =  IPk (2) 

These  are  the  same  as  in  a  simple  beam  or  truss. 

The  value  of  H  is  obtained  from  the  condition  explained  in  Art.  104, 


Fig.  34. 


that  the  horizontal  deflection  of  B  referred  to  A  and  the  tangent  at  A 
is  zero.  From  cq.  (19),  Art.  103,  noting  that  /  d  x  =^  I,  vfo.  have, 
therefore,  the  condition  that 


r^Myds        r^fdx        r^fyds 


in  which  M  =  bending  moment  and/  =  average  compressive  stress  at 
any  section,  o)  =  coefficient  of  expansion,  /  =  change  of  temperature, 
and  p  =  radius  of  curyature.  The  first  term  takes  account  of  the  effect 
of  bending  moment  and  the  second  and  third  terms  the  effect  of  direct 
compression. 

To  bring  eq.  (3)  into  a  form  to  solve  for  the  unknown  reaction  H, 
it  is  necessary  to  express  the  quantities  M  and  /  in  terms  of  H  and 
known  quantities.  The  bending  moment  M  may  be  separated  into 
two  parts:  a  moment  M'  due  to  vertical  forces  only  (loads  and  vertical 
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reactions),  and  a  moment  M''  due  to  the  .forces  H.  The  moment 
M'  is  the  same  as  in  a  simply  supported  structure  and  is  readily  cal- 
culated.   The  moment  M"  =^  H  y,  hence 

M^M'-Hy.      .     .    (4) 

To  determine  /,  consider  the  forces 
(T>>  acting  at  any  section,  Fig.  35.  Fig.  (6) 
shows  the  relation  between  the  resultant 
R,  the  thrust  T,  and  the  horizontal  com- 
ponent Hy  of  the  reaction.  The  angle  /^ 
is  generally  small,  as  the  direction  of  the  resultant  follows  approxi- 
mately the  line  of  the  arch.  Hence  we  have,  approximately,  T  = 
H  sec  a,   and  therefore, 

J,       T      H  sec  a  , , 


and 


Jr^fyds       r^fdx       H  r^secafyds        .    \  ... 


Again,  if  the  curvature  is  uniform  or  approximately  so,  we  have,  from 

Fig*  36,  y  =  ^  cos  a  —  p  cos  a^,  and  dx  =  ds  cos  a,  hence dx 

P 

=  (cos  a  —  cos  a^  d s  —  dx  =  —  d s  cos  a^,  in  which  a^  is  the  in- 
clination at  the  springing  line.  The  second  member  of  eq.  (6) 
therefore  becomes 

H  r^    ds 


cos 


«'X 


E  ^Ja  a  cos  a 

For  any  given  arch  the  quantity  A  cos  a  can  be  calculated  for  various 
sections  along  the  arch  and  an  average  value  determined.  Generally 
the  cross-section  A  will  vary  approximately  with  sec  a  and  for  the 
purposes  of  the  present  calculations  it  is  sufficiently  accurate  to  assume 
this  to  be  the  case.     If  then  A^  represents  the  valjie  of  the  cross-section 

at  the  crown,  or  the  average  value  of  A  cos  a,  we  have  / =  -p' 

^  Ja  A  cos  a      Ao 

in  which  L  =  length  of  the  arch  axis.  We  have  then,  finally,  the 
approximate  expression  for  the  deformation  due  to  thrust,  eq.  (6), 

Jr^fyds  __   r^fdx  _  _  H  cosa^L  . . 

A    'Ej  ^Ja    ^~E    "  EA,      '    •      •     •     W; 
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As  this  term  representing  the  eflFect  of  thrust  is  relatively  small  in  any 
case,  the  errors  involved  in  the  approximations  used  are  generally  of 
no  practical  consequence. 

Substituting  from  (4)  and  (7)  in  eq.  (3),  we  have,  in  terms  of  -H" 
and  known  quantities, 

*^M'yds       „/*^y^ds      HLcosa^ 


Jr°  M'  yds  _  TT  r  y  d^  _ 
A        EI  Ja     EI 


EA, 


+  o)tl  =  o.     .     (8) 


Solving  for  H  we  get,  finally,  the  general  expression, 


^M'yds 


H  ^ 


A  I 


+  Eiotl 


y^ds       Lcosa, 


Jr^  y^c 
A    ^ 


(9) 


Eq.  (9)  is  the  complete  expression  for  H,  and  includes  the  effect  of 
the  deformation  due  to  axial  thrust  and  also  that  due  to  temperature. 


Xvf5 


Fig.  36. 


Generally  the  effect  of  temperature  is  separately  considered,  in  which 
case  the  term  Eioll  in  (9)  disappears.  The  effect  of  temperature 
alone  is  given  by  the  equation 

Ewtl 

H,  =       ^p     ,    , r (10) 

'  ^^y^ds       L  cos  a  I  ^     ^ 


Jr^  y^c 
A    ^ 


+  : 


120.  Arch  on  Yielding  Supports, — In  case  the  supports  move 
horizontally  a  certain  distance  A  Xj  due  either  to  settlement  or  to  the 
use  of  a  tie  rod  instead  of  fixed  abutments,  this   term  A  x  must  be 
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added  to  the  second  number  of  eq.  (3).     The  general  expression  for 
H  in  eq.  (9)  becomes  then  (neglecting  temperature  changes) 


H-  .fl  ,; — J — .    ....  (II) 

^^y^ds      Lcosctj 

"r  4 


A   "7 


Ul 
If  the  tie  rod  has  a  cross-section  of  A^  and  length  /,  then  Hx  -^  -j-r, 

and  we  have  from  (i  i) 

^M'yds 


r*"  M'  y 
Ja         I 


Jr^y^ds      Lcos^i       / 
A  IT  ■*■     Ao     "^T, 

Where  a  tie  rod  is  used  the  temperature  effect  is  measured  by  the 
difference  in  temperature  between  the  tie  rod '  and  the  other  truss 
members. 

121.  Relative  Effect  of  Deformation  Due  to  Thrust. — ^For  arches  of 
considerable  rise  the  effect  of  distortion  due  to  thrust  is  small  and  may 
be  neglected.    For  a^  ==  90°  it  becomes  zero,  and  the  value  of  H  is  then 

Jr^  M' yds 

-ti  == n—r-i — (13) 

r^  y^ds  ^  ^ 

Ja       I 

The  relative  eflfect  of  thrust  may  be  estimated  by  comparing  the  two 
terms  in  the  denominator. of  eq.  (9).     Placing  approximately  /  cos  a  = 

.    ,        _  .       ds      ds  cos  a       dx        dx      . 

constant,  =  I^    we   may  write   -=-  = z =  -r-  ~  ":; — ;>    hence 

**  ^  I  lo  lo       A.^f 

the  denominator  becomes  -j-  I  /  ^—^ — I-  Lcos  a^  1.  For  a  para- 
bolic arch  with  a  rise  of  one-fifth  the  span  length  and  a  depth  of  rib 
of  one-fifth  the  rise,  the  value  .of  the  second  term  is  about  1.5  per  cent 
of  the  first  term  and  hence  the  error  arising  from  neglecting  this  term 
is  about  1.5  per  cent.  For  a  greater  rise  or  a  less  depth  of  rib  the 
error  becomes  less  in  proportion  to  the  square  of  these  quantities. 
Excepting  for  fiat  arches  the  second  term  may  therefore  be  neglected. 
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However,  as  the  term  — -. — -  is  constant  and  need  be  calculated  but 
once,  It  is  very  little  additional  work  to  include  it. 

Note  that  eq.  (13)  may  be  written  out  at  once  from  the  general  equation 
for  deflection  of  beams  of  Art.  214,  Part  I.    The  deflection  due  to  vertical  loads 

=  /      — eTt —  •  ^  and  that  due  to  the  force  H  ^  H  I     ^    ^  m.    Placing 
these  equal  and  solving  for  H,  we  have 


/ 


— r — .  m 


Ja    — •'" 

in  which  m  is  the  moment  due  to  one-pound  loads  acting  horizontally  at  B 
and  A  J  which  in  this  case  is  equal  to  y. 

122.  General  Method  of  Application. — ^To  apply  any  of  the  fore- 
going equations  for  H  it  is  necessary,  first,  to  assume  an  arch.  Then 
if  it  is  of  such  form  and  section  as  to  permit  of  integration  the  solution 
is  directly  eflfccted.  If  the  form  docs  not  admit  of  integration  the  arch 
must  be  divided  into  short  lengths  and  the  several  values  under  the 
integrals  determined  for  the  various  sections  by  the  process  of  summa- 
tion. 

123.  The  Parabolic  Arch  with  Variable  Moment  of  Inertia. — A 
form  of  arch  which  admits  of  the  ready  solution  of  H  is  one  in  which 


Fig.  37. 

the  axis  is  a  parabola  and  the  moment  of  inertia  increases  in  proportion 
to  the  inclination  of  the  axis  from  the  horizontal.  Even  though  such 
lorm  and  variation  be  not  strictly  followed  in  the  design,  the  resulting 
formulas  may  be  applied  with  little  error  to  flat  arches,  and  may  be 
iLswl  for  approximate  or  preliminary  values  in  forms  varying  more 
widely  from  that  assumed. 
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Let  A  B,  Fig.  37,  be  a  parabolic  arch  in  which  /  varies  with  sec  a. 
Let  I^  =  moment  of  inertia  at  the  crown;  then  in  general  /  =  /^  sec  a. 

With  origin  at  A  the  equation  of  the  parabolic  axis  is  — r-^  =  —       , '    . 

o^  >^  =  4A(f""|-) ('5) 

.,         .  .  ^     -  ,  „  ds       sccadx       dx 

Also,  for  any  pomt,  d  s  =^  a  x  sec  a.     Hence  -y-  «  -y =  — - 

1         1q  sec  cc         jfg 

Eq.  (9)  of  Art.  119  then  becomes 


J     M'ydx  +  E  I^(oil 


Ja  y^^^—A^ 

I34.  Valiie  of  H  for  a  Single  Load  P,  Temperature  Constani.— 
Assuming  the  arch  loaded  with  a  single  vertical  load  P,  Fig.  37,  the 
value  of  M'  is  given  by  the  following  expressions: 

ioTx  <  kl,M'  ^V,x  ==P{i  -  k)  X  1 

ioTx  >  kl,M'  =  V^Q  -  x)  =Pk{l  -  x))'  '     '      ^' 

Substituting  these  values  of  M',  and  the   value  of  y  from  (15),  we 
have 

4Phf]kQ-x)  (I  -  |)cf ^,and/Vd^=i6fe'/(f  -  ^)'dx. 

Performing  these  integrations  and  reducing  we  have: 
For  a  single  load  P, 

H  =  '^ ^^ (18) 

ic:  L/oCOSa, 


8      Ih^A 


o 


Except  for  very  flat  arches,  the  second  term  in  the  denoLiinator  of  (18) 
may  be  neglected,  giving 

fl-  =  ^  P  i  (jfe  -  2  *»  +  *^) (19) 
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If  a  tie  rod  is  used  of  cross-section  ^4,,  the  value  of  H  is  found  from 
eq.  (12)  to  be 

H  = — — — .     .     .     .     (20) 

T  -4-  IS  io   /icoso,        l_\ 

"^   8  /A»  V     A^      "^  aJ 

125.  Value  of  H  for  Temperature  Change. — ^For  a  rise  of  tempera- 
ture of  /  degrees  we  have,  by  substituting  in  (10) 

Eha,tl  ■ 

And  for  any  but  flat  arches 

15  EI,<ot 
^'     T~P~ ^"^ 

126.  Value  of  H  for  End  Displacement. — ^For  a  horizontal  move- 
ment of  the  end  of  A  x,  due  to  yielding  of  the  support,  the  value  of  H 
is  found  from  (21)  by  substituting  —  Ax  for  cut  I,  giving 

In  the  case  where  temperature  or  displacement  stresses  alone  are  to  be 

T  J    cos  OL 

determined   the   approximate  term  — ^ ^  is  more  accurately  written 

—~ ',  for  in  this  case  the  thrust  at  any  point  due  to  the  single  force  H 

Aq 

is  H  cos  a,  and  the  value  of  eq.   (7)  becomes ^  ,  where  Ao 

is  the  average  cross-section.     The  error  indeed  is,  however,  of  no  practical 
consequence. 

127.  The  Reaction  Locus. — Since  the  reaction  lines  (equilibrium 

polygon)  for  load  P,  Fig.  38,  pass  through  A  and  B,  these  lines  become 

known  by  determining  the  distance  y^  of  the  intersection  i  above  the 

axis*    Referring  to  the  force  polygon.  Fig.  38  (a),  we  have,  by  similar 

y        V 
figures,  -ri  ==  W-     O^  since  F^  =  P  (i  —  A),  we  have,  in  general,  for 
k  t       JJ. 

any  form  of  archj    '' 

y^^kl{l-k)^ (24) 
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For  the  parabolic  arch,  neglecting  the  effect  of  rib  shortening,  we  haw 
from  (19) 

1.6  A 


Vo  = 


i  +  k-k' 


(25. 


The  locus  of  y^,  shown  in  Fig.  38  by  the  line  m  n,  is  called  the 
"reaction  locus."  In  graphical  analysis  it  is  convenient  to  first  con- 
struct this  locus  from  the  expression  for  y  .    Having  this  curve  the 


Fig.  38. 

reaction  lines  for  a  load  at  any  point  can  be  drawn  at  once,  and  ujkkI 
in  the  same  manner  as  explained  in  Art.  108  for  the  three-hinged  arch. 
The  use  of  this  locus  is  also  further  expained  in  Art.  140. 


!^D] 


.^^ 


Fig.  39. 

128.  The  Circular  Arch  of  Constant  Section. — Vdue  of  H  for  a 
Single  Load. — Temperature  Constant. — Let  ACB,  Fig.  39,  represent 
a  circular  arch  of  constant  section.     Let  p  =  radius  of    curvature. 
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rt,  =  inclination  of  arch  at  the  hinge,  y  =  inclination  at  the  load  point, 
and  a  =  inclination  at  any  section  N.  In  deriving  the  value  of  H 
for  a  single  load  it  will  simplify  the  integrations  to  first  determine  H 
for  two  equal  loads,  Pj  and  Pj,  symmetrically  placed.  The  value  of 
H  for  a  single  load  is  then  one-half  of  the  value  for  the  two  loads. 

Referring  to  the  general  expression  for  H,  eq.  (9),  the  values  of 
M'  and  y  will  first  be  expressed  in  polar  coordinates.  For  any  section 
N, 

oc  =  p  (sin  a^  —  sin  a))  kl  =  p  (sin  a^  —  sin  y) ; 

y  "=  p  (cos  a  —  cos  a^'y  ds  ^  pd  a. 

For  two  equal  loads,  P,  we  have  F|  =  F,  ==  P.  Then  the  values  of 
M'  are 

for  a  <  7-,  M^  =  Vikl  =  Pp  (sin  a^  —  sin  y) ; 

for  a  >  7-,  M'=^ViX  =  Pp  (sin  a^  —  sin  a). 
Eq.  (9)  then  becomes  (£i>  =  o). 

P  I  ^f^j      (sinoi  —  siny)  (cos a  —  cosai)da 

+  2  />*  J  .    (sin  «!  —  sin  a)  (cos  a  —  cos  aO  ^  a  I 

H .     (26) 

-  r*i,                        V.J      ,   L/cosa, 
2fr  %     (cos a  —  cos a^y  da  -\ 

Performing  the  integrations,  substituting  2  p  a^  ioT  L,  and  dividing  by 
two,  we  have,  for  a  single  load  P 

P  />*  I  sin*  ttj  —  sin*  y  —  2  cos  ai  (fli  sin  oi  —  }'  sin  ?'  —  cos  y  +  cos  ai)  I 

fl^« 7 .  (27) 

2  ^'  («,  —  3  COS  «!  sin  a,  +  a  a,  cos'  aj  i ^ 

For  a  semicircular  arch,  aj  =  90°,  and  the  value  of  H  becomes 

H=^^^^ (28) 

1 29.  Fd/ti«  {^  H/iw  Temperature  Change.  — ^For  a  rise  of  temperature 
of  /  degrees  the  value  of  H  will  be  obtained  from  (9),  omitting  the  term 
containing  M\    There  results 

iri= z-z (29) 

2  /cr  (flj  —  3  cos  a^  sin  a  +  a  a,  cos'  a^)  -\ 
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For  a  semicircular  arch,  I  ==  2  p  and 

SEImt 

^'  =  ^775-* ^^ 

130.  Value  of  H  for  End  DisplacemefU. — ^For  an  end  movement  of 
A  X  the  value  of  H  is  given  by  substituting  —  ^  x  tor  (ot  I  ineq,  (29)  or 

(30). 

131.  The  Reaction  Locus. — ^The  value  of  y^  is  given  by  the  general 
expression    of    eq.    (24).     Here    we    have    kl  =  p  (sin  a^  —  sin ;-); 

,  .  J  ,       sin  a,  +  sin  r 

/  =  2  /)  sm  a,;  and  1  —  k  = -. '-. 

2  sin  tti 

Substituting  in  (24)  we  have 

_  P_     p  (sin'  a^  —  sin'  f) 


For  a  semicircular  arch 


yo  =  "7^, (32) 


that  is,  the  reaction  locus  for  a  semicircular  arch  is  a  straight  line  d^a^vn 
a  distance  1.57  /t>  above  the  springing  line. 

132.  Calculation  of  H  for  Arch  Ribs,  for  a  Single  Load  P. — Let 
A  J5,  Fig.  40,  be  a  two-hinged  arch  rib  of  any  form.  Neglecting  tem- 
perature effect  the  general  expression  for  H  is 

T 
H  - 


^  y^  ds      Lcostti 


in  which  M'  is  the  bending  moment  at  any  point  due  to  vertical  forces 
only  (the  same  as  in  a  straight  beam). 

Divide  the  arch  into  convenient  subdivisions  of  equal  or  unequal 
length.  Generally  it  will  be  convenient  to  assume  either  dssLS  constant 
or  to  make  ds/I  constant.  The  constant  term  L  cos  aJA^  is  readily 
calculated.  Call  this  term  B.  Calculate  now  the  value  oi  yds  II  for 
each  subdivision  and  let  Q  represent  in  general  this  value.    Then 

^°  lyQ  +  B ^3) 
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(34) 


The  quantity  Af'  for  a  single  load  is  given  by  the  equations 

for  X  <  *  /,  M'  =  P  (i  -  k)  X 

ioix  >  kl,M'  ^Pk(l  -x) 

Hence  we  may  write 

IM'Q^Pl'J  (I  ''k)xQ+Pl[,k{l'-x)Q. 

Now  suppose  a  load  equal  to  Q  be  applied  to  a  beam  -4  J5  at  a  distance 
X  from  Ay  Fig.  40  (6).  The  bending  moment  at  D  due  to  this  load  will 
be  equal  to  Q  x  (1  -  k)  ioT  x  <  k /,  and  Q  {I  -  x)  k  ior  x  >  kl.  If 
a  series  of  loads  equal  to  the  several  values  of  Q  be  applied  to  the  beam 


(35) 


1 

1 

1 

1 

1 

Ait 

♦    till 

(C) 

Mill. 

4 

B 


Fig.  40. 

at  the  corresponding  distances  x,  the  total  moment  at  D  due  to  all  these 
loads  will  be  equal  to  ^^J  Q  x  (i  -  k)  +  l[t  Q  (l  -  x)  k.  This 
quantity  is  identical  with  the  value  oi  2  M'  Q  of  eq.  (35)  f or  P  =  i. 
The  value  oi  2  M'  Q  for  a  unit  load  at  other  points  will  likewise 
be  equal  to  the  bending  moment  in  a  straight  beam  at  the  corresponding 
point,  due  to  the  same  loads  Q  as  used  before.     Hence  to  determine 

all  the  values  of  2  M'  Q,  or  2  M'  ^-7—*,  for  all  sections  of  the  arch, 

calculate  the  bending  moments  in  a  straight  beam  at  corresponding 
II. — 10 
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points,  due  to  the  loads  Q.  Graphically,  all  of  these  values  will  be 
given  by  a  single  equilibrium  polygon,  using  the  several  values  of  Q  for 
loads.  Such  construction  is  shown  in  Fig.  (c),  (d),  and  (e).  Taking  a 
pole  distance  of  unity,  the  ordinates  to  the  equilibrium  polygon  give 
at  once  the  desired  values. 

The  quantity  I  y  Q  ot  eq.  (33)  may  be  calculated  graphically  in  a 
somewhat  similar  manner,  but  as  this  term  is  constant  no  great  advan- 
tage is  gained.  For  graphical  construction  lay  off  the  values  of  Q  as 
horizontal  loads  acting  on  a  vertical  cantilever  beam  of  length  A,  at 
the  proper  distances  y  from  the  fixed  end.  Then  an  equilibrium  polygon 
gives  I  yQ. 

The  values  of  H  for  unit  loads  are  now  obtained  by  dividing  the 
values  of  I  M'  Q,  or  the  ordinates  of  equilibrium  polygon  of  Fig.  40  (d), 
by  the  quantity  ^  yQ  +  B,  thus  giving  the  influence  line  for  H,  The 
equilibrium  polygon  of  Fig.  (d)  is  itself  such  an  influence  line,  using  as 
the  scale  unit  the  quantity  ^  yQ  +  B.  Or,  this  quantity  may  be  used 
for  the  pole  distance  in  Fig.  40  (e),  in  which  case  the  polygon  becomes 
the  influence  line  for  H.  For  an  example  of  the  use  of  this  method 
see  Art.  146. 

133.  The  Braced  Arch.  --General  Formula  for  H. — ^For  the  braced  or 
trussed  arch  with  parallel  chords  and  small  depth,  the  methods  and 
formulas  for  solid  beams  can  be  applied  with  little  error.  In  such 
forms  the  influence  of  the  web  members  is  relatively  so  small  that  the 
deformations  are  practically  the  same  as  for  a  solid  beam  of  the  same 
moment  of  inertia  (determined  from  chord  sections  only).  Hence  the 
reactions  will  be  the  same  as  for  the  beam  and  may  be  determined  in 
the  same  way.  The  reactions  being  known  the  chord  and  web  stresses 
arc  found  from  moments  and  shears  as  explained  in  Art.  96. 

For  braced  arches  of  variable  depth  the  results  obtained  from  beam 
formulas  are  not  sufficiently  accurate,  and  for  such  forms  the  general 
method  of  deflections  must  be  applied  to  the  actual  form  selected. 
The  application  of  this  method  requires  a  preliminary  design  to  be 
made  in  some  manner,  as  the  deflections  are  dependent  upon  the  cross- 
sections  of  the  members.  This  preliminary  design  may  be  made  by 
the  use  of  an  approximate  formula  for  H,  such  as  for  the  parabolic  arch 
rib,  or  it  may  be  assumed  for  the  first  analysis  that  the  cross-sections 
of  all  members  are  the  same,  or  they  may  be  varied  in  proportion  in 
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accordance  with  some  similar  design  previously  worked  out.  It  is  to 
be  noted  tliat  the  actual  cross-sections  are  not  needed,  but  only  the 
relative  sections  of  the  various  members. 

The  preliminary  design  being  made  in  whatever  manner,  the  true 
value  of  H  for  any  loading  is  given  by  the  general  formula  for  redundant 


Fig.  41. 

members  of  Art.  222  of  Part  I.     Here  the  reaction  H  will  be  taken  as 
redundant.     The  general  value  of  H  is  (E  being  assumed  constant) : 


H  = 


u'l 


(36) 


in  which  5'  =  stress  in  any  member  due  to  the  vertical  forces  Qoads 
and  vertical  reactions)  only; 

u  =  stress  in  any  member  due  to  a  force  of  one  pound  applied 
horizontally  at  the  hinges  and  acting  outward;  and 

/  and  A  =  length  and  cross-section  of  any  member. 
The  numerator  of  (36)  is  the  outward  deflection  of  one  end,  with  arch 
supported  on  rollers  and  acted  upon  by  the  vertical  forces,  and  the 
denominator  is  the  outward  deflection  of  the  same  point  caused  by  a 
one-pound  load. 

In  this  case  the  formula  takes  full  account  of  all  effects  of  deforma- 
tion in  each  member,  whether  due  to  moment  or  thrust,  so-called, 
and  hence  is  not  subject  to  the  correction  for  thrust  as  in  the  case  of  a 
beam  formula. 

134.  Use  of  a  Tie  Rod, — ^If  a  tie  rod  be  employed  to  restrain  the  ends 
then  the  problem  is  exactly  the  same  as  that  of  a  single  redundant 
member.  The  formula  is  Ihe  same  as  (36),  but  the  summation  in  the 
denominator  must  now  inclirde  the  tie  rod  for  which  w  =  i. 
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135-  Value  of  H  far  a  Single  Load. — ^For  the  analysis  of  live-load 
stresses  it  is  desirable,  as  in  other  similar  problems,  to  determine  the 
reactions  for  a  single  load  at  each  load  point.  If  the  algebraic  method 
is  used  it  requires  the  application  of  eq.  (36)  several  times,  which  is  a 
somewhat  tedious  operation.  The  stresses  u  may  conveniently  be 
determined  by  a  single  stress  diagram  for  a  unit  horizontal  force  at  each 
end.  The  stresses  5'  arc  different  for  each  different  position  of  load, 
but,  noting  that  for  members  to  the  left  of  the  load  the  stresses  are 


Fig.  42. 


proportional  to  Fj  and  for  those  on  the  right  they  are  proportional  to 
Fj,  the  calculations  become  relatively  simple. 

Thus  in  Fig.  42  the  stress  in  F  G  for  load  P  at  G,  or  at  any  point  on 

the   right   of  the   section,  =  V^sjt^  =  P  (i  —  k)  j\    and  likewise, 

stress   in  D  E  =  P  (1  —  jfe)  -^;    and,  in  general,  the   stress  in  any 

member  =  V^s/i,  where  s  =  lever  arm  of  the  reaction  F„  and  /  = 
lever  arm  of  the  member.     Hence,  for  all  positions  of  P  on  the  right 
of  the  section  cutting  the  given  member,  the  stress  is  found  by  multl 
plying  the  quantity  P  s/t  by  the  proper  value  of  (i  —  A).     When  the 
load  is  on  the  left  of  the  section  the  stress  is  found  from  the  right  re- 

action,  and  is  equal  to  P  k  -\  where  Si  is  the  arm  of  the  right  reaction. 

A  further  simplification  may  be  made  in  the  calculations  by  the  use 
of  symmetrical  loads.  Assume  the  truss  loaded  with  two  unit  loads  P, 
placed  symmetrically  (Fig.  43).  The  value  of  H  determined  for  these 
two  loads  will  be  twice  that  due  to  a  single  load.  The  stresses  due 
to  the  symmetrical  loads  are  very  readily  calculated.  The  vertical 
reactions  are  each  equal  to  P.    Then  for  members  to  the  left  of  f  „ 
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the  stress  is  the  same  for' all  positions  of  the  loads,  and  is  equal 
to  P,  5//,  in  which  5  is  the  lever  arm  of  the  reaction  and  /  is  the  lever 
arm  of  the  member.  For  all  members  between  the  loads,  the  moment 
of  the  external  forces  is  constant  and  equal  to  P  *  /.  Hence  all  these 
stresses  are  equal  to  P  i  ///.    A  single  graphical  diagram  will  give  all 
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Fig.  43- 


the  stresses  P  s/L  The  stresses  P  k  lit  are  obtained  by  calculating  the 
values  of  ///  and  then  multiplying  by  the  various  values  of  k  for  the 
different  positions  of  the  loads.  This  method  is  illustrated  in  the 
example  of  Art.  146. 

136.  Graphical  Method  of  Calculating  H  for  a  Single  Load. — In 
calculating  H  for  trussed  arches,  use  may  be  made  of  the  displacement 
diagram  according  to  the  method  employed  in  Art.  223,  of  Part  1/  as 
follows:     Construct  a  displacement  diagram  for  the  arch  (Fig.  44), 


i-#- 


m^^^m 


'*'^ 


Fio.<  44. 

loaded  with  imit  loads  at  A  and  B  and  acting  outward,  no  other  loads 
on  the  structure.  The  centre  vertical  may  be  assumed  as  standing 
fast.  The  stresses  for  use  in  this  process  can  be  most  readily  ob- 
tained from  a  stress  diagram.  Then  from  this  displacement  diagram 
measure  the  vertical  deflections  of  the  several  load  points  relative  to 
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the  fixed  ends  A  and  B^  and  also  the  horizontal  deflection  of  B.  Let 
d^  represent  the  vertical  displacement  of  any  point,  and  d  the  hor- 
izontal movement  of  B  with  respect  to  A  (twice  the  displacement  for 
one-half  the  arch).  Then  if  the  values  SJdhe  plotted  as  in  Fig.  (6),  the 
resulting  ciurve  becomes  the  influence  line  for  H.  For  ii  8^—  vertical 
movement  of  any  load  point  D,  due  to  one  pound  at-B,  then,  conversely, 
the  horizontal  movement  of  B  caused  by  a  unit  load  at  D  will  also  be  i^. 
The  deflection  due  to  one  pound  at  B  =  *,  hence  the  reaction  de- 
veloped by  one  pound  at  D  will  be  9Jd.    The  value  d^  is,  in  fact,  the 

value  of  I  — 2 —  of  cq.  (36)  and  d  =  I  —{E  being  omitted  through- 
out). A  single  displacement  diagram  will  thus  give  the  necessary 
data  for  the  determination  of  H  for  all  load  points.  See  Art.  146,  for 
example. 

137.  The  Reaction  Locus  for  the  braced  arch  is  determined  in  the 
same  way  as  explained  in  Art.  127  for  the  arch  rib,  and  the  value  of 
y©  Js  given  by  the  general  formula  of  eq.  (24).  The  locus  is  used  in  the 
manner  described  in  Art.  140. 

138.  Value  of  H  for  Temperature  Change, — A  rise  of  temperature 
of  /  degrees  causes  an  increase  of  span  length,  if  unrestrained,  ol  a>tl 
The  thrust  necessary  to  resist  this  is  found  by  replacing  the  niunerator 
of  eq.  (36)  hy  a)t  I  (retaining  the  value  £),  giving 

(otl 

^'^JZL ^^'^ 

EA 

If  a  tic  rod  is  employed,  subjected  to  the  same  temperature  variation 
as  the  arch,  there  will  be  no  change  in  H.  If  the  tie  rod  is  subjected 
to  an  increase  of  temperature  /',  different  from  /,  then 

^  ^  ^UH~ ^^*^ 

EA 

139.  Stress  Calculation. — A,  Dead-Load  Stresses. — ^The  reactions 
having  been  determined,  the  dead-load  stresses  are  determined  in  the 
same  manner  as  explained  for  the  three-hinged  arch.  For  the  parabolic 
or  circular  arch,  for  which  convenient  formulas  exist  for  H  for  a  single 
load,  the  total  value  of  H  for  dead  load  is  conveniently  found  by  sum- 
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mation  for  the  several  joint  loads.  For  the  more  general  case  of  Arts. 
1 19-122,  and  for  the  braced  arch,  the  summations  may  be  made  at 
once  for  the  entire  dead  load;  but  as  the  calculation  of  live-load  stresses 
requires  the  determination  of  H  for  a  single  load  at  each  joint,  the 
value  of  H  for  dead  load  is  in  this  case  also  conveniently  found  by 
summation  of  results  for  separate  joint  loads. 

140.  B.  Live-Load  Stresses. — Use  of  the  Reaction  Locus. — In  finding 
the  position  of  loads  for  maximum  stress  the  reaction  lines  may  be  used 
as  in  Art.  108,  for  the  three-hinged  arch.  The  reaction  locus  is  first 
constructed,  after  which  the  method  is  the  same  for  all  forms  of  arches. 

Let  Fig.  45  represent  any  two-hinged  arch  and  m  n  the  reaction 
locus.    Then  for  maximum  stress  in  member  C  D,  with  centre  of 
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Fig.  45. 


moments  at  -F,  a  load  at  i  produces  no  stress,  while  all  loads  to  the  right 
produce  tension  and  all  loads  to  the  left  compression.  For  F  E,  all 
loads  to  the  right  of  i'  cause  compression  and  all  loads  to  the  left  tension. 
For  the  web  member  D  F,  draw  A  i"  toward  the  intersection  oi  C  D  ' 
and  P  E.  Then  loads  between  D  and  i"  cause  compression  in  D  F, 
while  loads  to  the  right  of  i''  and  to  the  left  of  F  cause  tension  in  D  F. 
For  such  a  piece  2ls  EI,  with  centre  of  moments  at  G,  loads  between 
»'"  and  i*^  produce  positive  moment,  or  tension  in  E  /,  while  loads 
on  the  remaining  portions  produce  compression. 

141.  Use  of  Influence  Lines. — Influence  Lines  for  Moments. — The 
value  of  the  bending  moment  at  any  point  F,  Fig.  46,  is 


M  ^'M'  -  Hy, 


(39) 


u 
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in  which  M'  is  the  moment  due  to  the  vertical  forces  only.  As  in  Art. 
Ill,  the  influence  line  for  M  may  be  constructed  by  combining  that  for 
M'  with  the  curve  for  H  y^.  Instead,  however,  of  drawing  the  cune 
for  H  yi,  thus  requiring  a  different  curve  for  each  centre  of  moments, 


m 


1* 
X      I 


Fig.  46. 

the  curve  for  H  may  be  used  and  the  influence  line  drawn  for  3/7)'i- 
Such  a  diagram  for  point  F  is  shown  in  Fig.  46  (6).     The  ordinate 

.    The  shaded  area  will  then  serve  as  the 


F'  F''  =  M'ly,  = 


h. 


influence  diagram  for  M^.,  but  each  ordinate  will  need  to  be  multi- 

plied  by  y^  to  give  the  true  value  of   M,  for  M  =  ( H]  Jv 

\yi  / 
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As  in  Art.  iii  the  influence  ordinates  become  zero  at  point  V^  corre- 
sponding to  point  i  on  the  reaction  locus.     This  locus  is,  however, 
not  needed  in  the  construction  of  influence  lines. 
Fig.  (c)  shows  the  influence  line  for  moment  at  £. 

142.  Influence  Lines  for  Web  Stress  or  Shear. — ^For  stress  in  any 
web  member,  as  E  F,  the  intersection  ot  D  E  and  FG  is  found,  as 
usual.  This  will  be  in  the  line  of  the  top  chord,  distant  y,  from  H. 
If  5  is  the  lever  arm  of  V^  about  such  intersection  and  /  is  the  arm  of 
member  E  F,  then  for  loads  on  the  right  the  stress  in 

£F  =  (f,  5  -  fir y^)  -f-  ^  ==  (Fj  -  -  h)  ^,  and   for  loads  on  the 

left,  stress  in  EF  ^(v,  -^  -  h)  ^  .    The  influence  line  for  the 
quantity  in  parenthesis  is  drawn  in  Fig.  46  (d).    For  actual   stress 

y 

the  shaded  ordinates  are  to  be  multiplied  by  ^. 

¥ 

In  the  case  of  a  beam,  or  truss  with  parallel  chords,  the  influence 
lines  for  shear  will  be  needed.  These  are  drawn  in  a  manner  similar 
to  that  explained  in  Art.  113  for  the  three-hinged  arch,  using  the  influ- 
ence line  for  H  as  a  basis.  The  shear  at  D  (Fig.  47),  for  a  unit  load 
on  the  right,  =  V^  cos  a  —  H  s\n  a  ^  {1  —  k)  cos  a  —  if  sin  a\  and 
for  loads  on  the  left  it  is  —  Fj  cos  a  —  H  sma=^k  cos  a  —  fl"  sin  a. 
These  values  may  be  written  in  the  form  [(i  —  i)  cot  a  —  il]  sin  a,  and 
(-  A  cot  a  —  H)  sin  a.  In  Fig.  47  {b)  the  line  A'  C  B'  represents  H, 
and  the  lines  A"  B'  and  A'  B"  represent  (i  —  k)  cot  a  and  k  cot  a. 
The  shaded  area,  therefore,  is  the  influence  diagram  for  shear  at  Z>. 
The  true  values  are  found  by  multiplying  these  values  by  sin  a.  For 
points  near  the  centre  cot  a  becomes  very  large  and  sin  a  small,  as  the 
effect  of  H  is  small.  A  reduced  scale  for  H  may  be  used  for  such 
points.  For  the  centre  point  the  influence  of  H  becomes  zero  and  the 
influence  line  is  the  same  as  for  a  straight  beam. 

143.  Influence  Lines  for  Thrust. — In  analyzing  beams  it  may  be 
convenient  to  calculate  moments  with  reference  to  the  neutral  axis 
and  then  to  determine  the  thrust  or  direct  stress  separately.  For  a 
unit  load  on  the  right  of  point  D,  Fig.  47,  the  thrust  is  il  cos  a  -h 
\\  sin  a  =  H  cos  a  +  (1  —  k)  sin  a;  and  for  a  load  on  the  left,  the 
thrust  is  H  cos  a  —  F,  sin  a  =^  H  cos  a  —  k  sin  a.    These  values 
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may  be  written  in  the  form  [2?  -f-  (i  —  *)  tan  a]  cos  a  and  (H  - 
k  tan  a)  cos  a,  respectively.  In  Fig.  47  (c)  the  curve  A'  C  B'  is  the 
curve  for  H.  The  values  (i  —  k)  tan  a  and  A  tan  a  are  given  by  the 
ordinates  to  the  lines  A"  B'  and  A'  B'',  respectively.  The  ordinates  of 
the  shaded  area  therefore  represent  the  quantities  fl"  +  (i  —  i)  tan  a 


^**^*U4ljLlVl-  .'''1'  '•'A.LiSj^^^ 
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Fig.  47. 

and  H  —  k  tan  a,  and  hence  will  serve  as  the  influence  diagram  for 
thrust.   The  true  values  are  found  by  multiplying  all  ordinates  by  cos  a. 

In  general,  the  maximum  thrust  at  all  sections  occurs  for  a  fully 
loaded  structure,  but  the  maximum  flange  or  fibre  stress  occurs  for 
partial  load  such  as  will  cause  large  bending  moments.  The  maximum 
fibre  stress  can  best  be  found  from  influence  lines  for  moment,  with 
centre  of  moment  taken  at  the  centre  of  gravity  of  the  flange  or  the 
"kern"  point,  as  explained  in  Art.  95. 

144.  Position  of  Loads  for  Maximum  Stress. — ^The  form  of  the 
influence  lines  being  curved,  no  convenient  criterion  for  position  of 
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loads  can  be  stated.  For  all  practical  purposes,  however,  each  segment 
of  the  influence  diagram  may  be  considered  a  triangle  and  the  position 
of  loads,  or  the  suitable  equivalent  uniform  load,  determined  on  this 
basis.  In  getting  actual  stresses,  either  for  a  uniform  load  or  for 
concentrations,  the  true  influence  diagram  should  be  used. 

145.  Examples. — (i)  Plate  Girder  Highway  Arch.  (Fig.  48.) — ^An  analysis 
will  be  made  of  an  arch  rib  in  the  form  of  a  plate  girder.  Assume  the  following 
data:  Span  length  =180  ft;  rise  =  36  ft.;  depth  of  girder  between  flange 
centres  =  4  ft.  The  arch  axis  will  be  taken  parabolic  in  form  and  the  load 
verticals  placed  15  ft.  apart  horizontally.  The  live  load  will  be  taken  at  1,500 
lbs.  per  ft.  per  girder  and  the  dead  load  at  1,000  lbs.  per  ft.  Stresses  will  also 
be  calculated  for  a  temp)erature  change  of  60  degrees. 

146.  Approjcimate  Analysis. — ^The  first  analysis  of  stresses  will  be  made  by 
the  use  of  the  formulas  of  Arts.  123-125,  these  being  based  on  the  assumption 
of  a  parabolic  axis  and  that  the  moment  of  inertia  varies  with  sec  a.  The  effect 
of  thrust  will  be  neglected  at  first.    The  formula  for  H  is  (eq.  (19),  Art.  124), 

H  =  ^  P  j-{k  —  2t?-\-  k*)j  and  for  y^^  the  ordinate  to  the  .reaction  locus 

feq.  (25)),  yo  =  — tj-V -n-    Values  of  H  and  of  y^  for  unit  loads,  calculated 

from  these  formulas,  are  given  in  Table  A.  Fig.  48  (6)  shows  the  influence 
line  for  H  plotted  from  these  results.  The  reaction  locus  is  also  given  in 
Fig.  48  (a). 

TABLE  A. 
Values  of  yo  and  H  forP  =  1. 


Load  Point. 

k 

y© 

H 

b 

1/12 

53-5 

0.256 

c 

2/12 

50.6 

0-495 

d 

3/" 

48.5 

0.695 

e 

4/12 

47.2 

0.848 

f 

5/12 

46.3 

0.943 

g 

6/12 

45.7 

0.985 

The  influence  line  for  H  having  been  constructed,  the  influence  lines  for 
moments  are  drawn  on  the  same  diagram,  as  explained  in  Art.  141.  Such  lines 
(section  d)  are  shown  in  Fig.  {h)  for  upper  and  lower  flange  centres,  for  the 
quarter-point  and  the  centre  (section  g).  The  values  of  the  various  ordinates 
are  given  in  Table  B. 
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Fig.  48. 
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TABLE  B. 

a  (I  —  a) 
Values  of  Ordinates  y  and  — ^— j — ^. 


Load  Point. 

y 

y\ 

ya 

ail-a) 

lyi 

ad-a) 

iy% 

h 

II. O 

12.72 

• 

9.85   ■ 

1.082 

1.396 

c 

20. o 

21.75 

18.30 

1.150 

i.3<56 

d 

27.0 

28.95 

25  25 

1. 165 

1-335 

e 

32.0 

33-95 

30.05 

1,176 

1-330 

f 

35  0 

37  00 

33  00 

1. 182 

1-325 

g 

36.0 

38.00 

34.10 

1. 183 

1-323 

From  these  influence  lines  the  dead-  and  live-load  moments  are  obtained. 
To  get  the  moment  in  any  case,  the  proper  influence  area  is  to  be  multiplied  by 
the  corresponding  value  of  y^  or  y^  and  by  the  load  per  foot.  Thus  for  the 
dead-load  moment  at  section  d,  top  flange,  the  total  area  of  the  influence  dia- 
gram is  —  6.29.  Multiplying  this  by  y^  of  Table  B  and  by  the  dead  load  per 
foot,  gives  Af  =  —  6.29  X  28.95  X  1,000  =  —  182,000  ft.-lbs.  The  results  for 
sections  at  d  and  g  are  given  in  the  table  below. 


Section. 

Moment 
Centre 

+  Area. 

—  Area. 

2  Areas. 

D.  L. 
Moment. 

Live-Load  Moment. 

+ 

■     ■   -v 

'  1 
'  1 

Top 
Bottom 

Top 
Bottom 

15.84 
25.92 

3.88 
10.54 

22.33 
15  63 

9.04 
332 

—  6.29 
+  10.29 

-  516 
+     7.22 

—  182,000 
+  260,000 

—  196,000 
+  245.000 

687,000 
982,000 

221,000 
538,000 

967,000 

395.000 
515.000 

169,000 

From  the  values  of  the  maximum  moments  found  in  this  way  a  preliminary 
design  was  made  on  the  basis  of  a  working  stress  of  15,000  lbs.  per  sq.  in.  on 
gross  area,  with  resulting  flange  areas  as  follows: 


Section. 

c,  d,  e, 
Ug 


Gross  Flange  Area. 

15  sq.  in. 

20 


18 


(( 


Any  portion  of  the  web  to  be  considered  as  flange  is  included  in  these  calculated 


areas. 


147.  Eocad  Calculation  of  Stresses. — Having  now  an  actual  design  at  hand 
we  may  proceed  to  determine  the  true  stresses  therein  by  the  methods  explained 
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in  Art.  132.    The  first  step  is  to  calculate  a  new  set  of  values  for  H. 
formula  is,  neglecting  temperature  effect, 


The 


and  for  temperature  changes 


-M'  yds 


^^ds       L  cos  a,* 
Ea)tl 


(fl) 


^y^  ds      L  cos  ttj" 


(ft) 


Table  C  gives  the  calculations  required  by  eq.  (a).  The  value  o(  d  s  at 
each  section  is  taken  as  one-half  the  sum  of  the  lengths  of  the  two  panels 
adjacent  to  the  section  in  question.  This  leaves  a  half-length  of  9.1  ft.  at  the 
end,  whose  middle  ordinate,  y,  is  3.0  ft.     Foot-units  are  used  throughout. 


TABLE  C. 
Calctdalions  for  H  for  Unit  Loads. 


Section. 

y 

ds 

/ 

yds 

I 

^M'yds 

y'^ds 

I 

H 

a 

30 

9.1 

'^33 

22 

80 

70 

0.000 

h 

II. 0 

17.9 

'^33 

236 

32,800 

2,600 

0.262 

c 

20.0 

17.0 

I. Ill 

306 

62,000 

6,120 

0-495 

d 

27.0 

16. 1 

I  .III 

391 

86,500 

i->,58o 

0.690 

e 

32.0 

iS-4 

I. Ill 

443 

105,400 

1.4,200 

0.840 

f 

35  0 

153 

1 .000 

S35   • 

117,700 

i«,75o 

0-937 

g 

36.0 

iS-i 

1 .000 

544 

121,900 

19,600 

0-973 

105.9 


2,477 


71,920 


M'  yds 
As  explained  in  Art.  132,  the  values  of  J  — j may  be  obtained  by 

yds 
considering  the  several  quantities  ^-y-^  as  applied  as  loads  to  a  simple  beam, 

in  the  same  verticals  as  the  several  load  points,  6,  c,  d,  etc.,  and  calculating  the 
bending  moments  at  these  several  sections.  This  calculation  may  be  made 
graphically  or  algebraically.  The  reaction  for  such  a  beam  will  be  2,477  "" 
i  (544)  =  2,205  (the  section  g  being  at  the  centre).  The  moment  at  sec.  b,  for 
example,  will  then  be  equal  to  2,205  X15—  22  X  11.25  =  32,800;  that  at  c 
=  2,205  X  30  —  22  X  26.25  ~"  236  X  15  =  62,000,  etc.     The  several  values 

are  given  in  the  table.     The  quantity  I  for  the  entire  arch  =  71,920  X 
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X                          ^u       1       f  -L  COS  aj    .        ,  .       197  X  0.78 
2  —  19,600  «=  124,240.    The  value  of  — -j — •  of  eq.  (a)  =  -^^ —  =  610. 

yM^  yds 

7 

The  value  of  H  for  any  load  point  is  then  equal  to .  ^*  >.     The 

'^  '^  ^  124,240+610 

several  values  are  given  in  Table  C.  The  small  influence  of  arch  shorten- 
ing, represented  by  the  term  610,  is  to  be  noted;  also  the  fact  that  the  small 
section  ds  ata/m  Table  C,  may  be  neglected  without  affecting  the  value  of  H. 
Compare  these  values  with  the  values  in  Table  A. 

From  the  new  values  oi  H  a,  new  influence  line  is  drawn,  shown  by  the 
dotted  lines  in  Fig.  48.  The  new  influence  areas  may  then  be  determined 
and  the  corrected  values  of  bending  moments.  For  the  quarter-point  and 
crown  the  results  are  as  foUows: 


Section. 

Moment  Centre. 

D.  L.  Moment. 

Live-Load  Moment. 

+ 

— 

Top 
Bottom 

Top 
Bottom 

-  136,300 
+  297,000 

—  i6i,8c3 
+  277,000 

694,000 
1,000,000 

262,000 
583,200 

898,000 
552,000 

5oS»ooo 
167,000 

Compare  these  values  with  those  given  on  p.  157. 

148.  Temperature  Stresses. — ^Assuming  a  change  of  temperature  of  60® 
from  the  normal,  eq.  {b)  gives  Hi  =  +  2,400  lbs.  The  moments  due  to  this 
are  equal  to  ±  Ht  ji  and  ±  Ht  y2.  The  values  for  sections  d  and  g  are  as 
iollows: 


Section. 

Moment  Centre. 

Moment  Due  to  Temperature. 

■ 
d                           J 

\ 

Top 
Bottom 

Top 
Bottom 

±   69,500 

i  60,700 

d:  91,400 
±  81,700 

A  rise  of  temperature  causes  negative  moments  in  the  arch. 

The  value  of  Ht  calculated  by  the  approximate  formula  of  Art.  125  is 

^t  =  ,  a — '  =  3,400,  the  same  as  obtained  by  the  more  exact  method. 

o  n 

149.  Shearing  Stresses. — In  arch  ribs  the  shearing  stresses,  as  com- 
pared to  the  bending  stresses,  are  small.      The  minimum  permissible 
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web  thickness  will  usually  be  ample,  but  in  designing  the  riveting 
of  flanges  and  web  it  is  "necessary  to  determine  the  maximum  shear 
at  a  few  sections. 

Fig.  48  (c)  shows  the  influence  line  for  shear  at  section  d,  plotted  as  ex- 
plained in  Art.  142.  For  this  section  cot  a  =  2.5  and  sin  a  =  0.37.  Measur- 
ing the  influence  areas  we  have:  area  a  d'"  d'  ^  —  30.2 ;  <i'  rf^  *  =  +  35.7  ;i  h  = 
—  3.3;  total  =  +  2.2.  Hence,  as  in  Art.  142,  dead-load  shear  =  1,000  X  2.2  X 
0.37  =  -I-  830  lbs.;  maximum  live^load  shear  =  35.7  X  1,500  X  0.37  = 
+  19.800  lbs. 

150.  Values  of  H  for  a  Circular  Arch. — Calculations  have  been  made  for  a 
circular  arch  of  the  same  rise  and  same  cross-sections  as  the  parabolic  arch  of 
Fig.  48,  resulting  in  the  following  values  of  H  for  unit  loads: 

Section.  Value  of  H. 

b 0.260 

c 0.488 

d 0.680 

e 0.823 

/• 0913 


g 


.0.947 


The  resulting  maximum  moments  are  considerably  greater  at  the  crown  than 
those  of  the  parabolic  arch,  but  the  difference  is  small  between  the  quarter- 
point  and  the  end. 

151.  (2)  Analysis  of  a  Braced  Arch, — ^Assume  an  arch  of  the  dimension? 
shown  in  Fig.  49  (a).    The  dead  load  will  be  taken  at  1,200  lbs.  per  foot  per 
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Fig.  49  (a). 


truss  and  the  live  load  at  3,000  lbs.    The  joint  loads,  therefore,  will  be  30,000 
lbs.  and  75,000  lbs.,  respectively. 

a  First  Approximation,— The  first  analysis  will  be  made  on  the  assump- 
tion that  the  sectional  areas  of  the  members  are  each  equal  to  unity.  On  this 
basis  the  values  of  H  for  a  load  unity  at  each  joint  are  determined.  The 
graphical  process  will  be  employed. 
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The  fiist  step  is  to  calculate  the  stresses  in  the  members  for  a  value  of 
i7  =  I.  This  is  conveniently  done  by  means  of  a  stress  diagram,  given  in 
Fig.  (6).  From  this  diagram  are  obtained  the  stresses  u  given  in  the  following 
table.    The  values  of  m  /  are  then  calculated  and  used  in  the  construction  of 


Fig.  49  (b). 


the  displacement  diagram  shown  in  Fig.  (c).     In  this  construction  Ee  is 
assumed  to  stand  fast. 


Member. 

Length  /. 

H  (Stress  for  H  =»  i). 

«/. 

AB 

300 

+    .538 

+       161 

BC 

300 

+  1.50 

+      450 

CD 

300 

+  3.00 

+      900 

DE 

300 

+  400 

+   1,200 

ab 

366 

—  1 .220 

-       446 

be 

335 

—  1 . 720 

-     577 

cd 

313 

—  2.610 

-     817 

de 

301 

-4.019 

—  1,212 

Aa 

600 

+    .70 

+     420 

Bb 

390 

+    .769 

+     300 

Cc 

240 

+    -750 

+     180 

Dd 

150 

+    .400 

+       60 

. 

Ee 

120 

» 

Ab 

492 

-    .883 

-     434 

Be 

384 

-1-231 

-      473 

Cd 

335 

-1.677 

-      562 

De 

323 

-1.077 

-      348 

From  the  displacement  diagram,  the  horizontal  deflection  of  a  is  found  to 
be  equal  to  20,000  {E  being  omitted  in  the  calculations),  or  with  respect  to 
a'  the  deflection  is  40,000.  The  vertical  deflections  are  given  in  the  table 
below.  Dividing  these  values  by  40,000  we  get  the  following  values  of  H  for 
load  unity  at  each  joint: 

Joint.  Deflection. 

B  11,700         ' 

C  22,300 

D  y      3i»i5o 

E  34,950 

n.— II 


Value  of  H. 
0.292 

0.558 
0.779 

0.874 
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From  these  values  the  curve  (or  influence  line)  for  H  is  plotted  in  Figs,  (if), 
(e),  and  (/). 

The  stresses  in  the  various  members  are  then  calculated  by  means  of 
influence  lines  plotted  as  explained  in  Arts.  141  and  142.  Fig.  {d)  shows  the 
influence  lines  for  upper-chord  members,  and  Fig.  («)  for  the  lower-chord 
members.    For  any  chord  member,  then,  the  stress  is  equal  to  the  respective 
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I  \ 

f  \ 


r^- 


I 
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Fig.  49  (c). 


influence  line  area,  multiplied  by  y,  the  lever  arm  of  the  member  in  question, 
and  by  py  the  load  per  foot. 

Fig.  (/)  is  the  influence  diagram  for  vertical  component  of  stress  in  the 
diagonal  members.  The  vert.  comp.  of  stress  in  any  diagonal  is,  then,  load 
per  foot  multiplied  by  the  respective  influence  line  area,  times  the  term  yji, 
which  is  the  vertical  distance  from  H  to  the  moment  center  divided  by  the 
lever  arm  of  the  member  in  question. 

The  results  of  this  analysis  are  given  in  Fig.  {g)  by  the  figures  not  enclosed 
in  parentheses.  The  values  given  are  the  combined  dead-  and  live-load 
stresses.  From  these  stresses  an  approximate  design  has  been  made  with 
sectional  areas  as  shown  in  Fig.  {g)  by  the  numbers  not  in  parentheses. 
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Fig. 

49 

{<0. 

^^ 

^   H 

—  Chirve 

Fig.    49  (e). 


Fig.  49  (/)• 
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In  the  calculations  of  the  sectional  areas,  50  per  cent,  was  added  to  the  Hve- 
load  stresses  for  impact  and  the  following  working  stresses  used: 
For  tension  members,  16,000  lbs.  per  sq.  in. 
For  compression  members,  16,000  —  yoXl/r  lbs.  per  sq.  in. 

(b)  Second  Analysis. — Having  the  sectional  areas  approximately  deter- 
mined, a  more  exact  analysis  may  now  be  made  by  the  same  method  used  in 
the  first  analysis.    The  details  of  this  will  not  be  given. 

New  values  of  ul/A  will  need  to  be  calculated  and  a  new  displacement 
diagram  for  if  =  i  will  be  required.  The  resulting  values  of  H  were  found 
to  be  larger  than  before,  requiring  a  new  curve  for  H  tohe  plotted  in  Figs. 
(d)f  (e),  and  (/).  The  other  lines  of  these  diagrams  remain  the  same.  The 
stresses  were  then  calculated  using  the  new  influence  lines,  and  the  sectional 
areas  revised.  In  making  up  the  revised  areas,  the  stress  used  was  the  average 
of  those  obtained  in  the  first  and  second  analysis.     It  was  found  that  in  this 


(0S.10Q) 
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ais,800) 

181,900 


(212,700) 
800,800 


(206,700) 
864,100 


40 


Fig.  49  (g)' 


way  it  was  possible  to  get  a  very  close  agreement  between  the  required  area 
and  area  provided  in  the  final  design. 

(c)  Third  Analysis, — Using  the  sectional  areas  as  determined  in  the 
second  analysis,  new  values  of  H  were  determined,  and  a  new  curve  for  H 
plotted  in  Figs.  (J),  (e),  and  (/).  The  new  H  curve  is  shown  by  the  dotted 
lines  in  the  fibres.  The  stresses  were  again  calculated,  and  it  was  found  that 
the  area  provided  agreed  very  closely  with  the  area  required  in  nearly  all  mem- 
bers. The  final  sections  and  stresses  are  as  shown  in  parentheses  in  Fig.  (g). 
The  final  value  of  the  deflection  of  point  a  with  respect  to  a'  was  1426.0IE, 
The  values  of  ff  are  as  given  in  the  following  table: 

Joint  Deflectfon  Value  of  H, 

B  456  0.320 

C  86s  0607 

D  1,205  0845 

^  1,365  0.957 

d.  Temperature  Stresses, — ^The  temperature  stresses  are  very  quickly  found 
from  the  calculations  already  made.     Using  the  final  sections  determined,  the 
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displacement  diagram  gives  a  total  deflection  for  H=  i,  of  i426.o/£=  0.0000492 
in.  A  rise  of  temperature  of  i*^  would  cause  an  expansion,  if  unrestrained,  of 
.0000065  X  200  X  12  =  .0156  in.  Hence  such  a  change  of  temperature 
would  develop  a  reaction  of  Ht  —  .0156/0.0000492  =  317  lbs.  If  a  change  of 
60°  is  provided  for  the  resulting  H  is  60  X  317  =  19,000  lbs.  The  stresses 
in  the  various  members  are  obtained  from  the  table,  p.  161,  by  multiplying 
the  several  values  of  u  there  given  by  19,000.  It  will  be  seen  that  in  a  few 
cases  the  temperature  stresses  exceed  25  per  cent,  of  the  total  dead-  and  live- 
load  stresses. 

152.— Deflection  of  Two-Hinged  Arches.— The  formulas  already 
developed  may  be  applied  to  calculate  the  vertical  (or  horizontal) 
deflection  at  any  point  of  an  arch.     The  general  formula  for  beams  is 

J  =   /      -^  -    .  w,  in  which   m  is  the   bending   moment  due  to  a 

load  unity  applied  at  the  given  point  and  in  the  direction  in  which 
the  deflection  is  desired. 

It  is  generally  convenient  to  calculate  the  deflection  due  to  the  ver- 
tical and  the  horizontal  forces  separately.  Assuming  the  arch  free  to 
move  horizontally  at  one  end,  the  deflection  from  vertical  forces  will  be 

^    =  y  -£y-  .  w', (36) 

and  from  horizontal  forces 

in  which  m'  is  the  bending  moment  due  to  the  one-pound  load,  arch 

considered  as  a  simple  beam.    Now  sinc2  /  ^r^  .  mf  is  the  vertical 

deflection  of  the  given  point  for  one  pound  applied  horizontally  at 
the  hinge,  it  is  also  equal  to  the  horizontal  deflection  of  the  hinge  for  a 
one-pound  vertical  load  applied  at  the  given  point,  =  ^^of  Art.  136. 
By  that  article  the  value  of  H  for  a  one-pound  load  was  shown  to  be 
equal  to  SJd,  hence,  eq.  (37)  reduces  to  J''  =  -ff  X  i?„  ^,  in  which 
H  is  the  total  thrust  for  the  given  loading,  H^  =  thrust  for  one 
pound  applied  at  the  point  whose  deflection  is  desired,  and  d  = 
horizontal  deflection  of  hinge  for  if  =  i.  This  form  of  expression 
is  advantageous,  as  the  several  values  of  H^  have  already  been  cal- 

/y^  ds 
~T   of  eq.  (9).     Note,   further,   that  M'  and 

w'  of  eq.  (36)  are  equal  to  the  moments  in  a  simp'e  straight  beam. 
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d  s  d  X  "      I     */*' 

Hence  in  case -7-  =  constant  =  -rr-,  we  have  A'  =  -=rT  I    M'  d  x  ,vpI^ 

which  is  the  deflection  of  a  straight  beam  of  length  /  and  moment 
of  inertia  /^. 

The  deflections  of  an  arch  rib  are  much  less  than  those  of  a  straight 
beam  of  the  same  depth.  They  are  greatest  at  about  the  quarter-point 
where  the  moments  are  a  maximum.  The  value  of  A''^  representing 
the  effect  of  -ff,  is  of  opposite  sign  from  the  term  A'. 

The  deflections  of  braced  arches  are  calculated  by  the  same  formula 

as   used  for  simple  trusses,  A   =  I  -^r-r'      Here  again  the  vertical 

and  horizontal  forces  may  conveniently  be  considered  separately. 
The  deflection  curve  determined  in  Art.  136  serves  as  the  deflection 
curve  for  the  horizontal  forces.  That  for  vertical  forces  is  determined 
as  in  a  simple  span,  algebraically  or  graphically. 

The  deflection  of  a  two-hinged  arch  is  somewhat  less  in  general 
than  a  three-hinged  arch,  and  much  less  than  that  of  a  simple  truss 
of  the  same  span. 

153.  Wind  Stresses. — ^The  lateral  bracing  of  a  two-hinged  arch  is 
arranged  in  the  same  manner  as  in  the  three-hinged  arch  (Art.  118), 
except  that  in  this  case  the  upper  lateral  system  may  be  made  continu- 
ous across  the  centre.  Generally  transverse  bracing  is  used  at  each 
panel,  as  well  as  an  upper  and  a  lower  lateral  system,  thus  giving 
a  redundant  system.     [Fig.  50  (a).] 

The  stresses  in  the  upper  lateral  system  and  in  the  transverse 
bracing  arc  determined  by  the  same  general  method  as  explained  in 
Art.  118  for  the  three-hinged  arch.  Without  the  transverse  bracing 
the  stresses  in  the  upper  laterals  and  end  bracing  are  found  as  for  a 
simple  span.  Also,  if  the  upper  laterals  are  omitted  and  the  transverse 
bracing  used,  the  stresses  in  the  latter  are  readily  foimd,  as  explained 
in  Art.  118.  Where  both  lateral  systems  and  transverse  bracing  arc 
used,  the  loads  will  be  carried  partly  by  one  system  and  partly  by 
the  other.  The  depth  of-  the  transverse  bracing  at  the  centre  being 
small,  this  bracing  is  relatively  rigid  at  that  point.  The  lower  laterals 
are  also  generally  more  rigid  than  the  upper  laterals,  especially  where 
the  arch  is  a  plate-girder  rib.  Hence  loads  applied  at  joints  near  the 
centre  will  mainly  be  carried  down  the  transverse  bracing  and  along 
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the  lower  laterals.  Loads  applied  at  joints  near  the  end^  as  at  d 
and  gf  will  be  carried  to  a  larger  extent  by  the  upper  laterals,  although 
the  path  g  G  B  is  likely  to  be  more  rigid  than  the  path  g  b  B. 
Again,  the  relative  rigidity  of  the  two  paths  depends  much  upon  the 
size  of  the  laterals  themselves,  and  hence  if  a  certain  assumption  is 
made  as  to  the  distribution  of  the  loads  and  the  laterals  are  designed 


(a) 


> 

Vi 

D          i 

\4 

1 

Vj 


Fig.  50. 


accordingly,  their  relative  rigidities  tend  to  follow  the  same  proportions 
as  those  assumed  in  the  distribution  of  the  load.  It  will  be  safe  and 
suflSciently  accurate  to  design  the  more  rigid  path  (the  transverse 
bracing  and  lower  laterals  in  this  case)  to  carry,  say,  two-thirds  or 
three-fourths  of  the  total  lateral  pressure  and  the  other  system  (the 
upi>er  laterals)  to  carry  the  remainder.  An  exact  analysis  would  re- 
quire the  application  of  the  method  of  redundant  members  to  the 
structure  as  a  whole,  and  a§  there  is  one  redundant  lateral  member 
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in  each  panel  and  one  redundant  member  (or  reaction)  in  each  vertical 
truss,  such  a  solution  would  be  very  laborious. 

The  loads  transferred  to  the  lower  laterals  having  been  estimated, 
these  are  combined  with  the  loads  acting  directly  the^-eon,  and  the 
shears  and  stresses  in  the  lower  lateral  diagonals  determined  as  in 
Art.  1 1 8.  The  resulting  forces  acting  in  the  plane  of  the  main  truss 
are  also  to  be  determined  as  in  that  article  (Fig.  33).  The  effect  of 
these  forces  upon  the  main  truss  remains  to  be  considered. 

Fig.  50  (ft)  represents  the  leeward  main  truss,  and  the  horizontal 
and  vertical  forces  acting  at  the  several  joints  due  to  the  action  of 
the  transverse  bracing  and  laterals.  The  problem  is  to  determine  the 
value  of  H  for  these  forces  in  the  same  manner  as  for  any  other  system 
of  loads  acting  in  the  plane  of  the  truss. 

The  value  of  H  for  the  vertical  loads  P,  for  either  the  arch  rib  or 
the  braced  arch,  is  determined  by  methods  already  explained.  The 
value  of  H  for  the  horizontal  forces  Q  is  found  by  similar  methods.  In 
the  case  of  the  braced  arch,  the  simplest  method  is  to  construct  a 
displacement  diagram  of  the  truss  for  unit  horizontal  forces  at  A  and 
By  as  in  Art.  136.  Then  from  this  diagram  determine  the  horizontal 
displacement  of  the  several  joints  D,  E,  etc.,  with  respect  to  A.  Then 
the  horizontal  displacement  of  any  joint,  divided  by  that  of  5,  will 
equal  the  reaction  H  due  to  unit  horizontal  load  at  the  joint  in  question. 
In  this  manner  the  values  of  H  iov  I  Q  can  be  determined  and  the 
stresses  then  found. 

If  an  arch  rib  is  in  question  the  value  of  fl"  due  to  the  horizontal 
loads  Q  requires  the  use  of  the  general  methods  of  Art.  119.  Con- 
sidering two  equal  symmetrical  loads  Q  [Fig.  (c)],  acting  at  D  and 
Z>',  the  resulting  values  of  H  will  be  equal  to  each  other,  as  for  vertical 
loads,  and  the  vertical  reactions  will  be  zero.  The  bending  moment 
at  any  section  is  then  equal  to  Af'  —  i?  y,  as  in  eq.  (4)  of  Art.  119, 
in  which  Af'  is  the  bending  moment  due  to  the  forces  Q  with  the 
reactions  H  removed.  Finally,  omitting  the  temperature  term  and 
also  the  term  taking  account  of  the  qffect  of  thrust,  we  have  in  general, 

as  in  eq.  (9), 

CM'  yds 

g-      ^   ^. (38) 

r yr  as 
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Let  k  I  and  yi  be  the  coordinates  of  point  D,  referred  to  il  as  origin. 
In  this  case  the  value  of  M'  for  the  portion  A  D  is  zero,  and  for  D  C, 
M'  =  Q  (y  —  yi)y  hence  we  have 

■f^  =  .Qj^{^-y-^y  ■  •  (39) 

For  the  calculation  of  lateral  stresses  the  arch  may  be  assumed  of 
parabolic  form,  and  also  that  —  =  — ,  as  in  Art.  123.      We  also 

(X  X^\ 

-J  —  -j^j.     Substituting  this  value  in  (39)  and  inte- 
grating, we  have 

Jd      I         /o  L15    •  V3        2        5^  J 

and 

r^-^XT-»'(T-T)} 

Also,  as  in  Art.  124,    /  =  — ^.      Substituting  in  (38)  and 

reducing  we  get 

H  =  e  [(I  -20ife»  +  30**-  i2/fe«)--^(5-3o/fe«+2oA»)].     .     (40) 

By  the  application  of  eq.  (40)  for  each  of  the  pairs  of  loads  Q,  the  final 
value  of  H  is  obtained  and  thence  the  stresses  in  the  arch  truss  or  rib. 


Sbotion  IV.— Abohes  WiTHoirr  Hinoxs 

154.  General  Formulas  for  Arch  Ribs. — ^Let  A  By  Fig.  51,  be  a 
symmetrical  arch,  fixed  at  the  ends  and  loaded  in  any  manner.  Sup- 
pose the  arch  to  *  be  cut  at  the  crown  C  and  let  the  stresses  acting 
upon  either  half  be  represented  as  in  Fig.  52.    Then  let 

H^,  V^y  and  M^  =  thrust,  shear,  and  bending  moment  at  the  crown, 
considered  as  positive  when  acting  as  indicated; 

Ty  K',  and  M'=  thrust,  shear,  and  bending  moment  at  any  other 
section;  ^ 

M'  =  bending  moment  at  any  section  (Fig.  52)  due  to  the  external 
forces  only  (H^y  V^y  and  M^  being  removed) ; 
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Xy  y  =  coordinates  of  any  point  referred  to  the  point  C  as  origin,  x 
to  be  taken  as  positive  toward  the  springing  line  in  each  half,  and  y  as 
j)ositive  downward. 

Then  in  general 

M^M'  ■^M^  +  H^y±V^x,    ^.     .     .     (i) 

the  plus  sign  being  used  for  the  right  side  and  the  minus  sign  for  the 
left  side.    The  values  of  M'  are  readily  calculated  by  statics,  but  the 


values  of  3/^,  JET^,  and  V^  cannot  be  so  determined.  They  depend 
upon  the  form  and  material  of  the  arch  and  require  the  establishing 
of  three  additiona'  condition  equations.  These  three  equations  arc 
obtained  by  calculating  the  movement  of  point  C  of  the  left  half 


Fig.  53. 

(Fig.  52),  and  placing  it  equal  to  the  deflection  of  the  same  point  for 
the  right  half. 

It  J  Xy  J  y,  and  J  <p  represent  the  horizontal  and  vertical  com- 
ponents of  the  movement  of  C,  and  the  change  of  angle  at  C,  for  the 
left  half,  and  J'  x,  J'  y,  and  J'  <p  the  same  quantities  for  the  right 
half,  we  have,  with  due  respect  to  sign, 


J  X  =  —  A'  X 
A  <p  —  —  A'  f 


(2) 
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Also  from  Arts.  99-100  we  have,  for  the  left  half 

CMyds^  ^  fMxds    ,  fMds 

Jx  =  J-^j^;Jy=^^J--^j^;J^^J-^j^.    .     (3) 

The  expressions  for  the  right  half  are  similar.  Substituting  in  (2) 
and  using  the  subscript  /  to  represent  left  half  and  r  to  represent  right 
half,  we  have 


/Miyds        r  Mr  yds  1 

/Mixds        f  MrXds 
-^I~-  J  -£1-''° 

tMids  fMrds 


(4) 


Substituting  the  value  of  M  from  (i)  and  collecting  terms  we  have  the 
three  general  equations: 


J.      EI      ^^oJ    EI         ^  "oy    EI 

EI  J       EI  "J    EI    ~ 


E 
M'ds 


/M'd 
EI 


■\-M, 


J  EI 


+  H. 


ftil 
J    EI 


>    • 


(5) 


Solving  for  H^y  V^y  and  Jf^,  and  omitting  E  we  derive  the  equations: 

ds 


^«  = 


rds    rWyds        rU'ds    Cyd^ 


(6) 


F.  = 


/ 


Ml  xds 


-f 


Mr  xds 


/ 


x^  ds 


(7) 


Jb  o  ^ 


r  M'ds   r^d_s^   CM' yds  Cyds 


M'ds 


(Sm-SirS'^ 


i'-r 


(8) 


172  ARCH  BRIDGES 

In  these  expressions  all  integrals  excepting  as  noted  by  the  subscripts  / 
and  r  are  to  be  taken  for  the  entire  arch,  and  the  terms  containing  two 
integral  signs  indicate  simply  the  product  of  the  two  separate  integrals. 

The  foregoing  expressions  for  i7^,  F^,  and  M^  are  applicable  to 
any  form  of  arch  rib  or  frame  composed  of  a  solid  beam,  but  no  account 
has  here  been  taken  of  the  effect  of  direct  stresses  upon  the  deforma- 
tions. (See  Section  III,  Chapter  VI,  for  application  of  these  formulas 
to  rectanglar  frames.) 

To  apply  equations  (6),  (7),  and  (8)  to  any  case  where  the  integra- 
tions cannot  be  readily  performed,  the  arch  should  be  divided  into 
numerous  divisions  of  equal  or  unequal  lengths  and  the  process  of 
summation  used.  All  quantities  are  readily  calculated  for  any  given 
loading.  The  values  of  H^,  F^,  and  M^  can  thus  be  determined  for 
single  loads  and  influence  lines  plotted  for  fibre  stress  or  shear.* 

155.  Temperature  Stresses. — ^For  a  rise  of  temperature  of  /  degrees, 

A  xol  eq.  (3)  becomes  equal  to ,  and  J  ^  =  o.     Hence, 

y  ^-^y-  =  a>//,  and  y  -gy-  =  o.      .     .•   .     (9) 

In  this  case  3f '  =  o  and  F^  =  o;  hence  by  substitution  from  (i)  we 
have 


A^o 


/yds       ^-.     Cy-ds  .  ,    , 


^-fm'^^-f^^^'   ....  (11) 


from  which  we  derive 


ds 

0) 


J  EI  J     EI        \J    EI  ) 


and 


H.f'4i 


M,= ^, (13) 

fds  ^  ^^ 


*  For  application  of  this   method  to  reinforced  concrete  or  masonry  arches  see 
Turncaurc  and  Maurer,  "  Principles  of  Reinforced  Concrete  Construction." 
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The  bending  moment  at  any  point  is 

M  =  M,  +  i7,y (14) 

156.  Stresses  Due  to  Shortening  of  Arch  from  Thrust. — As  in  Art. 
119,  eq.  (7),  the  shortening  due  to  thrust  may  be  placed  as  equal 

approximately  to  — ^  ^ — .    To  take  account  of  this  element  as  in 

Art.  119,  the  first  of  eqs.  (4)  is  placed  equals  to  — °  ^ —  instead 

of  zero.     This  results  in  adding  the  term  H ^^ -*  .    /  —   to  the 

denominator  of  eq.  (6)  for  H,  and  H — - 1  ^-y—  to  the  denomi- 

Aq       ^         1 

nator  of  the  first  expression  for  M^  in  eq.  (8).  The  efiFect  of  thrust 
may,  however,  be  conveniently  taken  care  of  as  a  correction  or  sup- 
plementary effect,  in  the  same  manner  as  temperature  changes,  in 
which  case  it  is  sufficiently  accurate  to  use  eqs.  (12)  and  (13)  for 

temperature  effect  by  substituting  — "^  „  .    ' —  in  place  oiwtl,  giving, 

is  Aq 

for  effect  of  thrust  alone, 

Hcostti  L  r ds 


■r-T 


A 


frP^-iP-r) 


in  which  H  is  the  value  of  H^  for  the  loaded  condition,  L  =  length 
of  arch  axis,  A^==  section  at  the  crown,  and  a^  =  inclination  at  the 
springing  line. 

157.  The  Parabolic  Arch  with  Variable  Moment  of  Inertia. — As 
in  Art.  123  formulas  will  be  developed  for  a  parabolic  arch  in  which  / 

d  s       d  X 
\'aries  with  sec  a  so  that  -y  =  — ,  7^,  being  the  moment  of  inertia  at 

the  crown. 

158.  Stresses  Due  to  a  Single  Vertical  Load  P. — ^Let  P,  Fig.  53,  be  a 
single  vertical  load  applied  a  distance  b  from  the  centre.  The  compo- 
nents of  the  reactions  are  H  and  F^  at  -4,  and  H  and  V2  at  B.  The  mo- 
ments at  the  supports  are,  respectively,  M^  and  Mj.  Let  H^,  F^,  and  M^ 
refer  to  the  crown  C  as  before.    The  values  of  H^  F^,  and  M^  will  be 
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found  by  substituting  in  the  general  equations  of  Art.  154.  The  equa- 
tion  of  the  parabolic  axis,  origin  at  C,  is  y  =  ^-= — .      For  a  single  load 

r 

Pf  arch  cut  at  C,  the  moment  M^  exists  only  in  the  section  A  D. 

p 


— p — -4 


*^%r 


Fio.  S3. 


ds 


Here  M'  =  —  P  {x  —  b).    Substituting  the  values  of  — ,  y,  and  if 

in  the  several  integrals  of  eqs.  (6),  (7),  and  (8),  there  result  the  fol- 
lowing values: 

J  I  /o  •'o  12/0 

Substituting  these  values  in  eqs.  (6),  (7),  and  (8)  and  reducing,  there 
result  the  following  equations: 


(17) 


(18) 
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Having  H^,  V^  and  Af^,  the  value  of  M  at  any  point  is  given  by  (i). 
The  horizontal  components  of  the  reactions  at  A  and  B  are,  for  vertical 
loads,  equal  to  H  .    For  a  load  on  the  left  half 


-K...-,.(.-|)(..i^yp 


—  V. 


(19) 
(20) 


=^(-Tr[5(-^r-4(x-^)>. 


(21) 


-i('-T)"C  =  (-T)'-(-T)]--- 


(22) 


159.  Stresses  Due  to  Changes  of  Temperature. — Substituting  in 
(12)  we  have,  for  a  rise  of  temperature, 

/ 


attl 


H^H,= 


EL 


I 


hU 


h'P 


■      ■      ■     (23) 


H,. 


M. ^ 


EI^-  SEIo      9^'V 
hi 
3I0  H,h 


(24) 


J/ ^  =  J/,  =  M^  +  H,h  = 


2H,h 


(25) 


*JiL 


{.A.LL_^ 


Fig.  54. 

The  reactions  are  equivalent  to  two  forces  equal  to   H^y  Fig.  54, 

2 
applied  a  distance  y^=  -  A,  above  the  springing  lines. 
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160.  Stresses  Due  to  Shortening  of  Arch  from  Thrust. — As  in 
Art.  156  these  may  be  calculated  as  a  correction,  by  substituting 
H  cos  a^L 


EA. 


tor  (otl  in  (23),  giving 

45  H"  /o  L  cos  a^ 


H.=  - 


4hUA, 


(26) 


in  which  H  «  thrust  due  to  the  given  loading.    The  moments  are 
given  by  (24)  and  (25). 

161.  Reaction  Lines  for  a  Single  Load. — ^Fig.  55  gives  the  graphic 
analysis  of  forces  for  a  single  load  P.  A'  D'  and  D'  B'  are  the  reaction 
lines  or  true  equilibrium  polygon.    Fig.  (a)  is  the  force  polygon,  F„ 


cTk- — b — -J 


Fig.  ss. 


F„  and  H  being  the  components  of  the  reactions.  There  being  a 
moment  Mt  at  Ay  the  equilibrium  polygon  does  not  pass  through  A  but 
some  distance  y^  below,  such  that  H  y^  =  M^.  Likewise  H  y^  =  Jf ,. 
In  a  graphical  treatment  the  ordinates  ^j,  y^,  and  y,  are  conveniently 
treated  as  the  imknowns,  but  the  reaction  lines  A'  D'  and  D'  B'  can 
readily  be  drawn  from  the  values  of  JET^,  F^,,  and  M^  as  found  in  the 
preceding  articles,  as  follows:  Construct  the  force  polygon  by  laying 
off  Fj  =  -  V^  and  K  =  Jff^.  Then  draw  B'  B'  parallel  to  rf  6  and 
at  a  distance  /  above  C  (or  below),  such  that  H^  y  =  M^^  or 


M. 


»'  »  rif  =.  A 


r  = 


H. 


(27) 


The  line  A' D'  is  then  drawn  parallel  to  ad.  The  bending  moment 
at  any  point  is  then  given  by  the  ordinate  between  the  arch  and  the 
equilibrium  polygon,  multiplied  by  H. 
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The  values  of  y,,  y^,  and  y,  are  determined  as  follows: 

Jfi       2h  (I  -  iob\  ,  „^ 

A/j       2  A  //  H-  ioft\  ,    . 

y      —   y  "Y 

6v  similar  triangles  y^ — —  =  -=p,  from  which  is  derived,  by  substitu- 

2 
tionfrom  (16),  (19),  and  (28) 

6A  ,    . 

yo  =  Y (30) 

The  locus  of  the  point  Z>'  is  therefore  a  straight  line  whose  ordinate 
=  f  A.  Equations  (28)  to  (30)  enable  the  reaction  lines  to  be  readily 
drawn  for  a  load  at  any  point,  and  thence  the  moments,  shears,  and 
thrusts,  if  desired,  due  to  this  single  load,  from  the  equations: 


M  ^  Hz 

F  ==  Fj  cos  a  —  £r  sin  a 
r  =«  Fj  sin  a  +  if  cos  a 


(31) 


The  reaction  lines  on  each  side  are  all  tangent  to  certain  envelopes, 
de  and  f  g  (Fig.  56).  These  envelopes  are  hyperbolas,  tangent  to 
each  other  at  the  centre  and  having  vertical  asymptotes  through  the 
springing  lines. 

162.  Position  of  Loads  for  Maximum  Stress. — In  using  reaction 
lines  to  find  position  of  loads  for  a  maximum  stress  it  is  convenient  to 
construct  the  hyperbolic  envelopes  and  the  straight  line  locus  m  n  with 

y^  ^  -  h.     This  being  done,  the  nature  of  the  stress  or  moment  caused 

by  a  load  at  any  point  is  determined  as  in  Art.  140.  Thus  in  Fig.  56, 
the  lines  G  i  and  G i',  drawn  tangent  to  de  and  fg  respectively,  will 
determine  the  position  of  the  loads  for  a  maximum  stress  of  either 
kind  in  Z>  £,  since  loads  between  i  and  i'  cause  positive  moment  at  G, 
while  all  other  loads  cause  negative  moment.  Likewise  a  line  drawn 
tangent  to  ^  ^  and  parallel  to  FG  and  D  E,  or  toward  their  intersec- 
IL — la 
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tion,  will  determine  the  position  of  loads  for  maximum  stress  of  either 
kind  in  Z>  G,  as  in  Art.  140. 

For  an  arch  rib,  the  kern  point,  or  flange  centre,  should  be  taken 
as  the  moment  centre  for  maximum  fibre  stress. 


The  following  table,  giving  values  of  yjh  and  yjh  for  various  load 
points,  will  enable  enough  reaction  lines  to  be  drawn  to  locate  the  en- 
velopes with  sufficient  accuracy  for  the  purpose. 


VALUES    OF 


h 


y  h 

AND    -^    FOR    VARIOUS  VALUES    OF    -7. 

h  I 

(For  loads  on  the  right.) 


h 

y\ 

y» 

I 

h 

h 

0.50 

—  OC 

+0.400 

0  45 

-4.667 

+0.386 

0.40 

—  2.000 

+  0.370 

0  35 

—  1 .067 

+  0-353 

0.30 

—0.667 

-^^■ZJ^Z 

h 
I 

y\ 

h 

h 

0 

•25 

—0.400 

+0 

3" 

0 

.20 

—0.222 

+0. 

286 

0 

•IS 

-0.09s 

+0 

256 

0 

.10 

0.0 

+0 

.233 

0 

.0 

1 

+0-133 

+0 

•133 

Having  found  the  position  of  loads  for  a  maximum  stress  the 
stresses  may  be  found  either  graphically  or  algebraically.     A  convenient 
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method  is  to  make  use  of  the  influence  lines  of  H^j  V^,  and  Af^,  as 
described  in  the  next  Article. 

163.  Influence  Lines. — If  the  method  of  influence  lines  is  to  be 
used  it  is  convenient  to  first  construct  the  influence  lines  for  H^y  V^, 
and  M^  from  eqs.  (16),  (17),  and  (18),  Art.  158.    It  will  be  seen  that 

(IL 
yj,  not 

upon  the  rise  or  span  length;  Mq  depends  also  upon  the  span  length; 
while  H^  depends  upon  both  the  span  and  rise.  These  quantities  are, 
therefore,  conveniently  plotted  for  h  and  /  =  unity.  The  resulting 
curves  are  given  in  Fig.  57.  These  curves,  therefore,  serve  as  influence 
lines  for  these  functions,  for  any  arch  of  the  type  here  considered,  the 
true  values  of  the  functions  being  obtained  by  multiplying  the  ordinates 

of  the  curves  by  j-  for  U^,  and  by  /  for  M^. 

These  influence  lines  may  now  be  used  to  construct  influence  lines 
for  moment  at  any  other  point  by  use  of  the  general  formula, 

M  ^M,  +  H,y-V,x-P(x-b).  .     .     .     (32) 

where  x  and  y  are  the  coordinates  of  the  point  or  moment  centre 
in  question.     For  values  oi  x  <  b  the  term  P  (x  —  b)  drops  out. 

If  imiform  loads  are  to  be  employed  the  position  for  a  maximum 
is  more  readily  found  from  the  reaction  lines.  The  position  being 
known,  the  desired  moment  may  then  be  found  from  the  influence 
areas  of  Fig.  57. 

164.  Deflection  of  an  Arch  Rib. — The  vertical  deflection  of  any 
point  is  given  by  the  general  equation, 

Mxds  ,    . 

izi) 


Ay=f 


EI 


where  M  is  the  true  bending  moment  at  any  section  due  to  the  given 
loads.  The  abscissa  x  is  to  be  measured  from  the  point  where  the 
deflection  is  desired.  The  ends  of  the  arch  being  fixed  the  deflection 
of  any  point  is  calculated  by  performing  the  integration  (or  summation) 
between  either  of  the  abutments  and  the  point  in  question. 

165.  The  Braced  Arch  Without  Hinges. — Braced  arches  of  small 
depth  and  parallel  chords  can  be  satisfactorily  analyzed  by  treating 
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them  as  beams  and  using  the  methods  already  explained.  Where  the 
truss  does  not  conform  to  these  conditions  the  analysis  must  be  made 
by  the  method  of  redundant  members.  If  the  truss  is  of  the  single 
intersection  type  the  number  of  redundant  members  will  be  three,  and 
the  three  equations  of  condition  are  found  by  placing  equal  to  zero  the 
relative  displacement  of  the  two  cut  ends  of  each  redundant  member, 
as  explained  in  Part  I,  Art.  222.  Any  three  members  may  be  taken 
as  the  redundant  members,  provided  they  are  so  related  that  the  re- 
maining members  form  a  structure  that  is  stable  and  at  the  same  time 
statically  determinate. 

Let  Fig.  58  represent  any  braced  arch  without  hinges.     If  members 
B  D,  J  Ly  and  F  H  he  omitted  the  structure  becomes  a  three-hinged 


Fig.  58. 

arch  and  therefore  statically,  determinate.  If  three  members  at  one 
end,  disEGyFGy  and  F  H,  be  omitted  it  becomes  a  cantilever  supported 
at  the  left  end  and  is  again  statically  determinate.  Or,  again,  three 
members  at  the  crown  or  some  intermediate  section  may  be  omitted, 
as  I  Ky  J  Ky  and  J  L,  dividing  the  structure  into  two  cantilevers,  as 
was  done  in  the  case  of  the  arch  rib  (Art.  154).  If  the  arch  is  a  sym- 
metrical one  the  last-named  arrangement  is  likely  to  be  the  simplest. 
If  a  joint  comes  at  the  centre  it  is  better  for  the  sake  of  preserving 
symmetry  to  imagine  the  arch  cut  through  the  centre  of  the  joint,  and 
if  a  vertical  member  occurs  at  the  centre  to  consider  it  as  separated 
into  two  equal  parts.  Each  half  then  may  take  the  form  shown  in 
Fig.  59,  and  the  problem  is  similar  to  that  of  the  arch  rib.  Art.  154. 
Instead,  however,  of  denoting  the  unknowns  as  a  moment,  shear  and 
thrust,  it  will  be  more  convenient  to  assume  them  as  a  shear  F,  and 
two  horizontal  forces,  H^  and  if,,  these  two  forces  being  equivalent  to 
the  moment  and  thrust  of  Art.  154.    The  redundant  forces  are  then  7, 
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H^,  and  H^,  and  these  are  to  be  found  by  equating  to  zero  the  relative 
deflections  of  a  and  a'  and  h  and  V.     We  proceed  as  in  Art.  222,  Part  I. 

Let  S  =  stress  in  any  member  due  to  any  given  load,  arch  in  normal 
condition; 
5'  =  stress  in  any  member  due  to  the  external  loads,  arch  cut 

as  shown  in  Fig.  59; 
1*1  =  stress  in  any  member  of  either  half  due  to  a  force  H^  =  i ; 
1*2  =  same  for  a  force  of  H^  =  i ; 
«3  =  same  for  F  =  i. 
Then    S  ^  S'  ■{-  H^u^  +  H^u^  ^  V u^ (34) 


Fig.  59. 


Now  the  horizontal  deflection  of  b  with  respect  to  V  must  be  zero, 
and  therefore  we  have 


^^  =  0. 


(35) 


Likewise  for  the  horizontal  movement  of  a  and  a' 


ySuJ 


=  o, 


(36) 


and  for  the  vertical  movement  of  b  and  V 


^SuJ 


=^  o. 


(37) 


Substituting  from  (34)  we  derive  the  three  linear  equations 

S' u,  I  uJ^  I  u,u^l  u*u^l  ^ 

J  £_pi  +  Hil^  +  H^I  -^  +  V  I  ^^i^  =  o 


S'u,l 


A 


A 


A 


.      +H,I^  +  V  I ^^  =  o 
AAA 


^H,l'^  +  H,l'^+V  ^^  =  0 


(38) 
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The  various  summations  are  to  be  calculated,  and  their  values  being 
substituted  the  equations  are  readily  solved  for  H^,  H^,  and  7,  whence 
all  stresses  become  determinate. 

166.  Graphical  Method. — ^The  displacement  diagram  can  be  used 
to  advantage  in  the  calculation  of  the  various  summations  above  given, 
especially  if  the  stresses  are  desired  for  a  unit  load  at  any  joint,  the 
same  method  being  employed  as  in  the  example  of  Art.  151.  In  this 
case,  however,  three  displacement  diagrams  are  required.  These  are 
the  following: 

(i)  A  diagram  for  a  one-pound  load  acting  horizontally  at  a 
{H,  =  1). 

(2)  A  diagram  for  a  one-pound  load  acting  horizontally  at  b 

{H2  =  i),  and 

(3)  A  diagram  for  a  one-pound  load  acting  vertically  at  6  (F  =  i). 

These  diagrams  being  drawn,  measure  thereon  the  following  de- 
flections with  notation  as  given: 

9.  =  horizontal  deflection  of  a   due  to  H^  = 


9     ^  horizontal  deflection  of  b    due  to  ff,  = 


df^  =  vertical      deflection  of  b    due  to  V    = 


y.  =  horizontal  deflection  of  a   due  to  ff,  = 


d^^  =  horizontal  deflection  of  a    due  to  F    = 


y^  =  horizontal  deflection  of  b   due  to  F    = 


=  I 


=  I 


=  I 


=  I 


=  I 


=  I 


A 

A 

u^l 
A 

~~A~ 

A 


) 
) 
) 


): 

)■' 
)■ 

Consider  a  vertical  load  of  imity  at  joint  c.     The  various  summations 
involving  5'  will  then  be  as  follows: 

d^    =  vertical  deflection  of  c  for  ff^  =  i,  f  =  I  — j^  j ; 

d\   =  vertical  deflection  of  c  for  fl",  =  i,  f  =  J  — y~\  ; 

(S'iul\ 
=  2  1. 
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Substituting  these  several  deflections  in  (38)  we  have 

8'^  +  2!f„H,  +  2d^  H,  +  2  ^'j»  7  =  o 
d\  +  2  a'.H,  +  2  a'j^  ff,  +  2  d^  7  =  o 


•     (39) 


For  a  unit  load  at  any  other  joint  the  equations  are  the  same, 
excepting  the  first  term  of  each.  The  three  displacement  diagrams 
thus  enable  all  desired  values  to  be  obtained  for  a  load  at  any  joint. 

The  values  at  H^,  H2,  and  V  being  determined,  the  stress  in  any 
member  is  found  from  eq.  (34),  the  values  of  5',  Wj,  Wj,  and  u^  being 
already  calculated. 

167.  Temperature  Stresses. — ^For  a  change  of  temperature  the 
horizontal  deflections  of  a  and  b  =  yi<otl.  Hence  the  first  and 
second  of  eq.  (39)  should  be  placed  equal  to  <o  tl,  d^  being  omitted. 
The  value  of  V  is  also  zero,  since  there  is  no  shear  at  the  centre,  hence 
we  have 


y,H,-hd^H,^iotl 


whence 


and 


i68.  Wind  Stresses.-— :The  arch  of  no  hinges  is  always  constructed 
with  chords  parallel  or  nearly  so,  thus  requiring  the  roadway  to  be 
supported  on  vertical  struts,  as  in  Figs,  i  and  5.  Lateral  bracing  is 
therefore  usually  arranged  as  described  in  Art.  153,  namely  a  lateral 
system  along  the  roadway,  vertical  transverse  bracing  at  each  panel, 
and  lower  laterals  along  the  arch.  Inasmuch  as  both  the  upper  and 
lower  chords  are  fixed  at  the  ends,  the  lower  laterals  may  be  placed 
along  one  or  both  chords  and  extend  as  a  complete  lateral  system  to 
the  abutments.  If  two  lines  of  laterals  are  used  the  upper  one  is 
preferably  made  of  a  sufficient  size  to  carry  the  loads  brought  dowp 
from  the  roadway  by  means  of  the  transverse  bracing. 
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The  shears  in  the  laterals  are  determined  as  for  the  arch  of  two 
hinges,  and  the  resulting  vertical  and  horizontal  forces  acting  upon 
the  main  arch  also  in  like  manner.  These  having  been  found,  the 
stresses  in  the  main  arch  are  determined  as  for  any  other  loads  in  the 
same  plane. 

169.  Relatiye  Advantages  of  the  Arch  with  Fixed  Ends. — Com- 
paratively few  arches  have  been  constructed  with  fixed  ends.  As 
compared  to  the  hinged  types  with  parallel  chords,  the  arch  without 
hinges  is  somewhat  more  rigid  and  slightly  more  economical,  especially 
where  the  dead  load  is  relatively  large.  The  difficulties  of  calculation 
arc  of  some  consequence,  but  where  the  chords  are  nearly  parallel 
the  use  of  the  beam  formulas  for  preliminary  design  will  greatly 
facilitate  the  work. 

Where  a  horizontal  upper  chord  is  desired  the  hingeless  arch  is 
not  suitable,  both  on  account  of  the  difficulties  of  end  supports  and 
on  account  of  the  fact  that  with  such  a  variable  depth  of  truss  the 
process  of  successive  approximations  in  its  design  and  analysis  does 
not  lead  readily  to  consistent  results.  As  pointed  out  more  fully  in 
Art.  251,  a  redundant  system  theoretically  cannot  be  designed  so  that 
all  members  shall  be  stressed  at  the  desired  value.  This  is  a  case 
where  the  departure  from  assigned  working  stresses  would  be  large  in 
some  members  and  hence  to  that  extent  result  in  an  uneconomical 
form.  The  example  of  Art.  151  illustrates  the  difficulties  of  design 
and  analysis  for  a  two- hinged  arch  of  this  type.  These  would  be 
much  greater  in  the  arch  of  no  hinges.  With  chords  nearly  parallel, 
however,  the  structure  approaches  a  beam  in  proportions,  with  much 
more  uniform  stresses  in  the  chords  and  a  more  ready  adjustment 
between  stress  and  sectional  areas. 


CHAPTER  V 

SUSPENSION  BRIDGES 

170.  Introduction. — Suspension  Bridges  may  be  classed  imder  two 
main  heads:  (a)  Those  composed  of  a  light  platform  suspended 
from  a  cable,  the  loads  passing  directly  from  the  floor  to  the  cable; 
(6)  those  consisting  of  a  roadway  supported  by  a  truss  which  is  hung 
from  the  cable  by  means  of  hangers. 

Structures  of  the  first  class  are  called  UnsUffened  Suspension 
Bridges.  Because  of  their  lack  of  rigidity,  structures  of  this  dass  are 
limited  to  short  spans  and  light  loads.  Heavy  concentrations  or  un- 
symmetrical  loads  would  distort  the  cable  to  such  an  extent  as  to  cause 
excessive  variation  of  grade  in  the  roadway  near  the  point  of  loading. 

Structures  of  the  second  class  are  called  Stiffened  Suspension 
Bridges,  The  applied  loads  are  taken  up  by  the  stiffening  trusses  and 
distributed  to  the  cables  by  means  of  hangers.  Due  to  the  rigidity  of 
the  trusses,  heavy  concentrations  or  unsymmetrical  loads  are  dis 
tributed  over  the  cable  approximately  as  a  uniform  load,  so  that  it  does 
not  vary  greatly  from  its  original  shape.  Stiffened  suspension  bridges 
can  be  constructed  rigid  enough  to  carry  railway  or  heavy  city  traffic. 

In  this  chapter  the  cable  as  a  structiu^e  by  itself  will  be  first  con- 
sidered. The  unstiffened  and  the  stiffened  suspension  bridge  will  then 
be  taken  up,  and,  for  the  usual  conditions  of  loading,  methods  will 
be  developed  for  the  determination  of  the  quantities  necessary  for 
the  computation  of  stresses  in  such  structures. 

Sbotiom  I.— Thb  Oabu 

171.  Form  of  the  Cable. — Any  Loading. — ^The  form  of  the  cable 
of  a  suspension  bridge  will  depend  upon  the  distribution  of  the  applied 
loads.  Any  portion  of  the  cable  must  be  in  equilibrium  under  the 
tensions  at  its  ends  and  the  loads.  In  any  case,  the  form  can  be 
determined  by  drawing  an  equilibrium  polygon  for  the  applied  loads, 
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subject  to  the  condition  that  the  polygon  must  pass  through  the  points 
of  attachment  of  the  cable  and  some  other  fixed  point,  such  as  the 
lowest  point  of  the  curve. 

172.  Load  Uniform  along  the  Horizontal. — ^In  Fig.  i,  let  w  pounds 
per  foot  imiform  load  be  carried  by  a'  cable  passing  through  points 
i4,  B,  and  C  Required  the  form  of  the  cable.  As  the  weight  of  the 
applied  loads  is  usually  very  much  greater  than  the  weight  of  the  cable, 
the  latter  may  be  taken  as  uniformly  distributed  and  included  in  the 
load  w.  Consider  the  uniform  load  w  as  divided  into  a  series  of 
concentrated  loads  A  x  apart.  Each  load  is  w  A  x  pounds.  Then 
by  drawing  an  equilibrium  polygon  for  these  loads,  subject  to  the 
condition  that  the  polygon  must  pass  through  the  points  Ay  B,  and  C, 
we  have  the  form  of  the  cable  curve.  The  resulting  force  and  equi- 
librium polygons  are  shown  in  Figs,  i  {a)  and  (6).  The  stress  in  the 
cable  at  any  point  is  given  by  the  corresponding  ray  of  the  force  polygon. 
From  the  force  and  equilibrium  polygons,  certain  relations  exist  from 
which  we  may  find  the  equation  of  the  cable  curve.  In  Figs,  {a)  and 
(6)  the  triangles  3  4  Af  and  O  D  F  sltc  similar,  from  which  we  obtain 
the  following  proportions: 

8 

H  :A  X  :  :Vi  —  I  wA  X  :A  y,      .     .      .      .     (i) 

1 

and 

H  :A  X  ::T  :A  s (2) 

From  (i)  we  have 

Ax  H  ' ^^^ 

and  from  (2) 

T-^H^. (4) 

Ax 

If  the  distances  A  x,  A  y  and  A  s  are  very  small  we  have,  for  an  origin 
at  point  C 

Vi-   I     wdx 
dy  ^  J^  (5) 

ix  H 

T^Hp.    .......     (6) 

ax 
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For  the  conditions  shown  in  Fig.  i,  F,  « —  and   I     wdx  ^  —  - 

2  •^s  2 

w  X.     Substituting  these  values  in  eq.  (5)  we  have 

dy      wx  ,. 

Tx'H ^7) 


Integrating  eq.  (7)  we  find 


wx^ 


y-TS' («) 


I 
The  value  of  H  may  be  obtained  from  eq.  (8)  f or  i»  —  -  and  y  =  /, 

the  sag  of  the  cable,  giving 

^-Tf <" 

Equation  (9)  gives  the  value  of  fl",  the  horizontal  component  of  the 
cable  stress.  From  the  force  polygon,  Fig.  (6),  it  can  be  seen  that  H 
is  constant  for  all  points  of  the  cable.  Substituting  this  value  of  H 
in  eq.  (8)  we  have 

y  =  -=7F-» (10) 

which  is  the  equation  of  the  cable  curve  referred  to  point  C  as  an  origin. 
Th  s  is  readily  seen  to  be  the  equation  of  a  parabola.  Therefore  a 
cable  carrying  a  load  imiformly  distributed  along  the  horizontal  hangs 
in  a  curve  which  is  a  parabola.  This  also  follows  from  the  principle 
of  graphics  that  the  equilibrium  polygon  for  uniform  loads  is  a 
parabola. 

For  use  in  work  to  follow  it  will  be  convenient  to  refer  the  equation 
to  coordinate  axes  with  an  origin  at  one  of  the  supports,  as  Ay  and 
with  the  horizontal  line  A  Bsls  the  X  axis.    The  equation  then  becomes 

y-^(/-*) (") 

Here  y  is  the  ordinate  to  the  curve  measured  downward  from  the  X 
axis  at  a  point  distance  x  from  the  origin,  /  being  the  sag  or  versine  of 
the  cable. 

173.  Load  Uniform  Along  the  CaJfe.— When  the  load  on  the  cable 
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is  due  to  its  own  weight,  in  which  case  the  load  is  uniform  per  foot  of 
length  of  cable>  eq.  (5)  takes  the  form 

L 

dy      ^'-  X'  "'^^ 

J^  = H ("^ 

whete  IV  is  the  weight  per  foot  of  cable;  L  the  length  of  the  cable 
measureji  along  its  axis;  L^  the  distance  measured  along  the  cable 
from  th^  section  in  question  to  the  origin  of  coordinates,  again  taken 
as  point 'C;  and  ds  em  element  of  length  of  the  cable.    F^r  this  case 

F,  =  ^  and  «;/;  ds  =  «,/'  [i  +  ( j|y  ]*^* 

Placing  these  values  in  eq.  (12)  and  differentiating  we  have  as  the 
differential  equation  of  the  cable  curve 


'i-K'-iury M 


i  d 

from  which  hve  obtain  finally  as  the  equation  of  the  cable  curve 

w         1  , 
where  c  «  y^,  or  —  is  the  length  of  cable,  of  weight  w  per  foot,  whose 

x2  C 

weight  is  equal  to  H.  In  this  equation  y  is  the  ordinate  to  the  curve 
from  a  horizontal  linle  through  C,  the  low  point,  or:  centre,  of  the  cable. 
Eq.  (14)  is  the  equation  of  a  catenary.  Therefore  a  cable  under  its 
own  weight  hangs  in  a  catenary.  As  c  in  eq.  (14)  depends  upon  H 
and  w  for  its  value,  it  can  be  seen  that  unless  theke  are  known  before- 
hand, the  equation  can  be  solved  only  by  successive  approximations. 

When  the  sag  is  very  small  compared  to  tKeispan,  d  s  and  dx  In 
eq.  (12)  are  approximately  equal,  and  the  resultiilg  equation  is  again 
of  the  parabolic  form  as  given  by  eq.  (10).  n  i  ' 

Eq.  (14)  may  also  be  expressed  in  terms  of  hyperbolic  functions. 
Thus  we  have 


y 


^L^^'+J   '^-0  -^[(coshc^)-i].     .    (IS) 
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174.  Side  Spans. — When  the  structure  has  side  spans  which  are 
also  suspended  from  the  cable,  the  loads  again  being  taken  as  uniformly 
distributed  along  the  horizontal,  we  can  proceed  as  before  to  draw  the 
force  and  equilibrium  polygons  and  determine  the  equation  ot  the 
cable  curve.  Figs,  i  (c)  and  (d)  show  the  force  and  equilibrium  poly- 
gons. The  cable  hangs  in  a  parabolic  curve,  whose  equation  referred 
10  point  A  as  origin  is 

(16) 


y.  =  ^  ih  -  ^.). 


Here  y,  is  measured  vertically  from  the  line  i4  -D  to  the  cable  curve,  as 
j^hown  in  Fig.  2;  f^is  the  sag  at  the  span  centre;  l^  is  the  span  length; 


;::i:-_-:|::::v:!::::::^ 


Fig.  2. 


.r,  is  the  horizontal  distance  from  A  to  any  point  on  the  curve.     The 
notation  is  fully  shown  in  Fig.  2. 

175.  Unsymmetrical  Spans, — Sometimes,  in  the  case  of  light  foot 
bridges,  the  tops  of  the  towers  are  not  placed  at  the  same  elevation. 


X- -H 


'  /Xta,na_ _ 

I  l(/-»-|tan  a) 


D 


Fig.  3. 


In  such  a  case  the  methods  used  in  the  last  article  may  again  be  applied. 
The  equation  of  the  curve  (Fig.  3),  referred  to  A  as  origin,  and  A  By 

A-  f  OC 

a  line  joining   the  tops  of  the  towers,  is  y  —  -j^  {I  —  x).       The 
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equation  may  also  be  referred  to  a  horizontal  line  A  D^  the  origin 
remaining  at  ^4.  If  the  line  A  B  joining  the  tops  of  the  towers 
makes  an  angle  a  with  the  horizontal,  the  equation  of  the  curve  is 

4  foe 
y^  =  y  +  X  tan  a  =   ^~  (^  —  ^)  +  ^  tan  a.        .       (17) 

The  lowest  point  in  the  curve  is  no  longer  at  the  span  centre  but 
is  at  £,  a  little  to  one  side  of  the  centre.  Its  location  may  be  found  by 
differentiating  the  above  equation,  placing  the  result  equal  to  zero, 
and  solving  for  x.    We  then  have 

176.  Length  of  the  Cable. — Main  Span.  Parabolic  Cable. — From 
Fig.  I  (a)  it  can  be  seen  that  the  length  of  an  element  of  the  cable 
curve  is  given  by  the  expression 

d^  =  (dA^*'  +d/)  =  [i  +  (^)*]    dx. 
If  L  is  the  length  of  the  cable,  we  then  have 

--/[-(rl)']'^'- <■" 

In  performing  the  above  integration  for  a  parabolic  cable  it  is  some- 
what  easier  to  use  the  equation  in  the  form  given  in  eq.  (10) :  y  =     "l,    . 

d  y 
Substituting  the  value  of  -y^  as  obtained  from  this  equation  in  eq.  (18), 

ax 

we  have 


-rc-^]'^' 


This  equation  gives  the  exact  length  of  the  curve  from  A  to  5, 
Fig.  I  (a). 

By  making  use  of  certain  well-known  properties  of  the  parabola, 
eq.  (19)  may  be  written  in  the  form  (Fig.  4) 

£  =  [  2  A  £  +  i^log.  cot  ^^°  ~  ^^  ].       .      .     (20) 
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As  shown  in  Fig.  4,  i4  Z>  5s  the  tangent  to  the  parabola  at  A  while 

-.4/ 


=  tan       ^,  where  P  is  the  angle  between  the  above  tangent  and 
the  horizontal.    The  chord  AE  \s  half  the  length  of  the  tangent 


^.-[^-(f)]*- 


An   approximate  value  of  length  of  curve  may  be  obtained  by 


64yjc*1* 


expanding  the  term  11+  -^-^ —        of  eq.   (19)  by  means  of 


the 


binomial  formula  and  integrating  the  resulting  expression.      We  then 
have 


/ 


12  P^  512/*^* 


i-»/'('+'-^-^^"+ ■■■•)'" 


=  /(i+-n*-^»*+....), (21) 

/ 
where  n  ==  =y ,  the  sag  ratio.     The  value  given  in  eq.  (21)  is  sufficiently 

accurate  for  most  cases.     When  the  sag  ratio  is  small,  say  not  greater 

than  — ,  eq.  (21)  may  be  written 
10 


./(.+?».) 


(21  a) 


177.  Main  Span,    Catenary, — ^For  the  cable  hanging  under  its 


11. — 13 
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own  weight,  when  the  curve  is  a  catenary,  as  given  by  eq.  (14),  we  have 


/*  +  e 


") 


dx 


I  /    li  -li\ 


(22; 


Expressed  in  hyperbolic  functions,  this  becomes 


£i        _li 
e  2  —  e   2 


2    .  ,   cl 
=  -  sinh  — 
c  2 


(23) 


Results  for  the  side  spans  may  be  determined  as  in  the  case  of 
the  parabolic  cable,  Art.  178. 

178.  Side  Spans,  Parabolic  Cable.— For  the  length  of  the  side 
span  curves,  the  methods  used  above  must  be  modified  somewhat,  as 
it  is  not  possible  to  use  directly  the  equation  for  the  side  spans  given  in 


Fig.  5. 

(16).  Expressions  for  length,  similar  to  (19)  and  (20),  can  be  obtained 
by  referring  the  equation  to  the  true  vertex  of  the  curve,  shown  at 
point  Ey  Fig.  5,  which  in  most  cases  will  be  found  outside  point  D. 
From  the  equation  of  the  side  span  cable  curve  referred  to  point  E 

as  origin,  which  is  y  =  yy-  with  the  notation  shown  in  Fig.  5,  the 

I2 

length  A  D  is  found  to  be 


(24) 
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An  approximate  result,  similar  to  that  given  in  eq.  (21)  may  also 
be  obtained  for  the  curve  with .  origin  at  £.  Approximate  results 
may  also  be  obtained  by  using  the  equation  of  the  curve  in  the  form 
given  by  eq.  (17).  Thus  with  the  origin  at  i4,  Fig.  5,  the  X  axis  being 
the  line  A  G,  the  equation  is 

y  =  ^^  (/,  -  X,)  +  X,  tan  a. 

Then  proceeding  as  in  the  derivation  of  eq.  (21)  we  have 

=  /i  r  I  +  -  nj'  -  ^  ni*  4-  K  (i  -  8  ni')  tan*  a  -  }i  tan^  a"!  (25) 

For  small  sag  ratios  this  equation  may  be  written 

8 

3 

179.  Stresses  in  the  Cable  for  Uniform  Loads.^Parabolic  Cable. — 
The  stress  in  a  cable  carrying  a  uniformly  distributed  horizontal  load 
may  be  determined  by  taking  a  section  at  any  point  in  the  cable  and 


L  = 


(8  \ 

I  +  -  «i'  -h  K  tan*  a  j.      .      .      .     (25a) 


,H       A 


niiiiinn 


\w  ItM.  p«r  Un.  ft. 

(o) 


IIIIIIIJMIIIHJIiJlMI. ■■■■■■ 

w  lbs.  per  Un.  ft. 


Fig.  6. 


(6) 


equating  moments  of  forces  on  either  side  of  the  section  equal  to  zero. 
This  uniform  load  may  be  due  to  the  weight  of  a  suspended  platform 
or  to  a  live  loaxl  covering  the  whole  span. 

In  Fig.  6  (a)  is  shown  a  cable  of  span  /,  and  sag/,  carrying  a  uniform 
horizontal  load  of  w  lbs.  per  ft. 

A  section  is  cut  at  the  centre  of  the  span  and  the  portion  to  the 
left  removed,  together  with  all  forces  acting  upon  it,  as  shown  in  Fig. 

6  (6).      A  moment  equation  about  A  gives  —  Hf  -\ — —  =  o,  from 


8 


wl 


which  we  have  H  =  ^-z.    This  is  the  same  result  as  given  by  cq. 
(9).    When  the  load  on  the  cable  is  due  to  a  xmiformly  distributed 
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live  load  of  p  lbs.  per  ft.  in  addition  to  the  dead  load  of  w  lbs.  per 
ft.,  eq.  (9)  becomes 

H  =  (w  +  p)^ (26) 

Eq.  (26)  gives  the  horizontal  component  of  the  cable  stress  at  any 
point.     The  stress  at  any  point  is  given  by  eq.  (6) : — 

d  y 
Substituting  the  value  of  -j^  as  given  by  the  equation  of  the  parabola 

referred  to  point  C  as  origin,  eq.  (10),  we  have 

r  =  H[i+Y':^]* (ay) 

At  the  span  centre,  where  ap  =  o,  we  have  T  =  H,  and  at  the  support, 
where  x  =  — ,  we  have  the  maximum  value  of  the  cable  stress  or 


T 


16/^-1* 


=  H  [  I  +  ^J .     (28) 


The  stresses  in  the  cable  of  a  side  span  may  be  determined  in  the 
same  way.    Figs.  7  (a)  and  (6)  show  the  conditions.     Moments  about 

w  I  ^ 
point  Ay  Fig.    (6),  gives   H^f^  cos  a/ —^  =  o,  from  which  we 

o 
W   I  ^ 

have  H^  =    ^  ^^  sec  a^.     The    horizontal  component  of    the  cable 

stress  is  then 

H  =  H.  cos  a,  =  !|iL (29) 

The  stress  at  any  point  in  the  cable  may  be  found  from  eq.  (6) : 

d  y 
The  value  of  -r^  is  to  be  taken  for  the  equation  of  the  side  span  curve 

ax 

expressed  in  the  form  of  eq.  (17),  from  which 
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We  then  have 


r-H  I  I  +  [tana, +  ^4(^1-2:^)  JT- 


/ 
At  the  span  centre,  where  :x?  =  — 

2 

r  =  H  [i  +  tan  «,»]*, 
and  at  the  support,  where  x  =  o 


T=Hri  +  (ta.na,+Y^yy,.  . 


which  is  the  maximum  stress  in  the  cable. 


(30) 


(31) 


(32) 


From  eqs.  (25)  and  (29)  we  can  determine  the  relation  between 


h— 


'^tD,  Ibow  per  llxutL. 


(a) 


(6) 


Fio.  7. 


sags  in  the  main  and  side  spans  for  equal  values  of  H  at  all  points. 
We  have 


WP  ^  Wji*    f..  ft  ^  "^ih* 

8/  8/.        /         wi* 


(33) 


►•  Catenary  Cable. — ^When  the  load  is  considered  as  uniformly 
distributed  along  the  cable,  as  in  the  catenary,  the  stress  at  any  point  is 

rrd  s 
again  T  ^  H  j^. 
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Here  H  ^  —  and  d^  =  I  i    +  ( j^j    I    ^  ^  ^-^d  we  have  T  = 

-  I    I  4-  (-T-^  J        .     Substituting  the  value  of  -r^  as  found  from  eq. 
(14)  we  have 

r-;^  («"  +  «-'*) (34) 

When  :x?  =  o  in  eq.  (34),  T  ^  —  ^  H  and  when  jc  «  -,  or  at  the 

c  2 

supports 

w 


T  = 
2  (; 


^  ^  a     +  ^"  a  j  .     .        ,        .        .        .       (35) 


Eqs.  (34)  and  (35)  may  be  expressed  in  terms  by  hyperbolic  functions. 
Thus  eq.  (34)  becomes 

T^-(t—^-^—l)^Hcoshcx      .     ..    .     (36) 

In  the  same  way  eq.  (35)  becomes 

r^Hcosh- (37) 

N  2 

Again  eq.  (34)  may  be  written 

T-^^ie^'  +  e'^^)  ^w(y+^A   ^wy  +  H        .     (38) 

That  is,  the  stress  in  the  cable  at  any  point  is  equal  to  the  horizontal 
component  of  cable  stress,  H,  plus  the  product  of  the  ordinate  to  the 
cable  curve  at  the  point  in  question  and  the  weight  of  the  cable  per 
foot  of  length.  At  the  span  centre,  where  y  ==  o,  in  eq.  (38),  we  have 
T  =  H  a,s  before,  and  at  the  supports,  where  y  ^^f,  the  sag  of  the 
cable,  we  have 

T  ^  (wf+  H)    .     .      .      .     .      .      .     (39) 

181.  Deformation  of  the  Cable. — In  some  cases  a  change  in  span 
length  or  in  the  centre  sag  may  occur  due  to  temperature  or  stress 
changes.  It  is  then  necessary  to  know  what  effect  this  change  will 
have  on  other  dependent  quantities. 

For  the  parabolic  cable,  whose  length  is  given  by  eqs.  (19)  and  (21), 
the  length,  Z,  is  given  in  terms  of  two  dependent  variables;  /the  sag. 
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and  /  the  span  length.     By  partial  differentiation  of  eq.  (19)  we  have 

"=f/i(-^)'-f/''^.[¥-(--TnH/(-) 

Eq.  (40)  shows  the  change  in  cable  length  for  a  small  change  in  the 
sag,  the  span  length  remaining  constant.     In  the  same  way  we  find 

Eq.  (41)  shows  the  change  in  cable  length  for  a  small  change  in  span 
length,  the  sag  remaining  constant.  Then  from  eq.  (40)  and  eq.  (41) 
we  have 


dl  =  -< 


( 


<»«.[¥+( 


i  +  i^V 


I  + 


(42) 


I  -< 


Eq.  (40)  shows  the  change  in  span  length  for  a  small  change  in  the 
centre  sag.  The  values  given  in  eqs.  (40),  (41),  and  (42)  are  exact 
values  for  these  expressions.  Approximate  values  for  these  same  ex- 
pressions may  be  determined  from  eq.  (21).     We  have: 


dL  =  — (is  -  4o»'+  288»M  d/.     .      .      . 
IS 

dL  ^  —  «  (5  —  24  »')  df, 


and  from  eqs.  (43)  and  (44) 


dl 


16  n  (5  —  24  n^ 


(15  -  40»'  -f  288  »0 


l^df. 


(43) 


(44) 


(45) 


For  a  change  in  teihperature  of  /  degrees,  coefficient  of  expansion 
(Oy  the  length  of  the  cable,  Z,  is  altered  by  an  amount 


dL  =  0)  t  L 


(46) 


Inserting  this  value  of  dL  in  eqs.  (40)  and  (41)  or  (43)  and  (44),  exact 
or  approximate  values  can  be  found  for  the  corresponding  changes  in 
the  sag  or  span  length. 
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From  the  expression  for  stress  at  any  point  in  the  cable  under 
uniform  load,  T  =  -|-^  L  ^  "^        .^      j ,  we  find  by  differentiating 


dT 


--f( 


/ 


I    + 


or 


^f--U 


I  + 


64  fx 


^YdT^  -^dH.      .    (47) 


which  gives  the  change  in  sag  due  to  a  small  change  in  cable  stress. 
Then  from  eqs.  (40)  and  (42),  or  (44)  and  (45),  the  corresponding 
changes  in  the  length  of  the  cable  or  the  span  length  may  be  foimd. 


SBOTION    n. — UNSTIFFEIIED    SxrSPENSION    BBID<»8 

182.  Introduction. — Unstiffcned  Suspension  Bridges  are  usually 
built  in  the  form  shown  in  Fig.  8.  The  cable  passes  over  two  towers 
and  is  anchored  bv  back  stays  to  a  firm  foundation.    The  roadway 


Fig.  8. 


platform  is  suspended  from  the  cable  by  means  of  hangers.  In  early 
structures  of  this  t3rpe,  the  cable  consisted  of  a  built-up  chain.  After 
iron  and  steel  wire  came  into  use,  wire  cables  of  imiform  cross-section 
were  used  in  place  of  chains. 

183.  Stresses  in  tilie  Cable. — ^The  load  to  be  carried  by  the  cable 
consists  of  the  weieht  of  the  cable  and  hangers,  the  weight  of  the  plat- 
form or  roadway,  and  the  live  load.  As  the  cable  is  light  compared 
to  the  weight  of  the  roadway,  its  weight  may  be  considered  as  uniformly 
distributed  along  the  horizontal.  For  the  same  reason  the  weight  of 
the  hangers  may  also  be  considered  as  a  uniform  load.     Let  this  total 
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dead  weight  be  w  lbs.  per  lin.  ft.  Then  we  have  the  same  conditions 
for  the  cable  considered  by  itself,  as  in  Art.  179.  From  this  article 
we  find  that  the  cable  curve  is  a  parabola,  and  that  the  maximum  dead- 
load  stress,  which  occurs  at  the  towers,  is 


T^  = 


wPr       16 /^"i* 


[i  +  ^1 (i) 


«  8/    L  ^    "^         /2     J     ' 

where  /  is  the  sag  of  the  cable  at  the  centre  and  /  the  span  length,  as 
shown  in  Fig.  8. 

For  a  uniform  live  load  of  p  lbs.  per  lin.  ft.,  on  the  roadway,  it  is 
evident  that  the  maximum  cable  stress  will  occur  when  the  load  covers 
the  whole  span.     Then  the  maximum  stress,  which  is  at  the  towers,  is 

The  total  stress  is  the  sum  of  the  values  given  in  eqs.  (i)  and  (2)  or 

(w  +  p)pr       16/^1^ 

184.  Deformation  of  the  Cable  under  Partial  Loading.— Lz'i^ 
loads  on  One  End. — ^Under  an  unsymmetrical  load  the  cable  will  be 
deflected  out  of  its  parabolic  form.  The  low  point  in  the  cable  curve 
does  not  remain  at  the  span  centre,  but  shifts  toward  the  loaded  side. 
The  shape  of  the  cable  may  be  determined  by  drawing  an  equilibrium 
polygon  as  explained  in  Art.  172.  It  may  also  be  found  by  passing 
a  section  at  any  point  in  the  cable  and  determining  the  equation  of 
the  cable  curve.  From  this  equation  we  may  determine  the  resulting 
deformation.  In  Fig.  9  (a)  is  shown  an  unstiffcned  suspension  bridge 
carrying  the  weight  of  the  roadway,  etc.,  of  w  lbs.  per  lin.  ft.,  and  a 
live  load  of  f  lbs.  per  lin.  ft.,  extending  a  distance  k  I  from  the  left 
end  of  the  span.  The  original  position  of  the  cable  is  shown  by  the 
dotted  line,  the  heavy  line  showing  the  deformed  position.  It  is 
evident  that  the  new  cable  curve  will  consist  of  two  parabolas  which 
v^ill  coincide  at  the  head  of  the  live  load.  The  equations  of  these  two 
parabolas  will  now  be  determined. 

Cutting  a  section  at  a  point  distance  x  from  the  left  end  and 
indicating  all  forces,  the  conditions  are  as  shown  in  Fig.  10. 
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H 
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^p  lbs.  perjlln.  ft. 
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X 
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Fig.  9. 
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From  2*  ff  =  o 

T^nii 

dx 
and  from  2"  F  =  o 

From  Fig.  9  (a) 

,,        wl      pkl  , 

Substituting  this  value  in  eq.  (5)  and  integrating,  we  have 

{w^p)[x{i--x)]^pix(i  -ky 
^  7h  •    '    • 


(4> 


(5) 


(6) 


which  is  the  equation  of  the  cable  curve  from  A  to  C,  Fig.  9  (a),  or 


H 


PttMbperlliLft. 

M  4 


»»»  >  »  »i  «..»M|»»«W 


*ii7lb«.  per  Iln.  ft.    'y 
Fig.  10. 

for  X  less  than  k  L     In   the    same  way,  the    equation  of   the    cable 
curve  from  C  to  B,  or  for  x  greater  than  k  I,  is  found  to  be 

(wx  +  pk^l)  (l  -  x) 


y  =- 


2H 


(7) 


As  given  by  eqs.  (6)  and  (7),  the  equation  of  the  curve  is  expressed  in 
terms  of  H,  the  horizontal  component  of  the  cable  stress.  The  equation 
will  be  in  a  form  more  convenient  for  use  if  stated  in  terms  of/,  the 
centre  sag  of  the  unloaded  cable,  shown  by  dotted  lines  in  Fig.  9  (a). 
This  may  be  done  by  placing  the  length  of  the  two  portions  of  the  cable 
AC  and  C  By  Fig.  9  (a),  as  determined  from  eqs.  (6)  and  (7) 
respectively,    equal  to  the  total  length  of  the  cable,  assuming  that  the 


1 
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cable  does  not  change  length  under  stress.  For  the  determination  of 
the  length  of  the  cable  it  will  be  sufficiently  accurate  to  use  eqs.  21 
(a)  and  25  (a)  of  Sec.  I.    By  sudi  substitution  we  obtain 


ir  = 


[^+lf  (3-2*)**  +  |->(4-3*)]*. 


8/ 
and  placing  this  value  in  eqs.  (6)  and  (7)  we  have,  for  x  less  than  k  I, 

and  for  x  greater  than  k  I 

/  ( w  *' '  "^  *)  ^'  ~  *^ 

[i  +  2:^(3-2*)*'  +  |^*«(4-3*)J 

From  eqs.  (8)  and  (9),  it  can  be  seen  that  the  form  of  the  cable  depends 
upon  the  ratio  of  the  dead  and  live  load. 

The  lowest  point  in  the  curve  for  any  loading  may  be  found  by 
placing  equal  to  zero  the  first  derivative  with  respect  to  x  of  eqs.  (8) 
and  (9)  and  solving  for  x.    From  eq.  (8)  we  get 

Xt" z 1^ ....     (10) 

and  from  eq.  (9), 

*-"^(^-¥*0 (") 

where  x^  represents  the  distance  from  the  left  end  of  the  span  to  the 
low  point  of  the  cable  curve.  The  conditions  existing  are  shown  in 
Figs.  9  (b)  and  (c).  Eq.  (10)  gives  the  value  of  x^^  for  Fig.  (c),  when 
x^^  <  kly  and  eq.  (11)  for  Fig.  (6)  when  Xj^>  kl. 

When  the  low  point  occurs  at  the  head  of  the  load,  then  x^^  =  kl 
in  either  eqs.  (10)  or  (11),  and  we  have 

/    \w^       w       w\ 
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Since  a  decrease  of  ik  in  (lo),  and  an  increase  of  ^  in  (ii)  will 
cause  the  low  point  to  shift  its  position  farther  toward  the  left,  it  can 
be  seen  that  the  greatest  lateral  shifting  occurs  when  k  is  equal  in 
both  equations,  or  for  the  conditions  given  in  eq.  (12).  Then  eq. 
(12)  gives  the  distance  D  E,  Fig.  9  (a),  to  the  position  of  the  greatest 
lateral  displacement  of  the  low  point  of  the  cable.  This  distance 
measured  from  the  span's  centre  is  DG  —  D E  =  d,  or 


^-'[-:-w?-7-7)]-  ■  •  •  (■^' 

The  sag  F  at  the  low  point  Cj  Fig.  9  (a),  may  be  found  from  eq.  (8)  or 

{g)ioTx  =  kl  =  I  ( -J  :i2  +  "T  — t) '     "^^^  change  in  sag,  df,  may 

be  found  by  subtracting  from  F  the  ordinate  to  the  cable  at  the  same 
point  as  determined  from  eq.  (11),  Art.  117.  The  following  table 
gives  the  values  of  x^  for  various  ratios  of  live  to  dead  load  in  eq.  (12) ; 
and  also  values  of  d  from  eq.  (13),  and  values  of  d/as  explained  above: 


Values  of  -^ 
w 

3 

2 

I 

H 

Vs 

^L 

0-333 

0.366 

0.414 

0.449 

0.464/ 

d 

0.167 

0.134 

0.086 

0.051 

0.036/ 

F 

0.989 

0.984 

0.98s 

I  035 

1151/ 

y 

0.888 

0.928 

0.968 

0.988 

0 . 996/ 

df 

O.IOI 

0.056 

0.017 

0.047 

0.165/ 

The  values  of  F'  and  F",  Figs.  9  (ft)  and  (c),  for  various  condi- 
tions of  loading  may  be  found  by  placing  the  value  of  :j:^,  as  given  by 
eqs.  (10)  and  (11),  in  eqs.  (8)  and  (9).  Then  we  have  for  F',  Fig.  9 
(6),  where  x  >  kl, 

F'^f- ,        ^  -       . ^     .     (X4) 


which  holds  for  values  of  k  from  o  to  ( ^—  H —J.     In  the 


P        Pf 
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same  way  for  the  value  of  F",  Fig.  9  (c),  where  x  <  kl^yfQ  have 

which  holds  for  values  of  k  from  (v— 5-1 jto  i.     The  maxi- 

\y  p^       p        pj 

mum  values  of  F'  and  F^  may  be  found  by  placing  equal  to  zero 
the  first  derivation  of  these  quantities  with  respect  to  k.  For 
maximum  F',  (Fig,  (i)),  the  value  of  k  is  given  by  the  equation 

3-4** -5  —  *'  -  12-^*'  +  3ife  f-^-  i)  +  I  -o.     (16) 

The  solution  of  this  equation  for  various  values  of  -^  gives  the  follow- 
ing results: 


Values  of  -^ 

w 

\ 

\ 

I 

a 

3 

k 

0.300 

0.290 

0.275 

0.265 

0.250/ 

P' 

0.988 

0.978 

0.964 

0.936 

0.911/ 

«t 

0.485 

0.479 

0.462 

0.430 

0.406/ 

y 

0.999 

0.998 

0-995 

0.980 

0.965/ 

if 

O.OII 

0.020 

0.031 

0.044 

0.054/ 

Again  from  eq.  (15)  we  find  in  the  same  way  that  for  maximum  fy 
(Fig.  (c)),  the  value  of  k  is  given  by  the  equation 

3^**+  (s  -  2-^)-^A»  -3—*'  +  3*-  2  =0.       (17) 
Values  of  the  various  quantities  are  given  in  the  following  table: 


lues  of  — 
w 

i 

i 

I 

2 

3 

k 

0.655 

0.650 

0.645 

0.640 

0.630/ 

pn 

1.002 

1. 012 

1. 018 

1.022 

1 .  024/ 

^L 

0.486 

0.479 

0.468 

0.457 

0.449^ 

y 

0.999 

0.998 

0.996 

0.994 

0.992/ 

dj 

0.003 

0.014 

0.022 

0.028 

0.032/ 
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Live4oad  an  Central  Portion. — The  greatest  sag  for  the  centre  point 
of  the  cable  will  be  found  to  occur  when  the  centre  portion  of  the  span 
only  is  loaded  as  shown  in  Fig.  (11).  Proceeding  as  in  the  previous 
case,  the  equation  of  the  cable  curve  for  the  portion  A  Dis  found  to  be 

w  X  (I-  x)  +  p  I  Jg  (i  -  2  ^)  ,  g. 


y  - 


2H 


For  the  portion  JOE  we  have 

{w  +  p)  {I-  x)x  "  pl^P 


y  = 


2H 


....        (19) 

/ 

If  the  centre  sag  at  point  C  is  F,  then  in  eq.  (19)  for  y  =«  F  and  x  ^  — 
we  have 


H  = 


2^F 


[{w  +  p)  -4/^n 


(20) 


It  is  readily  seen  that  the  maximum  value  of  H  will  occur  when  i  «  o, 


It 


Vtp ItMi pecUn.  ft.  \ 


.p  lb&  per 


F-/ 

UlLft. 


;Mn»<»Mi«»rit'>»K<«i>ay./y/>'. 


Fig.  zi. 


or  for  the  entire^^ptn^  loaded  with  (^  +  ^^ij)Qunds  pen  lin*jt.    The 

value  of  H  is  then  (w  +  p)  ^-j.,  where  F  is  equal  to  /,  the  centre  sag 

of  the  cable  imder  full  load.     Substituting  the  value  of  H  from  eq. 
(20)  in  eqs.  (18)  and  (19)  we  have  as  the  equations  of  the  cable  curve 


For  :r  <  *  / 


_aP  vfxQ  —  x)  +  plx(i  —  2  k) 


•  '  • 


(21) 
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And  ior  X  >  kl 

4^  [(w  +  p)(l-x)x-pl^P] 

To  determine  the  relation  between  F  and  /  we  may  proceed  as 
before  to  determine  the  lengths  of  the  various  portions  of  the  cune 
from  eqs.  (21)  and  (22)  and  equate  them  to  the  total  length  of  the 
cable. 

Using  the  same  approximate  equations  as  before,  we  have,  length 
AD  =  EB  = 

(  SF"  v?V  8i^[^;(i  ^Jfe)  H-^  (i -2it)P/ 

also  length,  DCE  = 

(8  P\ 
I  +  ^  jX 

Placing  the  expression  ior  DC E  -{•  2  A  D  equal  to  total  length  of 
cable  and  reducing,  we  have 

F=/ ^^"^ 1 ""LA J.     (23) 

From  eq.  (23)  the  sag  F  under  any  partial  loading  may  be  determined 
in  terms  of  the  sag  /  of  the  unloaded  cable.  The  deflection  due  to 
the  given  loading  will  be  F  —  /  =  t//.  By  placing  the  first  derivative 
of  F  with  respect  to  k  in  eq.  (23)  equal  to  zero  and  solving  for  i,  we 
may  determine  the  position  of  loading  for  maximum  F  or  df.  Thus 
we  find  the  value  of  k  to  be  given  by  the  equation 


w 


\      w       f         '^  w  \w       I         ^\      w       J  \w       I        4\w/ 


The  values  of  k  from  eq.  (24)  for  various  ratios  of  —  are  given  in  the 

following  table.  Also  values  of  F,  determined  by  substituting  the 
above  values  of  i  m  eq.  (23),  and  the  resulting  values  of  d/are  given 
in  the  same  table. 
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p 

Values  of  — 
w 

\ 

i 

I 

2 

3 

■  k 

0-3S2 

0356 

0-375 

0.402 

0.410/ 

F 

1. 022 

1.028 

1.045 

1.066 

1.097/ 

df 

0.022 

0.028 

0.04s 

0.066 

0.097/ 

Seotion  III. — Stiffened  Suspension  Bridges 

185.  Introduction. — ^In  suspension  bridges  which  are  to  be  used 
for  heavy  traffic,  the  roadway  must  be  kept  as  nearly  as  possible  at 
the  same  grade  under  all  conditions  of  loading.  To  accomplish  this, 
the  cable  must  be  prevented  from  svinging  into  a  new  equilibrium 
curve  when  the  span  is  only  partially  loaded  with  live  load.  The 
desired  resistance  to  distortion  is  usually  obtained  by  one  of  the  two 


Fig.  12. 

following  methods:  i.  By  a  horizontal  stiffening  truss  suspended 
from  the  cable;  2.  By  making  the  cables  themselves  rigid  enough  to 
resist  the  distortion. 

Fig.  12  shows  a  structure  of  the  first  class  mentioned  above.     A 
truss  carrying  the  roadway  or  track  is  suspended  from  the  cable.     Due 


Fig.  13. 

to  the  stiffness  of  the  truss,  a  load  applied  at  any  point,  or  a  uniform 
load  covering  a  part  of  the  structure,  will  be  distributed  to  the  cable 
approximately  as  a  imiform  load.  The  stiiBfer  the  truss  the  more 
nearly  uniform  will  be  the  load  on  the  cable  and  therefore  the  less  the 
distortion  of  the  cable. 
II.— 14 


2IO 
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In  the  Brooklyn  Bridge,  which  is  of  this  type,  inclined  stays 
were  added,  which  ran  out  to  about  the  quarter-point  of  the 
span  as  shown  in  Fig.  13.  Due  to  the  uncertainty  of  just  how  these 
stays  act  under  loading,  and  also  because  they  have  not  been  found 
to  act  efficiently  as  a  means  of  stiffening  the  roadway,  their  use  has 
been  abandoned.  ' 


Fig.  14. 

In  structures  of  the  second  class,  the  cable  itself  is  made  rigid. 
This  may  be  done  in  several  different  ways.  One  arrangement  is 
shown  in  Fig.  14.  Two  eye-bar  chains  are  himg  one  above  the  other 
and  braced  to  form  a  rigid  system  which  is  similar  in  nature  to  a  hinge- 


Fio.  15. 

less  arch.     Due  to  difficulties  in  erection  and  uncertainty  of  stress 
calculation,  examples  of  this  system  are  rare. 

The  structure  shown  in  Fig.  15  is  similar  to  a  two-hinged  arch, 
inverted.  This  form  was  used  in  one  of  the  proposed  designs  for  the 
Manhattan  Suspension  Bridge  in  New  York  City. 


Fig.  16. 


In  Fig.  16  is  shown  a  structure  built  on  the  three-hinge-arch  prin- 
ciple. The  Point  Suspension  Bridge  at  Pittsburg  is  a  notable  example 
of  this  type.     Here  the  stresses  are  all  statically  determinate,  and  are, 


y. 
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therefore,  not  subject  to  any  of  the  uncertainties  which  exist  in  the 
types  shown  in  Figs.  14  and  15. 

In  the  following  articles  the  structures  here  shown  will  be  taken 
up  in  detail  and  methods  for  stress  calculation  developed.  This  work 
will  be  divided  into  two  parts — one  part  referring  to  structures  in 
which  a  horizontal  stiffening  truss  is  used,  the  other  to  structures  in 
which  the  cable  itself  is  made  rigid.  The  treatment,  however,  will 
refer  mainly  to  structures  with  horizontal  stiffening  trusses.  In  the 
case  of  structures  with  stiffened  cables  the  methods  used  in  arch 
analysis  can  be  applied  with  but  few  modifications,  which  will  be  taken 
up  in  detail. 

186.  General  Method  of  Procedure. — In  the  determination  of 
stresses  in  structures  with  horizontal  stiffening  trusses  the  following 
assumptions  are  made: 

\  The  initial  curve  of  the  cable  is  parabolic. 

2.  The  entire  dead  load  is  carried  by  the  cable  and  causes  no  stress 
in  the  stiffening  trusses.  The  trusses  are  stressed  by  changes  of  tem- 
perature," and  by  live  load. 

The  first  assumption  is  based  upon  the  facts  brought  out  in  Section 
*  I  of  this  chapter,  concerning  the  cable  as  a  structure  by  itself. 

The  second  depends  upon  the  field  methods  used  in  the  erection 
of  such  structures.  The  trusses  are  erected  with  all  joints  field 
bolted.  After  the  erection  has  been  completed  and  the  trusses 
brought  to  the  desired  grade  by  adjustment  of  the  hangers,  the 
joints  are  riveted  up  at  the  proper  temperature,  realizing  the 
assumed  conditions. 

In  developing  the  methods  of  calculation,  the  discussion  will  be 
divided  into  Approximate  and  Exact  Methods.  In  the  Approximate 
Method,  the  trusses  are  considered  to  be  very  stiff,  and  the  loads  com- 
paratively light.  Under  these  conditions  the  effect  of  the  deformations 
due  to  stress,  upon  the  general  dimensions  of  the  structure  will  be 
neglected.  The  cable  is  therefore  assumed  to  retain  its  original 
parabolic  form,  and  the  hanger  loads  acting  thereon  are  assumed 
to  be  uniformly  distributed  under  all  conditions  of. loading.  This 
method  is  sufficiently  accurate  for  most  cases. 

For  structures  in  which  the  trusses  are  not  very  stiff  and  the 
span  long,  the  deformations  of  truss  and  cable  can  no  longer  be 
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neglected.     These  conditions  are  considered  in  the  exact    method 
of  calculation. 

(a)  approximate  methods  of  calculation 

187.  General  Expressions  for  Horizontal  Component  of  Cable 
Stress  and  for  Moments  and  Shears  in  the  Stiffening  Truss. — A  cable 
.over  a  single  opening  is  stiffened  by  a  truss  suspended  in  any  manner 
at  ff,  and  R^  as  shown  in  Fig.  17.  Required  the  horizontal  component 
of  the  cable  stress. 

Since  the  stiffening  truss,  acting  alone,  is  capable  of  -supporting 
loads,  the  truss  and  cable  constitute  a  redundant  system.  The  cable 
may  be  conveniently  regarded  as  the  redundant  member.    The  same 


general  method  of  analysis  may  be  employed  as  explained  in  Part  I. 
Tn  proceeding  with  this  method  we  will  imagine  the  cable  cut  at  a 
point  near  the  tower.  This  being  done  the  stresses  in  all  members  will 
be  determinate,  and  will  correspond  to  the  stresses  S'  and  the  moments 
M'  of  Art.  222,  Part  I.  These  stresses  in  the  towers,  hangers,  and 
cable  will  be  zero,  and  the  moments  in  the  truss  will  be  the  same  as 
if  the  cable  was  removed.  Let  H  be  the  horizontal  component  of 
the  cable  stress  and  let  this  be  taken  as  the  redundant  stress.  Then 
from  the  theory  of  redundant  members,  as  given  in  Part  I,  we  have 
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for  a  system  made  up  of  members,  part  of  which  are  acted  upon  by 
bending  moments,  and  part  by  direct,  or  axial,  stresses, 

WTiere  u  is  the  direct  stress  in  the  hangers,  the  towers,  and  at  any  point 
in  the  cable,  for  a  stress  in  the  redundant  member  such  that  its 
horizontal  component  is  i  lb.;  m  is  the  bending  moment  at  any  point 
in  the  stiffening  Jruss  at  the  same  time.  The  moment  of  inertia  of  the 
stiffening  truss,  /,  and  the  area  of  the  cable,  Ay  are  considered  as  uni- 
form over  their  entire  length. 

V^Eq.  (i)  is  then  a  general  expression  for  the  horizontal  component 
of  cable  stress  for  structures  with  horizontal  stiffening  trusses  of  any 
form.  By  calculating  the  values  of  M',  w,  and  «,  subject  to  the  con- 
ditions governing  these  values  for  the  structure  in  question,  and 
substituting  in  eq.  (i),  an  expression  for  the  horizontal  component  of 
the  cable  stress  can  be  obtained  for  any  particular  case. 

The  moment  at  any  point  in_the  stiffening  truss^fter  the  addition 
of  the  cable  wflTbe  given  by  the  equation 

M  ^  M'  +  Hm (2) 

This  equation  is  obtained  in  the  same  manner  as  the  expression  for 
stress  in  any  member  of  a  system  with  a  redundant  member. 
The  shear  at  the  same  point  is 

y^dM^dW  dm^y  dm       _     .     0 

dx        dx  dx  dx 

where  V  is  the  shear  in  the  truss  before  the  addition  of  the  cable. 

These  general  expressions  will  now  be  applied  to  particular  cases, 
and  values  of  horizontal  component  of  cable  stress,  moment,  and 
shears  will  be  derived. 

(a)  Structure  over  a  Single  Openings  Truss  Hinged  at  the  Ends 

188.  Value  of  H  for  Various  Cases. — In  the  structure  shown  in 
Fig.  18,  the  stiffening  truss  is  a  simple  beam  of  span  /,  anchored  at  the 
ends,  at  which  points  it  is  free  to  turn.    Required  the  stresses  in  the 
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various  parts  of  the  structure  due  to  any  loading.  The  horizontal 
component  of  the  cable  stress  is  given  by  cq.  (i),  when  M',  m,  and  w 
are  determined  for  the  conditions  shown  in  Fig.  i8. 

The  value  of  M'  depends  upon  the  loading  in  question  and  is  tc 
be  calculated  as  for  a  simple  beam  of  span  I. 


.^- 


The  value  of  m,  the  bending  moment  at  any  point  in  the  stiffening 
truss  for  a  i-lb.  load  at  A,  acting  horizontally,  is  found  by  taking 
moments  about  the  neutral  axis  of  the  truss.    Fig.  19  shows  a  portion 


of  the  structure  removed  with  all  forces  acting,  from  which  we  find 

m^  -  {h  +  y)  +h y (4) 

The  same  result  is  obtained  by  the  following  method.  The  i-lb, 
lead  at  A  will  cause  an  upward  pull  on  the  truss  through  the  hangers. 
Since  the  cable  is  assumed  to  hang  in  »  parabola  this  pull  will  be 
uniform  over  the  whole  truss.    Its  amount  will  be  such  as  to  make 
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H  equal  to  one  pound.    From  eq.  (26)  of  Section  i,  we  find  that  this 

8  / 
load  must  be  -^  pounds  per  foot.      The  bending  moment  at  any 

8  / 
point  in  a  simple  beam  due  to  an  upward  load  of  -^  lbs.  per  foot, 

4  f  X 

is  —  ^r^  ('"*)•    Then  we  have  as  before 

m ^^  {l-x) y    .     .     .     (4a) 

8/ 
Also  from  the  equilibrium  polygon  a^  drawn  for  a  load  of  — ^ 

lbs.  per  ft.,  we  have  in  general,  Af  =  —  if  y,  as  given  in  Chapter  II, 
Part  I.    As  fl"  is  here  taken  as  i  lb.,  we  have:  m^  —  y._ 

Substituting  the  values  determined  above  in  eq.  (i),  we  have 

f^^dx^--j^X  M'ydx.      ...     (5) 
Also 

The  term  2"  -j^  of  ^q«  (^)f  °^^st  be  evaluated  for  the  cable,  the 

hangers,  and  the  towers.    It  is  usual,  however,  to  neglect  the  parts 
due  to  the  stresses  in  the  towers  and  the 
bangers,  as  these  terms  are  very  small   in 
any  case.  ^^s.     h       ^* 

For  the  cable,  the  value  of  u  for  a  i-lb. 


load  at  A,  Fig.  18,  can  be  seen  from  Fig. 

20  to  be  3—.      The  element  of  length  / 
a  X 

here  becomes  ds^  the  total  length  of   the 

cable  from  tower  to  tower  being  L.     Also, 

A  is  the  area  of  the  cable  and  E  the  coefficient  of  elasticity.    Then, 

for  the  cable,  we  have 

AE^  AEJo    dx"  AeJo    dx"' 


2l6 
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From  the  equation  of  the  parabola,  origin  at  the  centre, 

64  /*  ^  1* 


ds 


=[ 


I  + 


Substituting  this  value  in  the  above  expression^  we  have 


X 


Ld_£ 


(7) 


For  brevity,  this  integral  will  hereafter  be  referred  to  as  Z,,,  eq.  (7). 

For  the  hangers,  the  value  of  u  is  equal  to  the  upward  pull  of  the 
cable  on  the  truss  for  a  i-lb.  load  at  A,  which  has  already  been  found 

8  / 
to  be   — jf  lbs.  per  ft.     The  length  of  hanger  at  any  point  is  seen 

from  Fig.  21  to  be 

where  F^  =  length  of  hanger  at  any  point  and  F^  =  length  of  the 
centre  hanger;     The  area  of  the  hangers  will  be  taken  as  -4^  per  foot 


h~«H 


Fig.  21. 


of  length  and  £^  will  be  taken  as  the  coefficient  of  elasticity  of  the 
hanger  ropes. 

Then  for  the  hangers 


AE 


'  64  P     Fx 


Ah  Eh 


i^fM'^fb-^^^-'A\' 


64f     tp     .    f\ 


(8) 


For  the  towers,  the  value  of  «  is  equal  to  the  vertical  component  of 
the  cable  stress  at  point  A,  Fig.  i8,  for  a  i-lb.  horizontal  load  at  the 
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i  y 
same  point,  or  «  =  3^.    For  the  parabola,  origin  at  -4,  when  x  =  o 

ax 

we  have  -~  =  -/.     Therefore  u  =  —j-^    The   length   of  the  tower 
ax        I  I  ^ 

will  be  taken  as  Fj^  and  its  area  A  j.    Then  we  have  for  the  towers 

AE         P     AjE ^^^ 

Collecting  the  various  terms,  as  given  by  eqs.  (5)  to  (9)  and  insert- 

S'ul 
ing  in  eq.  (i),  remembering  that  for  this  case  the  term  I  v^       is  zero, 

A  b^ 

we  have 


-^J^M^ydx 


iSB/  "^  AE'^  I^AhEi,  \   ""^  3/  ^  /Mr£ 

which  is  the  general  expression  for  the  horizontal  component  of  the 
cable  stress  in  the  structure  shown  in  Fig.  18. 

In  this  equation  the  Value  of  M'  depends  upon  the  loading  in  the 
particular  case.  Therefore  Af'  must  be  expressed  as  a  function  of  x  and 
the  integration  performed  as  indicated  in  eq.  (10).  For  a  single  load 
P,  a  distance  k  I  from  the  left  end  of  the  span,  as  shown  in  Fig.  18, 
the  integral  must  be  divided  into  two  parts,  one  part  for  x  less  than 
kl,  the  other  part  for  x  greater  than  kU    The  term  then  becomes 

=-pjP//'*(A»-a*'+i) («) 

Substituting  this  value  in  eq.  (lo),  neglecting  the  efiFect  of  the 
hangers  and  towers,  we  have 

-PfPk(J^  -  2/fe»  +  i) 

H  = X ■ ....     (12) 

15  -4 
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which  is  the  value  of  the  horizontal  component  of  the  cable  stress  for 
a  single  load  P  on  the  main  span.    The  value  of  ff  is  foimd  to  be  a 
maximum  when  ife  =«  K>  or  for  the  load  at  the  centre  of  the  span. 
For  a  uniform  load  of  p  pounds  per  linear  foot  extending  a  distance 


)lbs.perlln.  ft 

FlG.  22. 


kl  from  the  left  end   as  shown  in  Fig.   22,    the  term  CM' ydx 
becomes 

+X'['-r^('-«)][^<'-«)]^- 

The  same  result  may  be  obtained  from  eq.   (11)  by  replacing 
Phy  pldk  and  integrating  between  the  limits  k  and  o.    We  then  have 

For  this  case,  again  neglecting  the  effect  of  hangers  and  towers, 
eq.  (10)  becomes 


£r  = 


15  A 


(13) 


which  is  the  value  of  H  for  a  uniform  load  extending  a  distance  k  I 
from  the  left  end  of  the  span.  The  value  of  fl"  is  found  to  be  a  maxi- 
mum when  k  =  I,  or  for  the  entire  span  loaded,  when 

'  P/P 
H  - 


IS 


Denominator  eq.  (lo)  or  (12) 
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For  a  uniform  live  load  p  lbs.  per  lin.  ft.,  covering  a  portion  of  the 
span  as  shown  in  Fig.  23,  the  value  of  \M'  y  dx  may  be  foimd  from 
eq.  (11)  as  explained  above.    Thus  we  have 


/ 


ri-n) 
PfP 


P/P 


•ll)a.p«illii.ft. 

Fig.  23. 


A(A»-  2*»  +  i)dk 


30 


[2  -  «*  (5  -  S  »'  +  2  »')  -  **  (5  -  5  **  +  a  *•)] 


The  value  of  H  for  this  case  b  then 


H~ 


-pfP[2  -  »'  (S  -5  «*  +  2»*)-*'  (S  -  5  *'  +  2*0] 


30 


•        • 


(14) 


Denominator  eq.  (12) 
When  the  distances  A  C  and  D  B  are  equal,  or  for  n  »  i 

j.pfP[i-kH5-sk'  +  2l^] 

Denominator  eq.  (12)  *     .   '     '     ^  5; 

For  opposite  loading  conditions,  that  is,  for  load  on  i4  C  and  D  B, 
Fig.  23,  no  load  on  C  D,  the  value  of  H  may  be  obtained  by  subtracting 
the  value  of  £f  as  given  by  eq.  (14)  or  (15),  from  H  for  full-load  con- 
ditions, or 


H- 


—  Pf^"  Numerator  eq.  (14)  or  (15) 


Denominator  eq.  (10)  or  (12) 

189.  Effect  of  Temperature  Changes  on  H. — ^The  effect  of  a  change 

S'ul 


AE 


of  temperature  on  the  stress  in  the  cable  is  found  from  the  term  2 

of  eq,  (i).    Here  -j-=;  is  to  be  replaced  hyiotds,  the  change  in  length 

A  JlL       -  - 

of  an  element  of  the  cable,  d  s,  due  to  a  change  in  temperature  of  / 
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degrees^  the  coefficient  of  linear  expansion  being  denoted  by  w.    The 

d  s  P^      dr 

value  of  u  is  again  t-.     We  then  have  a  term  of  the  form  /    w  t-j~ 

^       dx-  •'o         a  X 

to  be  added  to  the  numerator  of  the  equation  for  H.  Inserting  the 
value  of  d  s,  and  proceeding  as  in  the  derivation  of  L,  in  eq.  (7),  we  have 

Hereafter  this  expression  will  be  referred  to  as  L|,  eq.  (16). 
Inserting  this  value  in  eqs*  (10)  or  (11),  we  have 

Denominator  eq.  (10)  or  (12)        '     *      * 

which  is  the  value  of  the  horizontal  component  of  the  cable  stress  for 
a  single  load  P,  temperature  effect  included.  In  the  same  w^ay  we 
have  for  a  uniform  load  of  p  pounds  per  foot 

i-  pfl^k^  (2  **  -  5  *'  +  5)  -  EIwtL, 
Denominator  eq.  (10)  or  (12) 

From  eqs.  (17)  and  (18)  it  can  be  seen  that  a  rise  in  temperature  tends 
to  decrease  the  value  of  the  horizontal  component  of  cable  stress,  while 
a  fall  in  temperature  causes  an  increase. 

190.  Moments  and  Shears. — ^The  moment  at  any  point  in  the 
stiffening  truss  can  be  obtained  from  eq.  (2)  by  substituting  for  J/' 
and  m,  their  values  for  this  case,  J/'  and  —  y  respectively. 

We  then  have 

Jfj=_  M:  - JJ.y (ig) 

That  is,  the  bending  moment  at  any  point  in  the  stiffening  truss  is 
equal  to  the  bending  moment  at  the  same  point  in  a  simple  beam  of 
like  span,  minus  the  product  of  the  horizontal  component  of  the  cable 
stress  and  the  ordinate  to  the  cable  curve  at  that  point. 
Likewise  from  eq.  (3),  the  shear  at  any  ix)int  is 

F  =  F'  -  H  ^  =  P  -  H  tan  (?      .     .     .     (20) 

dx . — 
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\rhere  V  is  the  shear  in  a  simple  beam  of  the  same  span^  and  tan  dy 

d  y  , 
or  -p ,  is  the  slope  of  the  cable  at  the  point. 

19 1.  Influence  Line  for  Moment — ^The  variation  in  the  moment 
and  shear  at  any  point  in  the  stiffening  truss  due  to  any  condition  of 
loading  can  best  be  studied  by  the  use  of  influence  lines.  The  influence 
line  for  moment  at  any  point,  as  E,  Fig.  24  (a),  will  now  be  drawn. 
For  this  purpose  eq.  (19)  may  be  written 

2f  -  (y  -  ff)  y.        (21) 

This  equation  is  best  plotted  as  the  difference  between  the  two  quantities 

\r 

—  and  Hy  as  shown  in  Fig.  24  (6).    The  curved  line  acb  shows  the 

value  of  Hy  as  calculated  from  eq.  (12).  Here  P  is  taken  as  i  pound, 
and  the  effect  of  temperature  is  neglected,  as  this  may  best  be  studied 

separately.     The  influence  line  for  —  is  drawn  in  the  same  way  as 

Ihe  influence  line  for  a  simple  beam  as  explained  in  Part  I.  It 
is  only  necessary  to  calculate  the  maximum  ordinate,  which  occurs 
at  the  point  for  which  the  influence  line  is  to  be  drawn.  From 
Fig.  24  (a)  we  see  that  for  the  i-lb.  load  at  £,  Af'  =  w  /  (i  —  »).  Also 
at  this  same  point  y,  the  ordinate  to  the  cable  curve,  is  4fn  (i  —  n). 
This  is  obtained  by  substituting  x  ^  nl  in  the  equation  of  the  cable 
cune  referred  to  point  A,  Fig.  24  (a),  as  origin.     Then  we  have 

—  =  — >,  from  which  we  see  that  the  maximum  ordinate  is  the  same 

y     4/ 

for  all   influence  lines.     The  lines   a  e  and   e  b    give  the  influence 

A/' 

line  for  —  for  point  E. 

y 

In  the  same  way,  the  influence  line  for  any  other  point  Af,  Fig.  (a), 
can  be  drawn  by  locating  the  point  m  in  Fig.  (b)  and  drawing  the  lines 
a  m  and  b  m.    The  same  curve  for  H  can  be  used  for  all  cases. 

192.  Moments  from  Influence  Lines. — ^The  moment  at  point  E 
for  a  load  at  point  G  will  be  given  by  the  ordinate  to  this  influence  line 
at  G  multiplied  by  y,  the  cable  ordinate  at  E,  or 

Me  =  (ordinate/^)  X  y (2 2 J 
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From  the  influence  line  it  can  be  seen  that  this  moment  is  positive  for 

M' 
loads  on  the  section  D  K,  for  here  the  value  of  —  exceeds  H,    For 

y 

the  section  K  F  the  moment  will  be  negative.  • 


AV, 


Fio.  34. 


The  maximum  positive  moment  will  occur  when  the  load  is  at 
point  E.  For  the  load  at  point  K  the  moment  at  E  will  be  zero.  The 
maximum  negative  moment  at  E  will  occur  when  the  ordinate  r  5  is 
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greatest.     The  load  is  then  at  a  point  about  half  way  between  K 
and  Fj  the  exact  position  being  best  determined  by  trial. 

The  moment  due  to  a  uniform  load  of  p  lbs.  per  ft.,  extending 
over  any  portion  of  the  span,  is  given  by  the  product  of  the  corre- 
sponding area  of  the  influence  diagram  (shown  by  the  shaded  area) 
and  the  ordinate  y  of  the  given  point.     Or,  in  general, 

J^E  ==  ^  X  (area  influence  diagram)  X  y.  (23) 

For  the  maximum  positive  moment  at  JS,  the  uniform  load  would 
extend  from  the  left  end  of  the  span  to  point  K^  or 

M^  ^  P  X  [area adce, Fig.  24  (6) ]  X  y.      .     .     (24) 

In  the  same  way,  the  maximum  negative  moment  occurs  when  the 
load  extends  from  K  to  F,  and  its  value  is 

if  £  =  ^  X  [area  brcs,  Fig.  24  (b)]X  y.  .     (25) 

193.  E£fect  of  Temperature  on  Moments. — ^The  effect  of  changes 
in  temperature  on  the  moment  at  any  point  will  now  be  considered. 
Temperature  changes^fiFect  the  value  of  the  horizontal  component  of 
tTie'caBle  stress,  but  Ho  not  affprt  the  xalue.Qf.MMn^eq.  (19).  Then 
Tor  a  change  in  temperature  we  have  from  eq.  (19),  that  the  change  in 

moment  is 

M^ Hy.      .     .     .     .     .      .     (26) 

From  eq.  (17)  we  see  that  for  a  change  in  temperature  of  +  /  degrees, 
the  value  of  the  horizontal  component  of  cable  stress  is 

H, EliotLt 

*  Denominator  eq.  (10)  or  (12) 

Then  from  eqs.  (26)  and  (27),  the  moment  due  to  a  change  in 
temperature  is 

M  ^  ± ElwtUy .  g. 

'  Denominator  eq.  (10)  or  (12)* 

Thus  a  rise  in  temperature  causes  a  positive  moment  in  the  stiffening 
truss,  and  a  fall  in  temperature  causes  a  negative  moment. 
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From  eq.  (28)  we  see  that  to  obtain  maximum  moments  for  live 
load  and  temperature  effect  combined,  positive  live-load  moments  and 
temperature  moments  due  to  a  rise  in  temperature  are  to  be  taken 
together.  Maximum  negative  moments  are  obtained  by  combining 
temperature  moments  due  to  a  fall  in  temperature  with  negative  live- 
^oad  moments. 

194.  Influence  Lines  for  Shear. — ^To  aid  in  drawing  influence  lines 
for  shear  at  any  j)oint  in  the  stiffening  truss,  eq.  (20)  will  be  written 
in  the  form 

V  =  (7'  cot  fl  -  iff)  tan  fl (29) 

The  values  of  tan  (?,  and  cot  0  in  this  expression  may  be  determined 
from  the  equation  of  the  cable  curve  referred  to  point  i4,Fig.  24  (a)  as 

origin,  or  tan  I?  =  -~  =  y/  {I  —  2  x).    For  the  influence  line  at  point 

E,  where  x  ^  nly  we  have  tan  ff  =  -p  (i  —  2  ft).      Eq.  (29)  then 

becomes 

V  -  \—rr^ — r  -  fl-n  ^  (i  -  2  n).      .     .    (30) 
L4  /  (i  -  2  n)  J    /    ^  ^  ^  ' 

The  influence  line  for  the  expression  in  brackets  will  be  drawn.  Here 
the  value  of  H  is  again  determined  from  eq.  (12)  as  in  the  case  of 
moments. 

The  curve  for  H  is  shown  by  a  e  ^  6  of  Fig.  24  (c).    The  value  of 

— 7-7 r  is  obtained  by  the  same  methods  as  for  simple  beams. 

4/(1  -  2  n)  -^  ^ 

The  ordinate  c  d,  Fig.  (c),  obtained  when  the  i-lb.  load  is  just  to  the 

ft  I 

left  of  point  E  is  c  d  = -r- r.      Since  this  is  a   negative 

4/(1  -  2») 

quantity,  it  must  be  plotted  so  as  to  add  to  -ff,  or  upward  from 
the  base  line  a  b.    For  the  load  just  to  the  right  of  point  £,  we  have 

d  f  =  '\-  -—r-. — r.    This  ordinate  is  positive  and  is  to  be  plot- 

4/(1- 2  n) 

ted  downward.  The  complete  influence  line  is  then  as  shown  in 
Fig.  (c). 
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195.  Shears  from  Influence  Lines.— The  shear  at  E,  Fig.  24  (a), 
for  a  load  at  any  point  is  obtained  by  multiplying  the  ordinate  to  the 

influence  line  under  the  load  by  the  quantity  ^  (i  —  2  w).     It  can 

be  seen  from  Fig.  (c)  that  loads  on  the  ends  of  the  span  cause  negative 
shears  at  point  £,  while  loads  on  a  short  portion  of  the  span  just  to 
the  right  of  E  cause  positive  shears. 

For  uniform  loads,  the  shear  at  E  is  given  in  terms  of  the  area  of 
the  influence  diagram  under  the  loaded  portion  of  the  span.  The 
shear  is  given  by  the  expression 

V  =  p  X  (area  influence  diagram)  X  -j^  (i  —  2  »).    .    (31) 

For  shear  at  the  span  centre,  tan  0  in  eq.  (20)  becomes  zero.  The 
cable  then  has  no  effect  on  the  shear,  which  is  now  equal  to  the  term 

pi  } 

V  alone.    The  maximum  centre  shear  is  therefore  ±  ^  for  all  cases. 

196.  Effect  of  Temperature  on  Shear. — ^Temperature  effects  are 
found  as  before,  a  rise  in  temperature  causing  positive  shears,  and  a 
fall  in  temperature  causing  negative  shears.  The  general  expression 
for  shear  due  to  temperature  is  given  by  eq.  (28)  when  y  is  replaced 
by  tan  &,  the  slope  of  the  cable  curve  at  the  point  in  question. 

197.  Deflection  of  the  Stiffening  Truss. — ^The  deflection  of  the  stiffen- 

ing  truss  may  be  calculated  from  the  formula  D  =  /    -=ry  d  x  given 

in  Part  I.  To  apply  this  formula  to  the  case  in  question,  the  stiffening 
truss  may  be  considered  as  a  simple  beam  of  span  /,  acted  upon  by  a 
moment  which  varies  according  to  eq.  (19);  that  is,  M  =  M'  —  H  y. 
The  cable  may  be  considered  as  removed,  its  effect  on  the  moments  in 
the  truss  being  represented  by  H  in  the  above  equation.  The  value 
of  m  is  found  by  applying  a  i-lb.  load  at  the  point  whose  deflection  is 
desired,  and  in  the  direction  of  the  desired  deflection. 
Then,  if  17  =  deflection  of  any  point,  we  have 


n.— 15 


226 


SUSPENSION   BRIDGES 


Let  it  be  required  to  find  the  deflection  at  point  D  in  the  truss 
of  Fig.  2$  for  a  load  P  at  point  C.     From  Fig.  25  we  find  the  fol- 


FiG.  25. 

lowing  values  for  Af '  and  m  for  any  point  distant  z  from  the  left  end 
of  span. 


+ 
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M'^ioO-^Pil  -k)  Z  M\ctoB)-Pk{l-z) 

{I  —  x)  Z  _  X  (I  —  z) 

^  iAtoD)   ""  I  ^{DtoB)  -~  I 

Here  x  and  k  I  are  constants^  representing  the  distance  from  the  left 
end  of  the  span  to  the  i-lb.  load  and  to  P  respectively.  Figs.  25  {b) 
and  (c)  show  the  values  of  M'  and  m  as  given  in  the  above  equations. 
Substituting  these  values  in  eq.  (32),  we  have  for  :r  <  ^  / 

Performing  the  integrations  as  indicated,  we  have 

n  ^  -—[^{1  "  k)  --  k  Px{l^  -  Z  k+  2)\  -  -g^[^*  -  2»  ;  +  i«  *].   (33) 

In  a  similar  manner  we  have  when  x>  kl 

f-^j[-  *  ^(3^-  *)  +  *  i**  (k'  +  2)  -  *»/»]  -j^[^  -  2;^  /  +  /•  ^]  (34) 

By  considering  x  variable  and  k  constant,  eqs.  (33)  and  (34)  will  give 
the  equation  of  the  elastic  line  of  the  truss. 

For  a  imiform  load  of  p  lbs.  per  lin.  ft.,  extending  a  distance  k  I 
from  the  left  end  of  span,  the  equation  of  the  elastic  curve  may  be 
foimd  in  a  similar  manner.  For  the  loaded  portion  of  the  truss,  where 
X  <  kl,  we  have 

and  ior  X  >  k  /,  or  for  the  unloaded  portion  of  the  truss, 

1--^[^^''6yi  +  x(k*  +  4)P-k'P']'-^^[^-'  2x^l^l'x^    .  (36) 

For  full  load,  Jfc  =  i  in  eq.  (35),  and  we  have 
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In  eqs.  (33)  to  (37)  the  value  of  H  is  to  be  taken  for  the  loading  in 
question,  as  given  in  Art.  188. 

The  expression  ip p~]  shows  the  distribution  of  the  live 

load  between  the    cable  and    the  stiffening  truss  under  full   load. 

8  f  H 
The  term  -=^ —    is  the  hanger  pull.     Then  the  proportion  of  the 


8  fH 
load  taken  by  the  cable  is      ^^   of  the  total,  while  that  taken  bv  the 

stiffening  truss  is . 

P 

Under  partial  loading,  the  total  load  taken  by  the  cable  is  {"-^7r~)  '• 

When  the  partial  load  extends  a  distance  k  I  over  the  span,  the  total 
load  on  the  truss  is  p  kl.    Then  the  proportion  taken  by  the  cable  is 

8  fH 
,  ^  .    For  full  load,  or  A  =  i,  the  result  is  the  same  as  given  above. 

198.  Influence  Lines  for  Deflection. — Influence  lines  for  deflection 
at  any  point  may  be  drawn  from  eqs.  (33)  and  (34).  By  the  law  of 
reciprocal  deflections,  as  stated  in  Part  I,  the  deflection  at  a  point 
distant  x  from  the  left  end  of  the  span  can  be  found  by  placing  P  =  i 
lb.  in  eqs.  (33)  and  (34) .  Then  if  the  load  at  point  x  is  taken  as  i  lb., 
the  resulting  equation  gives  the  influence  line  for  deflection  at  x. 

To  draw  the  influence  line  for  deflection  at  the  centre  of  the  span, 

we  must  use  eq.  (34),  as  ^  >  ife  /  for  the  centre  point.      Then  with 

/ 
x  —  -  and  P  =  I  lb.  in  eq.  (34),  we  have 

''=im(3*-4*')-^^-  .  .  .  (38) 

This  equation  gives  the  deflection  at  the  centre  for  a  load  of  i  lb.  at 
any  point  on  the  left  half  distant  k  I  from  the  left  end  of  span.  To 
aid  in  drawing  the  influence  line,  eq.  (38)  will  be  written 

^  =  [jy(3-4*')-^]^^.       .      .     .     (39) 
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The  curve  for  H  may  be  used  in  this  case  in  the  same  manner  as  for 
moment  and  shear  influence  lines.  In  Figs.  25  (rf)  and  {e)  are  shown 
influence  lines  for  deflection  at  the  centre  point.  Fig.  {d)  shows  the 
type  of  influence  line  found  for  structures  with  a  stiffening  truss  in 
which  the  moment  of  inertia  is  large.  The  influence  line  shows  that 
for  greatest  centre  deflection  the  structure  is  to  be  fully  loaded. 

The  amount  of  the  deflection  may  be  found  from  influence-line 
areas,  as  in  the  case  of  moments  and  shears,  or  it  may  be  calculated 

/ 
directly  from  eqs.  (35)  or  (37).    Placing  jc  =  -  in  eq.  (37),  we  have 

5^      /^      8/if\ 


7  (/^  -  -=^)       ....     (40) 


384  E 

which  is  the  centre  deflection  for  the  truss  fully  loaded.  When  the 
cable  is  removed,  or  for  fl"  =  o  in  eq.  (40),  the  deflection  is  the  same 
as  for  the  centre  point  of  a  simple  beam  of  span  /  under  uniform  live 
load. 

The  influence  line  shown  in  Fig.  (e)  is  the  type  found  for  structures 
in  which  the  stiffening  truss  is  very  flexible.  Here  the  greatest  down- 
ward deflection  is  caused  by  loading  only  the  centre  portion  of  the 
span.  Loads  on  the  ends  of  the  span  cause  upward  deflections  at  the 
centre.  The  amoimts  of  these  deflections  may  be  found  by  influence 
line  areas  as  in  previous  cases. 

199.  Effect  of  Temperature  on  Deflection. — ^The  deflection  resulting 
from  temperature  changes  is  found  from  eq.  (33)  by  placing  P  =  o 
and  H  ^  H^  from  eq.  (27). 

We  then  have 

^l=-J^(^-2^/  +  P^).  .        .        .       (41) 

/  <    fPHt 

For  the  centre  deflection,  where  :»  =  -,  17^= ^     t?  t  ' 

2  4^    -^  -^ 

Substituting  H^  as  given  by  eq.  (27),  we  have 

'  Denominator  eq.  (10)  or  (12)* 

For^  rise  in  temperature  1?^  is  positive  and  the  deflection  is  downward ; 
for  a  fall  in  temperature  Vt  is  negative  and  the  deflection  is  upward. 
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(b)  Structure  over  Three  Openings.     Side  Spans  Suspended, 

Trusses  Hinged. 

200.  Value  of  H. — ^When  side  spans  are  added,  which  are  also 
suspended   from  the  cable,  as   shown  in  Fig.  26,  the  various  terms 


I* — ^j_-. 


Fig.  26. 


444- Ir -** 

I  ^  • 


of  eq.  (i)  must  be  made  up  to  include  these  spans,  as  well  as  the  main 
span. 

The  values  of  M^,  m,  and  u  for  the  main  span  are  the  same  as  given 
in  Art.  188  for  the  structure  of  Fig.  18. 

The  side-span  values  are  obtained  by  methods  similar  to  those 
used  for  the  main  span^  M^  is  again  the  moment  in  a  simple  beam 
of  the  same  length  as  the  side  span.  This  moment  will  be  called  M\. 
The  value  of  m  is  found  by  a  method  similar  to  that  of  Art.  188  to  be 


w  =  — 


h' 


(h  -  «i) Vt 


where  x,  and  y,  are  referred  to  axes  as  shown  in  Fig.  2.     Then  we  have 

r'M'm  I      /".,.,        . 


also 


(43) 


These  quantities  are  seen  to  be  of  the  same  form  as  the  correspond- 
ing main-span  term,  the  primes  indicating  that  side-span  dimensions 
are  used. 

u^l 
The  term  I  -j-=,  is  again  to  be  made  up  for  the  cable,  hangers, 
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and  towers.     The  main-span  terms  are  the  same  as  in  Art.  188. 

ds 
the  side  spans,  the  value  of  u  for  the  cable  is  -j-^. 


For 


Then  we  have 


-/ 


^»    I    d  s^ 


uH 


AE     •/o     AEdx^' 


To  perform  this  integration,  it  is  best  to  apply  the  method  used  in 
the  determination  of  the  exact  length  of  the  side  span  cable,  given  in 


V— 
V — 


Ic 

Fio.  27. 


Art.  178.    From  the  equation  of  the  cable  curve,  referred  to  the  centre 
point  £,  Fig.  27,  as  origin,  we  have 

TeL     IT:^  '  AE  J^^.,^,    L^+-fcT- J   '^^^      •     (44) 


Then  for  the  main  span,  and  two.  side  spans,  we  find  from  eq.  (7), 
Art.  188,  and  eq.  (44), 


(■+*tO*+Af'-['-S^+('+^')']] 


(45) 


(^-« 


As  before,  this  equation  will  be  referred  to  as  L,  eq.  (45). 
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For  tfie  hangers,  u  is  again  equal  to  the  upward  pull  of  the  cable 

8  f 
on  the  truss,  which  is  found  to  be  -jy  lbs.  per  lin.  ft.    From  Fig,  28  the 

length  of  a  hanger  at  any  point  is 

Px^Ps-yi-  ^1  tan  «! 

where  F,  is  the  length  of  the  hanger  at  the  tower,  and  y,  +  Xi  tan  a^ 
is  the  ordinate  to  the  cable  curve  as  given  by  eq.  (17),  Art.  175.    Then 


with  Af^  as  the  area  of  the  hangers  per  foot  of  span,  we  have  for  both 
side  spans 


From  eq.  (46)  and  from  eq.  (8)  of  Art.  188,  we  find  for  the  main  and 
side  spans 

For  the  towers  u  =  -7-^,  as  before,  which  from  eq.  (17),  Art.  175, 

(L  Xt 

for  x^  =  o,  is  foimd  to  be  ^   +  tan  a^.      The  length  of  the  tower 
is  Fj-  and  the  area  Aj-  sls  before. 
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Then  for  both  towers 

Adding  this  expression  to  that  given  in  eq.  (9),  Art.  188,  for  the  main 
span,  we  have  as  the  total 


„  «'/         Ft   r  3^P  f4fi  VI 


(48) 


The  temperature  term  in  the  numerator  will  be  of  the  form 

/Li       j^  2 
(oi  j-^similar  to  eq.  (16),  Art.  189,  for  the  main  span.    Proceed- 

ing  as  before  we  have  from  Fig.  27, 


X 


Then  for  the  main  span  and  both  side  spans,  we  have  from  eqs. 
(16)  and  (49) 

^  wtL^ eq.  (50) 
Collecting  terms  and  substituting  in  eq.  (i),  we  have 

J    M'ydx+  J- f^M^y^dx-EIotLt  eq.  {50) 

which  is  the  general  expression  for  the  horizontal  component  of  cable 
stress  for  the  structure  shown  in  Fig.  26. 

For    any   particular    loading,    the   values    of    /    M' y dx  and 

J    M'l y^dx  are  found  by  the  methods  used  for  the  corresponding 
case  in  the  preceding  article. 
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For  a  single  load  P,  a  distance  k  I  from  the  left  end  of  the  main 

span,  the  value  of    /    M' y  dx  is  the  same  as  for  eq,  (12),  Art.  188. 

For  a  load  P^  a  distance  ^i  l^  from  the  end  of  one  of  the  side  spans, 
we  have  a  similar  expression  in  terms  of  side-span  values. 
Thus 

rM\  y,dx^  \PJ,  I,'  k,  (*,»  -  2  *.«  +  I). 

Then  for  a  single  load  P  in  the  main  span,  neglecting  the  effect  of  the 
stresses  in  the  hangers  and  towers,  we  have  from  eqs.  (12)  and  (51), 

-P//»Jfe(*«-2*'4  i)  --  EIwiL^eq.  (50) 
^  ==  ^ « 7K1 T •    •    (S2) 

For  a  single  load  P,  in  one  of  the  side  spans 

„      lPJJ*k,  (k»  -  2  V  +  I)  -  £/a;f£,  eg.  (50) 

f^       SS3  ^L      *■■"    ■  I  — ^a— ■  I.I  ■■»■■»■■■    I       ■  I   ■  ■    .1  ■■■■■■■  iMMi  II  m 

Denominator  eq.  (51)  or  (52)  .     (53) 

For  uniform  load  conditions,  the  values  of  /    M'ydx  and  H  are 

found  in  a  manner  similar  to  those  of  preceding  articles.  Thus 
for  a  uniform  load  of  p  lbs.  per  lin.  ft.,  extending  a  distance  k  I  from 
the  left  end  of  the  main  span,  side  spans  unloaded,  we  have  from  eq.  (13) 


I 


pfPk^(2e'-  5  AM  5^  -  EIwtL^eq.  (50) 


Denominator  eq.  (51)  or  (52) 
And  for  similar  side -span  conditions 

^  pfj,'  V  (2  k,'-  sK'  +  S^Y-EIcotL,  eq.  (50) 
H   =  22 h (rr) 

Denominator  eq.  (51)  or  (52) 

The  horizontal  component  of  the  cable  stress  will  be  a  maximum 
where  all  spans  are  fully  loaded.  Then  from  eqs.  (54)  and  (55)  with 
A  =»  I  and  ^1  =  I. 

Y^  Pfl"  +  :^  PJ^^'r^  +  EIo,lL,  eq.  (50) 
Denominatoreq.  (51)  or  (52) 
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For  the  centre  portion  of  the  main  span  covered  with  a  live  load  of 
p  lbs.  per  lin.  ft.,  that  is,  for  conditions  similar  to  those  shown  in  Fig.  23, 
we  have  from  eqs.  (14)  and  (51)  or  (52) 

^pfP[2  -  n» (5  -  sn'  +  2n»)  -  *»(5  -  5*'  +  2n»)  ] -  EIwiL, eq.  (50) 

Denominator  eq  (51)  or  (52)  ^' 

When  the  uncovered  end  portions  of  the  span  are  equal  in  length, 
we  have  from  eqs.  (15)  and  (51)  or  (52) 

j-^pfPli  -  k'(i  -  5k'  +  2i^)]  -  EIojtL,  eq.  (50) 

Denominator  eq.  (51)  or  (52)  *    ^ 

For  opposite  loading  conditions — that  is,  the  ends  of  the  main  span  and 
both  side  spans,  loaded,  no  load  on  the  centre  portion  of  the  main 
span— we  may  write 

12/ 
77^/^+— M^iV"  Numerator  eq.  (57)  or  (58)  -  EI(otL^eq.{so) 

H=  ^ i^ i^ (co) 

Denominator  eq.  (51)  or  (52)  ^^ 

In  this  equation  it  will  be  best  to  neglect  the  temperature  terpi  of  eqs. 

(57)  and  (58),  using  only  the  portion  JM'  ydx. 

201.  Moments  and  Shears. — ^The  moment  at  any  point  in  the  main 
span  is  given  by  the  expression 

M  ^  M'  -  Hy .     (60) 

This  is  the  same  as  for  the  structure  shown  in  Fig.  17. 

For  the  side  spans  the  expression  for  moment  at  any  point  is  the 
same  in  form,  but  is  given  in  terms  of  the  corresponding  side-span 
values;  that  is, 

il/  =  Jlf\  -  Hy, (61) 

For  shears  we  have  in  the  same  way,  for  the  main  span 

7  =»  F'  -  if  tan  e, (62) 

and  for  the  side  spans 

F  =  F,  -  ff  tan  ffi (63) 

In  eqs.  (60)  to  (63)  the  notation  is  the  same  as  already  explained  in 
Art.  190. 


V 
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If  in  any  case  there  is  no  load  in  a  span,  the  moments  or  shears 
for  that  span  are  found  by  placing  M'  or  V  equal  zero  in  the  above 
equations.  The  resulting  moments  and  shears  are  then  due  to  the 
effect  of  the  cable  stress,  which  may  be  caused  by  loads  in  other 
spans  or  by  temperature  changes.  The  values  of  J?  to  be  used  arc 
calculated  from  eqs.  (52)  to  (59)  of  Art.  200. 

For  temperature  changes  the  value  of  H^  may  be  obtained  by 
placing  P  =  o  in  eqs.  (51)  or  (52). 

The  value  of  H^  is  then 

^ £/^/ Acq,  (50)  ^     ^     ^ 

^  Denominator  eq.  (51)  or  (52)" 

The  effect  of  temperature  on  moments  is  given  by 

M  =  ±  H  y  =  ±  • £/c./Aeq.  (5o)y ^    ^  ^ 

'  ^^  Denominator  eq.  (51)  or  (52)  *  ^  ^ 

As  in  Art.  193,  a  rise  in  temperature  causes  a  decrease  in  H  and  an 
increase  in  if ,  a  fall  in  temperature  having  the  opposite  effect. 

202.  Influence  Lines. — ^The  influence  lines  for  the  main  span  are 
drawn  by  the  same  methods  as  given  in  Arts.  191  and  195. 

For  the  side  spans,  the  expression  for  variation  of  moments  and 
shears  are  of  the  same  form  as  those  of  the  corresponding  main-span 
quantities.  The  values  as  derived  in  Art.  191  for  the  main  span  can 
then  be  used  for  side  spans  by  substituting  side-span  dimensions. 

The  influence  lines  for  the  structure  of  Fig.  26  are  given  in  Figs. 
31  and  32  of  Art.  205. 

From  the  influence  lines  we  see  that  for  positive  moments  in  the 
main  span,  the  loading  conditions  are  the  same  as  for  Art.  192.  For 
side-span  positive  mnnripnh<;  the  side  span  in  question  is  to  be  fully 
loaded,  no  load  on  the  rest  of  the  structure. 

For  negative  moments  in  the  main  span  the  loading  conditions 
arc  just  opp)ositc  from  those  for  positive  moments;  that  is,  the  portions 
of  the  main  span  which  were  not  loaded  for  positive  moment,  together 
with  both  side  spans,  are  to  be  loaded  for  negative  moments.  In  the 
side  spans,  the  maximum  negative  moments  occur  when  there  is  no 
load  in  the  span  in  question,  the  main  span  and  the  far  side  span  being 
fully  loaded. 
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Loading  conditions  for  shear  are  similar  in  nature.  Positive 
main-span  shears  occur  for  the  same  loading  conditions  as  described 
in  Art.  195.  Negative  shears  occur  under  opposite  loading  conditions. 
Positive  side-span  shears  occur  under  partial  live  load  in  that  span 
only,  negative  shears  occurring  under  opposite  loading  conditions. 

203.  Deflection  of  the  Stiffening  Truss. — ^The  deflection  at  any  point 
in  the  main  span  truss  can  be  found  by  the  same  method  as  used  in 
Art.  197.  The  resulting  equation  will  be  the  same  in  form,  the  value 
of  Hy  however,  is  to  be  calculated  for  the  loading  in  question  as  given 
by  eqs.  (51)  to  (59)  of  Art.  200. 

For  side  spans,  the  same  equations  for  deflection  may  be  used, 
expressed  in  terms  of  side-span  dimensions. 

From  the  equations  thus  derived  it  will  be  found  that  the  greatest 
^downward  deflection  of  points  in' the  main  span,  or  side  spans,  will 
occur  for  loads  in  that  span  only.  For  greatest  upward  deflection  of 
the  main  span,  both  side  spans  are  to  be  fully  loaded,  the  main  span 
to  be  empty,  or  in  the  case  of  flexible  trusses,  the  ends  only  being  loaded 
as  shown  by  the  influence  line  of  Fig.  25.  For  the  greatest  upward 
deflection  of  a  side  span,  the  main  span  and  the  far  side  span  are  to  be 
loaded,  no  load  being  placed  in  the  side  span  in  question. 

Influence  lines  for  deflection  may  be  drawn  for  main  and  side 
spans  by  the  same  methods  as  used  in  Art.  198. 

204.  Deflection  of  Top  of  Tower  or  Movement  of  Saddle. — In 
structures  over  several  openings,  as  shown  in  Fig.  26,  the  cable  is 
made  continuous  from  anchorage  to  anchorage.  Two  different 
methods  of  attachment  are  used  at  the  tops  of  the  towers.  In  the  first, 
the  cable  rests  on  saddles  which  are  free  to  slide,  while  in  the  second 
the  saddles  are  rigidly  fastened  to  the  towers.  In  either  case  the 
action  of  moving  loads  on  any  span  will  tend  to  develop  unequal 
horizontal  components  in  the  various  parts  of  the  cable,  which  must 
be  equalized  by  changes  in  sag  and  span  length.  The  point  of  attach- 
ment of  the  cables  at  the  towers  will  then  move  until  equilibrium  is 
established.  For  such  changes,  the  movable  saddle  slides  over  the  top 
of  the  tower,  no  horizontal  force  acting  on  the  tower  except  that 
due  to  the  friction  of  the  rollers.  In  the  case  of  the  fixed  saddle 
the  tower  must  bend,  thereby  inducing  bending  stresses  in  addition 
to  those  due  to  direct  load.    If  the  towers  are  made  comparatively 
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flexible,  the  required  motion  can  take  place  without  causing  heavy 
bending  stresses. 

The  amount  of  this  movement  in  any  case  can  be  determined  by 

means  of  the  formula  D  =  J   -=-='  dx  ?is  given  in  Part  I. 

To  find  the  deflection  of  the  point  A  of  the  structure  shown  in  Fig. 
26,  we  may  remove  the  left  side  span,  as  shown  in  Fig.  29,  and  apply 


Fig.  29. 

the  general  formula  to  this  portion  of  the  structure.    For  loads  on  this 
side  span  M  =  M/  —  H  y^  and  for  i  lb.  horizontal   load    at  the 
top  of  the  tower,  acting  as  shown,  w  =  —  yi. 
Then 


EI, 


dx  + 


£ 


8 


'•  Ell , 
EI, 


Here  H  and 


/ 


EI,  ^^-^Ts^ Ei; 


(66) 


M/y. 


EI, 


'  d  X  are  to  be  determined  as  in  previous  cases. 


For  no  load  in  the  side  span,  but  for  loads  in  the  main  or  far  side 
span,  Tm/ y^dx  =^  o  and  J?  is  to  be  determined  for  the  loading  in 
question.    Then  eq.  (66)  becomes 


(67) 


The  movement  of  point  A  due  to  temperature  changes  is  found  from 
eq.  (67)  by  substituting  H^  as  found  from  eq.  (27)  of  Art.  193,  in  place 
of  if. 
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Eqs.  (66)  and  (67)  show  that  loads  on  the  main  and  far  side  spans 
cause  point  A  to  move  to  the  right,  and  that  this  motion  is  a  maximum 
for  maximum  H,  or  for  the  main  and  far  side  spans  completely  loaded. 
Loads  on  the  near  side  span  cause  point  A  to  move  to  the  left,  and 
the  greatest  movement  is  caused  for  the  side  span  fuUy  loaded.  For 
temperature  changes,  a  rise  in  temperature  causes  point  A  to  move 
to  the  left,  and  a  fall  causes  motion  to  the  right. 

For  the  structure  of  Fig.  33,  the  method  used  above  is  to  be  applied 
to  the  main  span.     The  resulting  equations  will  be  similar  in  form. 

The  motion  of  point  A  can  also  be  found  by  means  of  eqs.  (41) 
and  (44)  of  Art.  181,  which  give  the  change  in  span  length  due  to  a 
change  in  sag.  Then  if  the  centre  deflection,  as  found  in  Art.  203, 
be  substituted  in  these  equations,  the  results  will  give  the  correspond- 
ing motion  of  point  A. 

305.  Example. — ^The  use  of  the  equations  given  in  Arts.  200  to  204  will 
be  illustrated  by  drawing  influence  lines  for  an  actual  structure  and  calculating 
values  of  horizontal  component  of  cable  stress,  moment,  and  shear.  The 
stntcture  used  for  this  purpose  is  the  Manhattan  Suspension  Bridge  in  the 
city  of  New  York. 

fl.  Dimensions  of  Structure. — The  general  dimensions  of  the  structure 
are  shown  in  Fig.  30.    The  structure  consists  of  four  trusses,  each  suspended 


Fu.  30. 

from  a  cable.  The  dimensions  given  are  for  each  truss.  The  stifTening  trusses 
are  shown  here  to  be  horizontal,  while  in  the  actual  structure  they  were  built 
with  3  rising  grade  from  each  side  toward  the  centre.  The  change  was  made 
to  simplify  some  of  the  calculations  relating  to  hanger  and  tower  stresses. 

The  live  load  for  which  the  structure  was  designed  was  16,000  lbs.  per 
foot,  or  4,000  lbs.  per  foot  per  truss.  In  the  calculations  to  follow  these  same 
values  will  be  used. 
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b.  Values  of  H, — ^As  the  denominator  of  the  formula  for  JT  is  the  same 
for  all  conditions  of  loading,  it  may  be  calculated  separately  and  used  in  the 
work  to  foUow  as  a  coefficient  in  the  various  equations. 

From  eq.  (52)  we  have 

Denominator  =  —  PI  A — •  -r/i'  A  +  t- ^«  Eq-  (So). 

The  values  to  be  used  are  given  in  Fig.  30.  The  span  and  cable  sag  to  be 
used  are  for  centre  to  centre  of  end  pins  of  the  stiffening  trusses.  These  value» 
are 

/  =  1,446.7  ft.        /  ==  145.3  ft.        /  =  43,900  ft.'  X  ins.' 
^1  =     713  •  S  ft-        /i  ==    37-2  ft.        A  =  50,860  ft.'  X  ins.' 
A  ==  275  sq.  ins.  per  cable         L^  =  3»452  ft. 

The  value  of  Ls  as  given  is  calculated  from  eq.  (45)  in  the  following  man- 
ner: The  main-span  portion  of  this  quantity  is  to  be  taken  up  to  point  G,  Fig. 
30,  where  the  cable  enters  the  saddle.  From  the  figure,  /  =  1,460.5  ft  and 
/  =»  148  ft.  The  side-span  cable  lies  in  a  parabola  whose  vertex  is  at  point 
M^  59.8  feet  beyond  J9,  the  end  of  the  stiffening  truss.  From  the  figure  /,  = 
780.04  ft.  and  F  =  180.07  ft*  These  values  substituted  in  eq.  (45)  give  for 
the  main  span  and  for  each  side  span,  respectively,  1,583.3  and  805.8  feet. 
For  the  portions  of  the  cable  on  the  tower  and  anchorage  saddles  and  the 

/d  s^ 
j~l  was  taken  as  equal  to  the 

length  of  that  portion  of  the  cable.    The  totals  are  then 

Main  span  2  (G  to  K)  i>5^3  -3 

Each  side  span                 (F  to  D)  -805 .8 

Saddle  at  tower                (F  to  G)  9.5 

Saddle  at  anchorage         (B  to  C)  30.3 

End  of  truss  to  saddle      (C  to  D)  17.0 

Saddle  to  anchorage  \  ^  ^  .     d\  j  59-3 

and  in  anchorage  )  ^            ^  (  12.5 

934.4 

2    1,868.8 


3,452.1  ft 
Use  Ls  =  3,452  ft- 

The  various  members  of  the  denominator  then  have  the  following  values: 

8  8 

—  f^=         -X  145-3' X  1,446.7      =16,290,000 

« 

16    3    /       16  X  37-2'  X  713s  X  43>900  _       ,^,^ 

—  /i    »  -=-  =■  :rz =*•         000,000 

15^*   I,  15X50,860  ^^' 

Ll  ^  43>900  X  3,452  ^       55^>ooo 

A     •  °"  275  i'j,75o/D0o 
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which  is  the  value  of  *'  Denominator  eq.  (52)."    The  equations  for  H  take  the 

form 

\  M  y  d  X 
H=^'^ 

i7»75o>ooo 

c.  Influence  Lines  for  Moment, — ^The   influence   lines  are  drawn  by  the 

methods  explained  in  Art.  202  from  the  equation  I H)  y.    The  curve 

for  H  is  calculated  from  eq.  (52),  which,  with  temperature  neglected  and  the 
denominator  as  calculated  above  substituted,  becomes 


fr=2 


-PfPk(l^-2k'-{'  l) 


17,750,000 

Substituting  main-span  dimensions  for  /  and  /,  and  taking  P  ^  lib. 

-X  145-3  X  1,446.7'  X  *  (^  -  2  ^  +  i) 

H  =  3 =  S.711  k(k^"  2  *»+  i). 

17,750,000 

The  curve  for  H  for  loads  on  the  side  spans  is  the  same  in  form  and  is  given 
by  eq.  (53),  from  which 

-  X  37.2  X  713-5'  X  k,  (^j»  -  2  V  +  i) 

H  =  ^ ,,,cnnr^ =  ^-307  K  (^  "    2  ^  +   O- 

17,750,000 

For  values  of  k  from  o  to  i,  these  expressions  for  H  have  the  following  values 


k 

Main  Span  H 

Side  Span  H 

0 

0 

0 

O.I 

0.5602 

0.0301 

0.2 

I  0599 

0.0569 

0.3 

1.45" 

0.0780 

0.4 

1.6996 

0.0913 

0.5 

I . 7848 

0.0959 

(Symmetrical  about  centre  of  span). 

These  values  are  plotted  in  Fig.  31.    From  these  curves  we  see  that  loads 
on  the  side  spans  have  a  very  small  effect  on  the  cable  stress. 

The  value  of  —  was  shown  in  Art.  loi  to  be  a  constant  and  to  have  a 

y 

value  of  —z  for  the  main  span.    Substituting  main-span  values  we  have 

M:=i.«_M467_^,,^ 

y        4  /      4  X  145-3 
n.— 16 
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The  corresponding  side-span  quantity  is  of  the  same  form.    Its  value  is 

^''  _  ^i    _     713-5    _  ^  ,„. 

These  values  are  plotted  in  Fig.  31  and  influence  lines  drawn  for  moment 

the  quarter  point  and  at  the  centre  of  the  main  and  side  spans. 

d.  Moments  from  Influence  Lines, — ^The   influence  line  shows    that  ( 

maximum  positive  moment  at  the  quarter  point  the  left  end  of  the  main  ^pi 

is  to  be  covered  with  live  load,  which  will  be  taken  as  4,000  lbs.  per  lin. 

The  area  of  the  portion  of  the  influence  lines  between  the  curves  for  H  a 

M'  I 

—  was  calculated  by  dividing  the  area  into  vertical  strips  each  —  of  the  sp^ 

in  length.    Then  by  scaling  these  ordinates  the  area  was  easily  calculate! 

It  was  found  to  be  375.35  imits,  which  represents  the  quantity  I // 

in  the  general  equation.  The  moment  is  then  M  =  4,000  X  (375.35;  > 
109  =  163,650,006  ft.-lbs.  In  this  equation  the  term  109  is  the  caU 
ordinate,  in   feet,    at    the    quarter   point,  as   found  from     the    equatia 

y  =  ^-4—  (/  —  x)  with  :»=—,/=  1,446.7  and  /  —  145.3.   The  term  4,000 1 
/  4  I 

the  load  per  foot  in  pounds. 

The  maximum  negative  moment  at  the  quarter  point  is  given  by  loadinj 
the  right-hand  portion  of  the  main  span  and  both  of  the  side  spans.  The  in 
fluence  line  shows  that  the  effect  of  loads  on  the  side  spans  is  such  as  to  cauH 
negative  moments  at  points  in  the  main  sp>an,  so  that  these  spans  must  a^ 
be  loaded  to  obtain  maximum  negative  moments.  The  area  of  the  maid 
span  portion  of  the  influence  line  is  found  to  be  226.7  ^^^  ^^^^  ^^  ^^^^  ^*^ 
span  43.4.    The  moment  is  then  given  by  the  expression 

Af  =»  —  4,000  (226.7  +  2  X  43.8)  109  =  —  137,035,000  ft.-lbs. 

In  the  same  way  the  maximum  positive  moment  at  the  centre  is  found  t) 
be  107,800,000  ft.-lbs.,  and  the  negative  moment  is  found  to  be  76,400,000 
ft.-lbs. 

These  moments  may  also  be  calculated  directly  from  the  equation  Jf'—  //  v. 

For  positive  moment  at  the  quarter  point  we  find  by  scale  from  the  influence 

line  that  the  load  is  to  extend  675  feet  from  the  left  end  of  the  span.  The  value 

67c 
of  k  is  then  — -^  =  0.466.  Substituting  this  value  of  k  in  eq.  (52),  neglecting 
1,446.7 

the  effect  of  temperature,  we  have 

4,000  X  I45-.S  X  1446.7'  X  0.217  X  4»ii7       ^  ^^^  ,,^  iK^ 

li   = =  2,054«000  IDS. 

30  X  i7,75o»ooo 

which  is  the  value  of  H  for  the  given  loading. 

The  value  of  M%  the  moment  at  the  quarter  point  of  a  simple  beam  of 
span  /  for  a  load  extending  a  distance  k  I  from  the  end  of  the  beam,  is  given 
by  the  equation 

^,^    P(2-k)klx    _  P^ 
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*"  bstituting  k  =   0.466,  x  =  —  and  /  =  1,446.7,  we  find  M^  =  486,6oo,cxx> 
'  4 

pbs-      As  before  y  =  109  ft.    The  expression  for  moment  is  then 
I 

T. :   M  =  M^  —  H  y  ^  486,600,000  —  2,954,000  X  109  ==  164,800,000  ft.-lbs. 

;  -^  comparing  this  value  with  the  one  calculated  above  from  influence- line 
-  Jeis  we  see  that  they  agree  within  0.7  per  cent. 

.^.  I  The  variation  in  moments  in  the  main  span  is  shown  by  the  moment  curves 
:  f  ^>g-  31  which  are  drawn  for  maximum  j)ositive  and  negative  moments. 

In   the   side  spans,  the  influence  line  shows  that  for  maximum  p)ositive 

:  loments  the  side  span  in  question  should  be  fully  loaded,  no  load  on  the  rest 

f  the  structure.    The  positive  moment  is  then  given  by  an  expression  of  the 

~  "load  per  ft.)  X  I  I  Area  curve  for  --7I  —  (area  of  curve  for  H)  I X  ordinate  to  cable  curve. 

tcan  be  seen  here  that  the  only  variable  is  the  cable  ordinate.     As  this  foUows 
e  parabolic  law,  the  moment  also  follows  this  law.     For  the  centre  point  the 
noment  is 

-  *  r7i3-s  X  4.70s        n  .  ,^ ,, 

4,000     '—^^-^ '-^^  —  43.4  I  37.2  =  +  242,300,000  ft.-lbs. 

For  maximum  negative  moments  the  influence  line  shows  that  the  main  span 
^nd  the  far  side  span  only  are  to  be  loaded,  no  load  on  the  side  span  in  ques- 

tion.     Then,  in  the  above  expression,  the  area  of  the  curve  for  — -  is  zero. 

The  area  of  the  curve  for  H  for  the  main  span  is  found  to  be  1,649.5.    The 
expression  for  centre  moment  is  then 

—  Mc  =  —  4,000  (Area  H  curves  for  main  and  one  side  span)  y 
=  —  4,000  (1,649.5  +  43-4)  37-2  =  —  251,900,000  ft.  lbs. 

The   negative  moments .  are  seen    to  be  a  little  greater  than  the  positive 
moments. 

e.  Influence  Lines  for  Shear. — ^The  influence  lines  for  shear  are  drawn 
from  the  equation  7  =  F'  -  if  tan  d  =  (F'  cot  ^  -  if)  tan  6.    From  Art. 

194,  tan  tf  =  -p  (i  —  2  n),  where  » /  is  the  distance  from  the  left  end  of  the 

span  to    the  point  for  which  the   influence  line   is  to   be  drawn.     For   a 
i-!b.  load  just  to  the  left  of  the  point  in  question,  the  ordinate  to  the  line 

n  I 
for  V  cot  B  is  given  by  the  expression jj r,  and  for  the  load  just 

to  the  right  of  the  point  the  value  is  H -. r. 

^  ^  4/(1  -  2  n) 

The  influence  lines  for  shear  at  the  end  of  the  main  span  and  at  the  quarter 


SUSPENSION  BRIDGE 


r 


STIFFENED   SUSPENSION  BRIDGES 


24S 


Fig.  32. 
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point  are  sh^wn  in  Fig.  32.    The  ordinates  to  the  influence  line  at  the  quarter 
point  are  found  from  the  above  values  to  be 

(i-n)/  ,  nl 

+  4/ (!-.«)=  "■  '•'''  -  ,fir-2n)  =  -  -^«- 

/.  Shears  from  Influence  Lines, — From  the  influence  line  for  shear  at  the 
quarter  point  the  loading  for  maximum  positive  shear  is  found  to  extend  from 
the  quarter  point  to  a  point  1,050  feet  from  the  left  end  of  the  main  span. 
Proceeding  as  in  the  case  of  moments,  the  area  between  the  lines  for  V  cot 
0  and  H  is  found  to  be  635.2  units.    The  shear  is  then 

4-  F  =  4,000  X  635.2  X  tan  tf  =  -f  510,350  lbs. 
where  tan  tf  =  -^  (i  —  2  »).     Here  /=  145.3    ^"^  1446.7     «=  J. 

The  maximum  negative  shear  at  the  quarter  point  is  found  for  loading 
conditions  which  are  opposite  to  those  for  positive  shear;  that  is,  all  the  struc- 
ture is  loaded  except  that  part  which  was  loaded  for  positive  shear.  The 
main-span  influence-line  area  is  found  to  be  489.36  and  the  area  for  both  side 
spans  is  86.80.    The  value  of  tan  B  is  the  same  as  before. 

Then 

—  7  =  4,000  (489.36  +  86.80)  tan  d  =  —  462,940  lbs. 

For  the  influence  line  for  end  shear,  the  value  of  n  in  the  expressions  for 
ordinates  as  given  above  is  zero. 
Then 

V'  ~  ^^      =  —  =  2.489. 


4/(1 -2n)      4/ 

The  influence  line  shows  that  for  maximum  positive  shear,  the  main  span  is 
to  be  loaded  from  the  left  end  out  to  a  point  512.5  ft.  from  the  end.  For  this 
loading  the  shear  is  found  to  be  +  1,010,000  lbs. 

For  maximum  negative  shear,  opposite  loading  conditions  occur  for  which 
the  shear  is  found  to  be  845,500  lbs. 

The  curves  given  in  Fig.  32  show  the  variation  in  positive  and  negative 
main-span  shears. 

The  shears  for  points  in  the  side  spans  are  determined  in  exactly  the  same 
way. 

g.  Deflation. — From  eq^.  (37)  or  (40)  we  find  the  centre  deflection  to  be 


.      /*    /         8/H\ 


384  £ 


From  Art.  198  the  greatest  downward  deflection  in  a  stiflF  truss  occurs  when 
the  main  span  is  fully  loaded,  no  load  on  the  side  span.  The  value  of  H  for 
this  loading  is  found  from  eq.  (54)  to  be  6,606,000  lbs.     Then  in  the  above 

8  ^  H 
equation  -~—  =  3,664.5  lbs,    This  quantity  is  the  hanger  pull  per  foot,  and 
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therefore  shows  the  amount  of  the  live  load  which  is  taken  up  by  the  cable 

when  the  truss  is  fully  loaded,  the  proportion  being  ^ — —==  91.6  per  cent. 

4,000 

The  stiffening  truss  takes  4,000  —  3,664.5  =  335.5  lbs.  or  8.4  per  cent  of  the 

live  load.     Substituting  these  values  in  the  above  equation 

,  „     5  X  (1,446.7/  X  335-5     ^  ,       j„^„^„d, 

384  X  29,000,000  X  43>9oo 

The  greatest  upward  deflection  of  the  centre  point  occurs  when  the  side  spans 
only  are  loaded,  no  load  on  the  centre  span.     From  eq.  (55)  the  value  of  H 

8  /  H 
is  347,300  lbs.,  and     „     —  192.9  lbs.  per  ft.     In  this  case,  p  in  the  equation 

for  deflection  is  zero,  as  there  is  no  load  in  the  main  sp>an.     The  deflection  is 
found  to  be  8.64  ft.  upward. 

h.  Effect  of  Temperature. — In  the  expression  for  temperature,  the  term  Lt 
is  to  be  calculated  from  eq.  (50).  Using  the  same  general  dimensions  as  for 
Lj  we  have  for  the  various  parts  of  the  cable 

Main  span  2  (G  to  K)  1,540.5 

Each  side  span  {F  to  D)  775.6 

Saddle  on  tower  {F  io  G)      9.5 

Saddle  at  anchorage  (B  to  C)  30.3 
End  of  truss  to  saddle  {C  io  D)  17.0 
Saddle  to  anchorage       {H  to  B)    59 . 3 

891-7 

a  1,783.4 


3>323-9ft- 


UseL,  =  3*324  ft- 

For  the  portions  of  the  cable  on  the  saddle  and  towers  the  value  of   /  -, — 

./    ax 

is  taken  as  equal  to  the  length  of  that  p)ortion  of  the  cable.    The  portion  of 

the  cable  in  the  anchorage  is  not  considered  here,  as  it  is  protected  by  the 

heavy  masses  of  masonry  and  is  not  much  affected  by  temperature  changes. 

From  eq.  (51)  or  (52)  of  Art.  200,  neglecting  the  terms  for  loads  and 

considering  temperature  effect  alone,  we  have 

^    ^  _    EI  wt  Lj  eq.  (50) 
'  Denominator  eq.  (52) 

which  gives  the  effect  of  temperature  on  the  value  of  H,    For  o>=3  0.0000065 
and  /  ==  55®  the  value  of  Ht  is 

„  .      29,000,000  X  43>90o  X  0.0000065  X55  X  3>324        .    «^        » 

iii    =    3:    =  dt  85,2^0  lbs. 

17,750,000  ^'  ^ 

This  value  is  negative  for  a  rise  and  positive  for  a  fall  in  temperature. 

The  effect  of  the  change  in  ff  on  the  moments  is  given  by  eq.  (65)  of  Art. 
301  as 

Mt  =  ±  Ht  y  =  ±  85,230  X  J'. 
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For  moment  at  the  quarter-point,  we  have 

Mt  —  i  85,230  X  109  =  ±  9,290,000  ft.-lbs. 

For  a  rise  in  temperature  Mt  is  positive. 

Then  the  total  positive  moment  at  the  quarter  point,  live  load  and  tem- 
perature combined,  is  163,650,000  +  9,290,000  =  172,940,000  ft.-lbs.  For 
a  fall  in  temperature  Mt  is  negative  and  the  total  negative  moment  is 
—  137,035,000  —  9,290,000  =  146,325,000  ft.-lbs. 

The  effect  of  temperature  on  shear  is  given  by  the  expression 

Vt  =  ±Ht  tan  e. 
For  shear  at  the  quarter  point  this  becomes 

V<  =  +  85,230  X  0.200875  *=  +  17,120  lbs. 
The  shears  then  become 

+  ^i  =  +  5io>35o  +  17,120  =  -f-  527,470 
—  Fj  =  —  462,940  —  17,120  =  —  480,060. 

The  effect  of  temperature  on  the  deflection  is  given  by  eq.  (42)  of  Art.  199 
as 

^         48' _^   5  X  145-3  X  (1446.7)  X  0.0000065  X  55  X  3>3g4 

'     Denominator  eq.  (52)  48  X  17,750,000 

=  2.12  ft. 

which  is  downward  for  a  rise  and  upward  for  a  fall  in  temperature. 

«.  Ejfect  of  Stresses  in  Hangers  and  Towers, — In  the  calculations  given 
above  the  effect  of  stresses  in  the  hangers  and  towers  on  the  values  of  if,  J/, 
and  V  has  been  neglected.  These  terms  will  now  be  calculated  and  their 
effect  on  moments  and  shears  will  be  shown.  From  eq.  (47)  the  term  for 
the  hangers  is 


64^/f 
AhEhP 


[(^^  "^  3)  "^  f  /?  ('  ^'"'  ^^^^  ""'^  i  '0]  ^  '^'^"' 


Here  the  area  of  the  hangers  per  foot  of  length,  Ah,  is  0.36  sq.  in.;  £*  = 
16,000,000  lbs.  per  sq.  in.  From  Fig.  30,  F^  is  seen  to  be  176.23  ft,  and 
Pc  =  31-4  ft-    The  angle  a^  is  measured   between  the  line  D  E  and  the 

176.2'^ 
horizontal:  tan  a,  =        '      =  0.247. 

713s 


The  term  for  the  towers  is  given  by  eq.  (48)  as 
Pt     r32/»  .      /4/1 


AtE 


[¥-(V -"«.)]  = 


SP70- 


Here  Ft  is  given  on  Fig.  30  as  281.9  ft-  The  area  At  \&  taken  as  the 
average  area  of  the  tower,  which  is  1,800  sq.  inches.  The  total  for  these  two 
terms  is  then  14,675  +  5070  =  19,745.    Adding  this  to  the  "Denominator, 
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eq.  (52)"  as  used  above,   we  have   17,750,000  +  i9,74S  =  17,770,000  +, 
which  is  "Denominator  eq.  (51)." 

The  efifect  of  this  new  denominator  on  H  and  M  as  calculated  in  para- 
graph (rf)  above,  will  now  be  determined.    The  value  of  H  is  given  by 

rr      4,ocx>X  145-3  X  (1,446.7)'  X  0.217  X  4>"7       ^  ^^^ ^  iKe 

j.t   =  =  2,040,000  IDs. 

30  X  17,770,000 

which  differs  by  6,000  lbs.  from  that  above,  or  0.2  per  cent.    The  moment 
now  becomes 

M  —  M'  --  H  y  —  486,600,000  —  2,949,000  X  109  =  165,100,000  ft.-lbs., 

which  differs  from  the  previous  value  by  about  0.2  per  cent. 

From  these  results  it  can  be  seen  that  the  effect  of  the  hanger  and  tower 
stresses  can  be  neglected  without  material  error. 

if)  Structure  over  Three  Openings.     Side  Spans  Free. 

Straight  Backstays, 

206.  Value  of   H. — ^In  the  structure  shown  in  Fig.  33  the  side 
spans  are  not  attached  to  the  cables.     Loads  on  these  spans  will  have 


J4- -.^ 


Fig.  33. 


no  effect  on  the  stresses  in  the  cable  or  the  main-span  truss.  The  side- 
span  cables  are  straight  backstays  running  from  the  tops  of  the  towers 
to  the  anchorages. 

The  expression  for  horizontal  component  of  cable  stress  will  be 
of  exactly  the  same  form  as  that  for  the  structure  shown  in  Fig. 
18,  Art.  188.  The  values  of  L^  and  L^  however,  will  be  some- 
what different  as  the  effect  of  the  side-span  cables  must  also  be  taken 
into  account. 

In  the  term  L,  the  main-span  portion  is  the  same  as  given  by 
eq.  (7)  of  Art.  i88.     The  side-span  portion  is  found  by  again  sub- 


250  SUSPENSION    BRIDGES 

stituting  in  the  term  I  ^-=;  of  eq.  (i).    For  a  i-lb.  horizontal  lead 
at  A ,  Fig.  33,  we  have 

u  «  I  lb.  X  sec  «!  «=  sec  aj 
Also 

I  =  d  X  sec  aj 


Then  we  have  for  both  side  spans 

_«'/__       /*'»  secttj*  __2/iSec*ai 
AE^^Jo    ^A~E    ~      AE 

The  total  for  main  and  side  spans  then  becomes 

uH        L.  eq.  (7)       2/|Sec»a^         i     r  ^   ,^x  .^x 

^AE^—AE'^—Ar^^TE^^'^'^^^     '     (^) 

In  the  temperature  term  L„  the  main-span  portion  is  the  same  as 
given  by  eq.  (16).    The  side  span  portion  is  found  to  be 

^Te'-AeI    '^ '  sec' a.  rf  a.  = -^p^  sec»  a, 
The  total  for  main  and  side  spans  is  then 

Then  with  these  values  of  L^  and  Z,^  substituted  in  place  of  the  corre- 
sponding values  in  Art.  i88,  the  expression  for  H  for  any  particular 
loading  conditions  can  be  found  by  using  the  equation  given  for  the 
structure  of  Fig.  i8  for  similar  loading  conditions. 

207.  Moments  and  Shears.  Influence  Lines. — The  general  ex- 
pression for  moment,  shear,  and  deflection  in  the  main  span  will  be 
the  same  as  given  in  Art.  190.  As  the  side  spans  are  self  supporting, 
the  stresses  are  determined  as  for  simple  trusses. 

The  influence  lines  for  shear  and  moment  will  differ  from  those 
given  in  Figs.  31  and  32  only  in  the  curve  for  H,  which  must  be  calcu- 
lated for  values  of  H  as  determined  with  L^  of  Art.  206. 

208.  Example. — ^The  same  structure  will  be  used  as  in  Art.  205,  but 
with  straight  backstays. 
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Values  of  H, — ^The  denominator  in  the  formula  for  H  will  again  be  the 

same  for  all  conditions  of  loading.    From  eq.  (12)  of  Art.  188  and  eq.  (68) 

of  Art.  206  we  have 

8  / 

Denominator  =  —  /*  /  -f-  —  L,  eq.  (68). 

As  in  Art.  205,/  =  1,446.7  ft.    /  =  145.3  ^t-    ^  ~  43,900  ins.*  ft',    A  =  275 
sq.  ins. 

The  value  of  Lg  for  the  main  span  is  the  same  as  in  Art.  (205).    For  the 
side  spans  we  find  from  eq.  (68) 

Lg  =2/4  sec^  ttj. 

Here  /j  =  720.24  +  17  =  737-24;  and  a^  is  the  angle  between  a  line  joining 
points  F  and  C  of  Fig.  30,  Art,  205.    Then 

c*^  ^         [(737»24)'-f(i79-7)y    _  ,  ^,^ 
sec  tti  = '  =  1.020. 

'  737.34 

We  therefore  have  for  the  side  spans 

L,  =  2  +  73724  X  (1.029) '  =  1,607.9. 

The  total  value  of  L«  is  found  in  a  manner  similar  to  that  given  in  Art.  205 
to  be 

Main  span  i^S^S-S 

Side  spans  1,607.9 

Saddle  on  tower  (F  to  G)    9.5 

Saddle  at  anchorage   (B  to  C)  30.3 

Saddle  to  anchorage   (A  to  B)  59.3 

In  anchorage  12.5 

III. 6 

2       223.2 


3>4i4.4 
Use  L,  =  3,41s 

In  the  same  way,  the  value  of  Lt  for  this  case  is  given  by  eq.  (69).     For  the 
side  spans  Z^  =  2  /j  sec'  a^  ==  1,562.2.     The  totals  are  then 

Main  span  1,540.5 

Side  spans  i>562 . 2 

Saddle  on  tower  (F  to  G)  9.5 
Saddle  at  anchorage  {B  to  C)  30.3 
Saddle  to  anchorage  {A  to  B)  59.3 

99.1 

2      198.2 


Use  I,  =  3,300 

Substituting  in  the  expression  above  we  have 


3,300-9 


Denominator  =  «  X  (145.3)'  X  1,446^7  +  43,9ooX3,4i5  ^  ,^  g 

IS  275  ^^' 
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The  formula  for  H  for  a  single  load  P  in  the  main  span  is 

16,835,000 

The  values  of  H  for  various  values  of  ky  P  being  taken  as  i  lb.,  are 

^=0.1        H  ^  0.592  ^  =  0.3        H  =  1.535 

k  =  0.2        H  =  1. 119  k  —  0.4        H  =  1.792 

ife  =  0.5  fT  =  1.882 

(Symmetrical  about  span  centre) 

Influence  Lines, — Influence  lines  are  drawn  by  the  same  methods  as  used 

in  Art.  205.    The  curve  for  H,  drawn  from  the  values  given  above,  is  shown 

by  the  dotted  H  line  of  Fig.  ji. 

M' 
The  lines  for —  and  V  cot  B  are  the  same  as  before.    These  lines,  together 

y 

with  the  dotted  H  line  then  form  the  influence  lines  for  this  case.  The  side- 
span  influence  lines  are  not  to  be  used  in  this  case,  as  the  side  spans  are  free 
from  the  cable. 

From  these  curves  we  see  that  the  values  of  H  are  somewhat  larger  than 
those  of  Art.  205.    The  areas  for  moment  and  shear  are  smaller  than  before. 

Moments  from  Influence  Lines, — ^The  moments  at  the  quarter-point  and 
centre  are  found  to  be 

+  M  ^  =  +  146,650,000  +  Mc  =  +  75,300,000 

—  Mj  =  —  122,020,000  —  Mc  =  —  46,570,000 

The  methods  used  in  the  determination  of  these  values  are  the  same  as  given 
in  Art.  205. 


{d)  Structure  over  Three  Openings,     Trusses  Continuous  over  Towers, 

209.  Value  of  H. — In  the  structure  shown  in  Fig.  34,  the  stiffening 
truss  is  continuous  from  anchorage  to  anchorage.     At  the  towers, 


>i^^l^i^^ll^l^l^li^f^i2!'l'^^'^^V'^^m^h?lP^^7P'^i^l!^^vi^C'^k^'^^!^'^^'^hik^  f^^^^'^lk!^^^^^'-^'' 


K- 


— Ir H^ 


Fig.  34. 


r -Ir — -J 


and  at  the  ends,  the  truss  is  fastened  by  pins,  about  which  it  is  free  to 
turn.  To  determine  the  horizontal  component  of  the  cable  stress  we  can 
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U^l  S'ul 

make  use  of  eq.  (i).    The  terms  2  -7-7;  and  2  -j-ft  are  the  same  as 

^   ^  '  A  E  AE 

for  the  case  given  in  Art.  200. 

When  the  cable  is  removed  the  stiffening  truss  becomes  a  beam 
continuous  over  four  supports.  The  values  of  M'  and  m  must  be 
determined  subject  to  this  condition.  Fig.  35  (a)  shows  the  stiffening 
truss  with  the  cable  removed.  The  length  of  the  main  and  side  spans, 
and  their  moments  of  inertia  are  as  indicated  on  the  figure.  As  the 
trusses  are  hinged  at  the  ends,  M^  and  M^  are  zero. 

Let  M^  represent  the  moment  in  a  simple  beam. 

The  value  of  M ',  the  moment  at  any  point  in  the  stiffening  truss 
with  the  cable  removed,  is  conveniently  expressed  in  terms  of  M^, 
if  3  and  M J.  The  moments  M^  and  M ,  are  obtained  by  applying  the 
Theorem  of  Three  Moments  to  the  beam  of  Fig.  35  (a).  For  the  con- 
ditions shown  the  formula  is  written  in  the  form 


/. 


+    2  A/,  ^  +   J-/   +    —J— jr-2*-3*'+^) —  {kx  -  *,«) 

By  means  of  this  equation,  applied  in  the  usual  manner,  we  find  that 
for  a  load  P  in  the  main  span,  no  load  in  the  side  spans 

P*/(i-*)r2(2-*)5^+3(i-*)l 


(3 -It:)  (-7^) 
^* ~( — hi\-[ — nf7\ — •    •  •  (71) 

^^g*  35  (6)  shows  the  variation  of  moments  in  the  main  and  side  spans 
in  terms  of  M^  and  M^  as  given  by  eqs.  (70)  and  (71).  The  heavy 
line  in  the  figure  shows  the  resulting  moment  M',  the  values  for  the 
various  portions  being  shown  on  the  diagram. 

The  value  of  w,  the  moment  in  the  stiffening  truss  when  the  hor- 
izontal component  of  the  cable  stress  is  i  lb.,  may  be  found  by  consider- 
ing the  truss  as  a  beam  continuous  over  four  supports  acted  upon  by 
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the  upward  pull  of  the  hangers.     In  the  main  span  this  upward  pull 
is  -^  lbs.  per  lin.  ft.  found  in  the  same  way  as  in  Art.  i88.    For  the 

8  f 
side  spans,  the  upward  pull  is  ~  lbs.  per  ft.     It  is  assumed  that 


\*-k^i'^ 
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these  loads  are  uniform  across  the  span.  Then  from  the  Theorem  of 
Three  Moments  for  uniform  load  conditions,  we  find  the  moments  at 
the  towers,  w,  and  m^  to  be 


2 


Ci^'-)/ 


m,  =  f»8  =  +  — ^2  I  I ^^ — '       *     *     '     ^^^^ 


(w^^) 


The  variation  in  tn  for  other  parts  of  the  structure  is  as  shown  in  Fig. 
35  (rf),  the  values  being  shown  on  the  curve. 

Substituting  the  values  of  M'  and  m  as  found  above  in  eq.  (i), 

S'ul  u^l 

together  with    I     .  ^ ,  and  I  -j-=  for  the  cable,  the  effect  of  the 

A  tj  A  tL 

hangers  and  towers  being  neglected,  we  have 

^j^.[«ip.>][„..=2p)]....,,,^.<^, 


'   £/  _ 

Substituting  the  proper  values  of  M  and  performing  the  integrations  as 
indicated 

-p/;/'(p-2*«+i)-^p«(i-;fe)+ 

which  is  the  value  of  the  horizontal  component  of  the  cable  stress  for 
a  load  P  in  the  main  span  a  distance  k  I  from  the  left  end  of  the  span. 
The  expression  (Af,  +  Ma),  which  occurs  in  eq.  (74),  is  found  from 
eqs.  (70)  and  (71)  to  be 

(if,  +  Jf ,)  =  -  3^^^(^-^) 

2/,/ 


(^■^777) 
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By  placing  Mj,  M ,  and  Wj  equal  to  zero  in  eq.  (74),  we  obtain  con- 
ditions similar  to  the  case  of  Art.  200.  The  value  of  H  from  eq.  (74) 
becomes  equal  to  that  given  by  eq.  (52). 

For  a  load  in  one  side  span  we  find  by  a  similar  process  that 


fi  (»,-*,■)(. +  jyO 


"• -' — riJu — TiTF-  •    •   •  (IS) 


U-W)i'^Ti:) 


p  l^ 
^»  =  +  7 2 /.A/     .   2lJ\'       '     •     •    <76) 

The  variation  of  moments  for  this  case  is  shown  in  Fig.  35  (c).  The 
values  of  the  moments  for  the  various  spans  are  as  indicated  on  the 
figure.  The  values  of  m  and  w,  and  m^  will  remain  the  same  as  given 
in  Fig.  35  (d)  and  eq.  (72).     Substituting  in  eq.  (i)  we  have 

j£  ^        p       *- th d i .    .   .   (77) 

Denominator  eq.  (74) 

which  is  the  value  of  the  horizontal  component  of  the  cable  stress  for 
a  load  Pi  in  one  side  span  at  a  distance  k^  l^  from  the  left  end  of  the 
span.  In  eq.  (77)  we  find  that  (Af,  +  M 3)  as  given  by  eqs.  (75)  and 
(76)  is 


{M,  +  M3)  =  - 


'(3-7^) 


210.  Moments  and  Shears. — ^The  actual  bending  moment  in  the 
stiffening  truss,  with  the  cable  in  place,  is  foimd  by  substituting  the 
values  of  M'  and  m  as  found  above  in  eq.  (2).  For  moments  in  the 
main  span  we  have 
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For  the  moments  in  the  side  span,  in  which  the  load  Pj  is  located 

M  =  M,+^-H{y,-m,^^    .     .     .     (79) 

and  for  the  unloaded  side  span 

il/  =  il/,^^^-H[y. -«,^^^^].  .     .     (80) 

The  shear  at  any  point  in  the  main  span  may  be  found  from  eq.  (3), 
or  by  taking  the  first  derivative  of  eq.  (78).    In  either  case  we  have 

7  =  F,  +  ^^"^^^  -HizxiO.       ...     (81) 

in  which  V^  =  shear  in  a  simple  beam. 
From  eqs.  (70)  and  (71),  we  find 

Pklii  -k\{i  -2k) 


M,-M,=  + 


For  the  loaded  side  span 


7  =  F„  +  ^»-Htan<?i (82) 

Here  If,  is  to  be  taken  from  eq.  (75). 

For  the  unloaded  side  span, 

M 
V=  ^^-HtB,ne^ (83) 

In  this  case  M^  is  given  by  eq.  (76). 

2x1.  Influence  Lines. — Influence  lines  for  moments  and  shears 
may  be  drawn  as  in  the  previous  cases. 

For  moments  in  the  main  span  eq.  (78)  may  be  written  in  the  form 

^°L  °     (y-m[) ^_\(y--^-  ■   (84) 

Then  by  methods  similar  to  those  used  in  Art.  188  the  required  in- 
fluence line  may  be  drawn.    For  an  example  see  Art.  212. 

212.  Example. — ^The  structure  shown  in  Fig.  30  and  used  in  the  Problem 
of  Art.  205  will  be  adapted  to  the  conditions  of  Art.  214  and  used  to  illustrate 
the  calculation  of  influence  lines  and  moments.    For  this  purpose  it  will 

11.—17 
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be  assumed  that  the  moments  of  inertia  and  span  lengths  are  the  same  as 
before.    The  dimensions  of  the  structure  are  then  as  shown  in  Fig.  36. 

Influence  Lines. — Influence  lines  are  drawn  from  eq.  (84)  of  Art.  211. 
The  values  of  H  to  be  used  are  given  by  eq.  (74)  of  Art.  209,  for  the  main- 
span  portion,  and  eq.  (77)  for  the  side-span  portions.  The  value  of  L^  in 
these  equations  may  be  taken  the  same  as  for  the  problem  of  Art.  205. 

The  values  of  M^,  M^  and  m,  are  given  by  eq.s.  (70),  (71),  (72),  (75),  and 
(76).    The  variation  of  moments  is  as  shown  in  Fig.  35. 

From  these  equations  the  influence  lines  for  moment  at  the  centre  and 
quarter  point  were  calculated  and  plotted  as  shown  in  Fig.  36. 

Moments  from  Influence  Lines, — For  p)ositive  moment  at  the  quarter 
point,  the  influence  line  shows  that  the  main  span  and  the  right-hand  side 
span  are  to  be  loaded.  By  the  same  methods  as  used  in  Art.  205  the  moment 
is  found  to  be  +  131,000,000  ft.-lbs.  ^ 

The  maximum  negative  moment  at  the  quarter  point  occurs  under  oppo- 
site loading  conditions.    The  moment  is  found  to  be  —  69,500,000  ft.-lbs. 

At  the  centre  the  positive  moment  occurs  for  the  centre  portion  of  the 
span  loaded,  no  load  on  the  ends  or  the  side  spans.  The  maximum  positive 
moment  is  151,520,000  ft.-lbs.  Under  opposite  loading  conditions,  the  nega- 
tive moment  is  found  to  be  —  36,575,000  ft.-lbs. 

213.  Straight  Backstays. — Assume  the  side  spans  free  and  the 
trusses  continuous  from  anchorage  to  anchorage,  as  in  Fig.  37. 


^  k»!*  ^tf  k^  ^4  hib^  ^a  «^  ^B  k^  ^4  B^  ^a  4k^  ^fl  k^  ^fl  B^  ^a  h^  ^^  M^  ^4  ll^  ^tf  h^  ^4  k^  /4t  B^  ^a  ttk^ 'Sfl  hk^  ^M  ^3  ^H  kk^  ^rf  k^^^tf  b^  ^B  k^  ^fl  fe^  ^tf  i 


r ft 1 


Fig.  37. 


-^ 


The  value  of  Af 3  and  Af 3  are  the  same  as  given  in  Art.  209.  In 
the  case  of  the  quantity  w,  the  upward  pull  of  the  side-span  hangers 
is  absent.  This  may  be  accounted  for  by  placing /^  in  eq.  (72)  equal 
to  zero  and  we  have 

2/ 


w«  =  fw«  = 


(T7f-3) 


(85) 


In  determining  the  value  of  H  for  this  structure  it  is  only  necessary  to 
place  /i  =  o  in  the  corresponding  equation  for  the  structure  shown  in 
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Fig.  34.    The  values  of  L,  and  L^  will  be  the  same  as  those  given  for 
the  structure  considered  in  Art.  206. 


(e)  Structure  over  Three  Openings,     Trusses  Continuous  Over  Towers. 

Centre  Hinge 

214.  Value  of  H. — ^The  structure  shown  in  Fig.  34  is  sometimes 
built  with  a  hinge  at  the  centre  of  the  main  span.  The  trusses  are 
continuous  over  the  main  towers  and  the  side  spans  are  suspended 


':r<»^^i^^^p^^p^^^i^pi^^^^p^^^^p^^^i^P^^p^^f^^p^^p^^i^^p^i^i^^»^i:«^^p^^;r'> 
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Fig.  38. 
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from  the  cables  as  shown  in  Fig.  38.  The  method  of  analysis  is  simi- 
lar to  that  used  for  the  structure  of  Art.  209. 

When  the  cable  is  removed  the  stiffening  truss  forms  a  beam  con- 
tinuous over  four  supports,  but  hinged  at  the  centre  of  the  main  span. 
For  such  a  structure  the  reactions  at  the  supports,  and  the  moments 
and  shears  at  any  point,  are  found  by  the  methods  given  for  double 
drawbridges  in  Chap.  II. 

Fig.  39  (a)  shows  the  stiffening  truss  with  the  cable  removed,  the  di- 
mensions of  the  various  parts  being  given  on  the  sketch.  As  the  truss  is 
hinged  at  the  ends  and  the  centre,  the  moments  at  these  points  are  zero. 

For  a  single  load  P  in  the  main  span,  a  distance  k  I  from  the  left 
end,  where  k  <  yi,  the  moments  at  the  towers  are  found  to  be 


if,-  - 


2 


[( 
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Fig.  39  (b)  shows  the  variation  of  moments  in  the  main  and  side  spans 
in  terms  of  M,  and  M,  as  given  by  eqs.  (86)  and  (87).  The  heavy 
line  shows  the  resulting  moment  Af ',  the  values  being  as  indicated  on 
the  figure. 


Fig.  39. 
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The  value  of  m  is  found  by  a  method  similar  to  that  used  in  Art. 
209.     The  upward  pull  of  the  hangers  on  the  main-span  truss  is  again 

8  /  S  f 

-^  lbs.  per  lin.  ft.,  and  for  the  side  spans  it  is  -jr  lbs.  per  lin.  ft. 

Applying  these  loads  to  the  beam  of  Fig.  39  (a)  the  moments  at  the 
towers,  m^  and  m^  are  found  to  be 

w,  -  W3  =  +/ (88) 

The  values  of  m  in  terms  of  m^  and  m^  are  as  shown  on  Fig.  39  ((i). 

By  comparing  the  values  of  M'  and  m  as  given  for  this  structure 
in  Fig.  39  with  those  for  the  structure  of  Art.  209,  as  given  in  Fig.  35, 
we  see  that  the  expressions  are  similar  in  form,  differing  only  in  the 
values  of  M2,  M3,  m^  and  W3.  Then  the  expression  for  horizontal 
component  of  cable  stress  can  be  obtained  directly  from  Art.  209  by 
substituting  the  values  of  M^  and  Af  3,  m^  and  m,  for  this  case  in  place 
of  those  in  eqs.  (74)  and  (77). 

From  eqs.  (86)  and  (87)  we  find 

(M, +  M3)  =  -P*/ 

Also  ^3  =  ^8  =  +/.  Substituting  these  values  in  cq.  (74)  of 
Art.  209,  we  have,  after  some  reduction, 

iw[4(ai--4*  +  3)  +  2(-  -;f')!-^]  -  ^T^«l-  (50) 
£[3H.,(8£_,o/.  +  5  )  lyQ  H- i^  ^.  (45) 

which  is  the  value  of  the  horizontal  component  of  the  cable  stress  for 
a  load  F  in  the  main  span,  a  distance  k  I  from  the  left  end  of  the  span 
for  the  structure  of  Fig.  38. 

For  a  load  in  one  side  span,  we  find  by  a  similar  process  that 

Af  J ; Yu ■'     •     •     •     •     (90) 

M3  =  ~  Mj .      (91) 

The  variation  of  the  moment  M'  at  any  point  in  the  beam  is  shown 
in  Fig.  39  (c).    The  moment  m  is  shown  in  Fig.  39  (d).     The  values  of 
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Fig.  40. 
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M'  and  m  are  again  similar  to  those  for  the  corresponding  case  of 
Art.  209.  From  eqs.  (90)  and  (91)  we  find  (3f ,  -f  Af,)  =  o.  Sub- 
stituting this  value,  together  with  the  value  of  w,  from  eq.  (88)  in 
eq.  (77)  of  Art.  209,  we  have 


H  = 


\  PJ.  h  [2  k,  (A,»  -  2  *,»  +  I)  -  -^  *,  (I  -  *,')]  J-^ 


{92 


Denominator  eq.  (89) 

which  is  the  expression  for  the  horizontal  component  of  the  cable  stress 
for  a  load  in  one  side  span  of  the  structure  of  Fig.  38. 

215.  Moments  and  Shears. — ^Influence  Lines. — ^The  expressions 
for  bending  moment  and  shear  at  any  point  in  thfe  stiffening  truss  with 
the  cable  in  place  are  of  exactly  the  same  form  as  those  given  in  An. 
210  for  the  structure  of  Fig.  34.  The  values  of  H,  Af„  M^,  and  wij 
are,  however,  to  be  taken  from  eqs.  (86)  to  (92)  of  Art.  214.  For  an 
example  see  Art.  216. 

216.  Example. — ^The  same  structure  will  be  used  for  this  case  as  in  Art, 
212,  except  that  a  centre  hinge  will  be  added  in  the  main  span.  By  the  same 
methods  as  used  in  Art.  212,  the  influence  line  for  moment  at  the  quarter 
point  of  the  main  span  was  calculated  and  plotted  in  Fig.  40. 

From  this  influence  line,  the  maximum  positive  moment  is  foimd  to  occur 
when  a  portion  of  the  main  span  and  the  right-hand  side  span  are  loaded. 
The  amount  of  the  moment  is + 169, 1 50,000  ft.-lbs.  For  opposite  loading  con- 
ditions, the  maximum  negative  moment  is  found  to  be— 180,000,000  ft.-lbs. 

217.  Straight  Backstays. — In  some  cases,  the  side  spans  are  not 
attached  to  the  cables,  as  shown  in  Fig.  41.     In  all  other  respects,  the 


H ^^1 ->k- 


«• 


H^ ^r 


Fig.  41. 


structure  is  similar  to  the  one  shown  in  Fig.  38.  Values  of  the  horizon- 
tal component  of  cable  stress  and  of  moment  and  shear  can  be  obtained 
by  placing /i  =  o  in  the  equations  of  Art.  214.  The  values  of  L^  and 
Lf  4o  be  used  for  this  case  are  given  by  eqs.  (68)  and  (69)  of  Art.  206. 
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if)  Structure  with  Stiffening  Truss  Hinged  at  Ends  and  Centre, 

218.  Value  of  H. — ^The  structure  shown  in  Fig.  18,  Art.  188,  is 
also  constructed  so  that  the  trusses  are  not  continuous  over  the 
towers,  as  shown  in  Fig.  42.     The  main  span  has  a  centre  hinge 


\ 


-*— > 


r4/N/N/NA 


Fig.  42. 


and  at  the  towers  the  truss  is  anchored  so  as  to  take  upward  or 
downward  reactions  at  these  points.  For  this  structure  the  methods 
used  for  the  previous  cases  will  not  answer.  When  the  cable  is  re- 
moved, the  truss  can  carry  no  load  on  account  of  the  centre  hinge,  so 
that  the  cable  is  no  longer  a  redundant  or  superfluous  member. 

The  stresses  in  this  system  are  determined  on  the  assumption  that 
the  cable  is  a  parabola  with  the  vertex  at  the  centre  under  all  con- 
ditions of  loading.  Therefore  the  hanger  stresses  are  uniform  over  the 
entire  span.  The  dead  load  is  assumed  to  be  carried  entirely  by  the 
cable,  the  truss  having  no  stress. 

Under  full  live  load  the  conditions  will  be  similar  to  those  for  dead 
load,  the  cable  carrying  all  the  load,  the  trusses  having  no  stress.  At 
this  time  the  cable  stress  is  found  as  for  the  cable  alone,  as  given  in 

Sec.  I,  the  horizontal  component  of  stress  being  ^  where  p  is  the  load 

per  foot.  For  partial  loads,  the  stiffening  truss  may  be  considered  as 
I  beam  acted  upon  by  the  upward  uniform  pull  of  the  hangers,  and  the 
distributed  live  load.     As  the  cable  is  assumed  to  hang  in  a  parabola, 

the  pull  of  the  hanger  is  found  as  in  the  previous  cases  to  be  -A^~ 

lbs.  per  lin.  ft.  The  stiffening  truss  removed  and  with  all  forces  acting 
is  shown  in  Fig.  43.  Here  the  applied  load  is  a  uniform  load  of  p  lbs. 
per  lin.  ft.     The  reactions  and  stresses  for  this  system  may  be  deter- 
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mined  by  usual  methods,  subject  to  the  added  condition  that  moment 
at  point  B  must  be  zero.    From  moments  about  A  and  C  we  have 

R, .  tis-Mi  -  tm  ....  (,3) 

2  I 

R2  ■=■ ^^— (94) 

2  / 

,    The  bending  inoment  at  any  point  of  the  section  A  £>,  where 
-T  <  *  /  is  given  by  the  expression 

M^tSl^LMl^-P£-±l^(l-x).     .     (95) 

and  for  the  section  D C,  where  x  >  kl 

Jlf  =  ^^(/_^)_l/^(/_«) (96) 

2  P 

From  eqs.  (95)  and  (96),  it  can  be  seen  that  the  moment  at  any 
point  in  the  truss  is  given  by  an  expression  of  the  form 

M  =  M'  -  Hy (97) 

■ 

where  M'  is  the  moment  in  a  simple  beam  or  span  /,  H  is  the  horizontal 
comp)onent  of  the  cable  stress,  and  y  is  the  cable  ordinate  at  the  moment 

L_-^^ — g        u. 1 , 

I  JHMi«erPnU--^ll)e.perl 

*F==Pf=l — -¥ IP 

|r""*~""^i     Vp.lbfl.perUn.ft.  I 

FlG.  43. 

centre.  This  is  the  same  expression  as  derived  for  the  previous 
cases.  Therefore,  the  same  law  of  variation  of  moments  holds  for 
this  structure,  with  the  cable  added,  as  for  the  structures  alread) 
considered. 
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The  value  of  H  may  be  determined  from  eq.  (96)  by  placing 

/ 
i/  =  o  at  the  centre,  or  lor  x  ^  —  and  y  ^  f. 

Then  we  have 

■  ■  ■      ■^  =  ^' (98) 

which  is  the  value  of  the  horizontal  component  of  the  cable  stress 
for  a  uniform  load  of  p  lbs.  per  lin.  ft.,  extending  a  distance  k  I  from 
the  left  end  of  the  span,  where  k  is  less  than  yi. 

When  the  uniform  load  extends  beyond  the  centre,  or  for  k  greater 
than  %y  we  find  by  a  similar  method  that 

H  =  |y(4*-2*»  +  i) (99) 

The  maximum  value  of  H  will  occur  when  i  =  i  in  eq.  (99)  or  H  = 
~,  which  is  the  value  for  full  load  as  stated  above. 

°y 

The  general  law  expressed  by  eq.  (97)  can  be  shown  to  apply  to 
concentrated  loads  also.  The  value  of  H  for  a  single  load  P  at  a 
distance  k  I  from  the  left  end  of  the  span  can  be  found  from  eq.  (97) 
by  placing  Af  =  o,  M'  equal  to  the  moment  at  the  centre  of  a  simple 
beam  of  span  /  for  the  load  P,  and  y  =  J,  from  which  we  have 

^  =  77 ('~^ 

PI 
rhis  value  of  H  will  be  a  maximum  for  *  =  K  when  H  =  — >. 

4/ 
The  values  of  Ri  and  R2  may  be  found  from  eqs.  (93)  and  (94)  by 
aibstituting  H  for  the  particular  loading.    For  the  loading  shown  in. 
%'  43  we  have  from  eqs.  (98) ,  (93) ,  and  (94) 

2?.  =  Mi(2_3*) (loi) 

R,=  -  ^— (loia) 

2 

The  maximum   value  of  /?i  is  found  to  occur  for  k  ^  y^,   when 

>   pi 
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219.  Moments  and  Shears.     Influence  Lines. — ^The  variation  in 
moments  and  shears  can  be  studied  best  from  influence  lines. 
Moments. — ^For  moments,  eq.  (97)  may  be  written  in  the  form 


M 


-(^'-«). (- 


and  influence  lines  drawn  by  the  same  methods  as  used  for  Fig.  24, 


-0.01888l)Z 


ICAZlmam  Moment  Cai 


Fig.  44. 


Art,  191.     Here  the  value  H  is  found  for  P  =  i  lb.  in  cq.  (100).    The  I 
resulting  curve  is  shown  by  the  line  ab  c  oi  Fig.  44  (6).  i 

M^ 
The  value  of  —  is  exactly  the  same  as  for  the  case  shown  in  Fig.  24 1 

and  is  shown  here  by  the  line  ae  c  oi  Fig.  44  (ft),  which  is  drawn  for 
moment  at  point  E. 

The  amount  of  the  moment  for  any  loading  can  be  obtained  by 
influence-line  areas  as  explained  in  Arts.  192  and  205.    For  moment 

M'        ^         .     .  I 

at  the  centre-  the  line,  for  —  and  H  coincide,  and  the  area  between  the 

y 
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lines  is  zero.  Therefore  the  moment  at  the  centre  is  zero  for  all 
conditions  of  loading,  which  is  as  it  should  be,  since  the  hinge  can  carry 
no  moment. 

The  amount  of  the  moment  can  also  be  obtained  by  substituting 
the  value  of  H  for  the  loading  in  question  in  eq,  (95)  or  (96).  Thus 
for  maximum  positive  moment  for  any  point  to  the  left  of  the  centre, 
the  influence  line  shows  that  the  loading  is  as  given  in  Fig.  43.  For 
this  loading  the  value  of  H  is  given  by  eq.  (98).  Substituting  this 
value  of  H  in  eq.  (95)  we  have  ior  x  <  kl 

Jf  =  M/  (2  _  3  jfe)  :v  -  ^  (i  -  2  *').     .      .     (103) 
2  2 

Placing  ~j-r  =  o  in  eq.  (103)  we  find  that  for  maximum  M 

k  =  —J (104) 

3  /  —  2X 

Substituting  this  value  of  k  in  eq.  (103)  we  have 

^  = 2(3/-2x) '      •     •     •     •     (los) 

«rhich  gives  the  maximum  value  of  M  for  any  given  value  of  x. 

Again,  placing  -r —  =  o  in  eq.  (105),  we  find  that  for  absolute 

(*  X 

naximum  M ,  the  value  of  x  is  given  by  the  equation 

tx?  -  ilx^  -h^Px  -\P  =  0.        .     .      .     (106) 

4  o 

'rom  this  equation  the  desired  value  of  x  is  found  to  be  0.234  /.  Then 
rom  eqs.  (105)  and  (104)  we  find  that  the  absolute  maximum  value 

if  M  is   +  0.0188^  P  Py  or  about  —  P  P.  and  that  it   occurs  when 

S3 
f  =  0.234 1  and  k  =  0.395. 

For  negative  moments  at  any  point,  the  influence  line  shows  that 

he  load  extends  from  one  end  of  the  span  to  a  point  beyond  the  centre 

dnge,  for  which  case  H  is  given  by  eq.  (99).     Substituting  this  value 

>f  H  in  eq.  (96)  the  moment  for  :v  >  ^  /  is  found  to  be 

M  ^  ^  {I  -  x)  [k^  {I  +  2  x)  +  X  {1  -  4k)].  .     .     (107) 
2 
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Proceeding  as  before,  we  find  that  the  absolute  maximum  value  ( 

this  moment  is  —  0.01883  pP  or  about />/*,  and  that  it  occui 

when  X  =  0.766 1  and  k  =  0.605.  The  maximum  value  of  the  momci 
at  any  point  in  terms  ol^x;;  as  in  eq.  (105),  is  found  to  be 

^^PXQ-X){l-2X) J 

2  (/  +  2  a:) 

In  Fig.  44  {c)  are  shown  the  moment  curves  for  maximum  positi^ 
and  negative  moments.  These  values  may  be  calculated  from  ii 
fluence  line  areas  or  from  eqs.  (105)  or  (108). 

Shears. — ^The  law  of  variation  of  the  shear  at  any  i)oint  is  give 
by  the  expression 

V  =  V'  -H^  ^V"  Hi^ne     .     .     .      {lot 

ax  ^ 

where  the  notation  is  the  same  as  for  previous  cases.  This  expressia 
may  be  written,  in  the  form 

V  =  (7'  cot  »  -  f?)  tan  e,     .      .      .      .      (ii< 

from  which  influence  lines  may  be  drawn  as  in  Art.  194.  The  influen< 
line  for  shear  at  point  E  of  Fig.  45  is  shown  in  Fig.  45  (a).  Tl 
ordinates  c  d  and  rf/have  exactly  the  same  values  as  given  in  Art.  iq 
for  Fig.  24,  while  H  is  the  same  as  for  Fig.  44  (b). 

From  the  influence  lines  it  can  be  seen  that  for  positive  shear  fc 
points  near  the  ends  of  the  span,  only  the  centre  portion  of  one  side  < 
the  span  is  to  be  loaded,  as  shown  by  Fig.  45  (a).  This  conditio 
holds  for  points  from  the  end  of  the  span  to  the  quarter  point,  a 
will  be  proved  later.  Beyond  the  quarter  point  the  conditions  ar 
shown  by  Fig.  {c). 

The  amounts  of  the  shears  can  be  determined  by  influence  lin 
areas  as  before,  or  by  substituting  in  eq.  (109). 

For  positive  shears  near  the  end  of  the  span  the  influence  line  show 
the  loading  to  be  as  given  in  Fig,  46  (a).    For  the  conditions  showi 

V'b  =  ^{k  -n)(2  -k  -n)   and   2?  =  ^  (*  -  n)  (k  +  n). 
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Substituting  these  values  in  eq.  (109)  we  find  the  shear  at  point  B  to  be 

y^  =  ^^*-n)[2-(3-4«)(*  +  n)].  .      .     (iii) 

The  value  of  k  which  makes  this  a  maximum  is  found  by  placing 

IV 

-TT  =  Oy  from  which  we  have 

UK 

k  — ^ — (112) 

3  -4« 

This  value  substituted  in  eq.  (iii)  gives 

j^/(x^3n-h4nT  _     (,     ^ 

^2  (3-4») 

nrhich  is  the  maximum  value  of  Vq  for  any  point  B  distance  n  I  from 
the  left  end  of  the  span. 

From  Fig.  45  (fc)  it  can  be  seen  that  this  form  of  loading  holds  until 
i  =  ^  at  which  time  we  find  from  eq.  (112)  that  »  =  X«  Thus 
cqs.  (hi)  and  (113)  hold  for  values  of  n  from  o  to  X- 

When  n  =  o,  or  for  end  shear,  the  influence  line  for  which  is  shown 

in  Fig.  45  (rf),  k  =  y^  and  F  =  +  4^-    For  n  =  }4,  or  shear  at  the 

o 

quarter    point,   as    shown    by   the    influence    line    of   Fig.   46    (6), 

16 
Negative  shears  at  corresponding  points  are  obtained  by  loading 
A  B  and  CD  oi  Fig.  46,  no  load  on  BC,  as  shown  by  the  influence  lines. 
Proceeding  as  for  positive  shears  we  find 

V's  =  ^[(1  -  ky  -  n']   and   ^  =  |y  (2  n»  -  2  ife»  +  i). 

Substituting  these  values  in  eq.  (109),  we  find  the  value  of  the  shear  at 
point  B,  Fig.  46,  to  be 

Vb  -  ^[(i  -  A)»  -  ««  -  (I  -  2  n)  (2  n»  -  2  *^  +  i)],       (114) 

which  is  found  to  be  a  maximum  for  k  =  as  before.     Sub- 

3  -  4» 
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Fig.  4$. 
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stituting  this  value  oi  kin  eq.  (114)  the  maximum  shear  at  B  is 

Fb  =  ^^[»(4«*-3«  +  2)  -j^].        .     ("5) 

Eq.  (115)  is  also  found  to  hold  for  values  of  n  from  o  to  K-     When 

pl  pi 

»  ==  o,  or  for  end  shear,  V^  =  ""  ^»  ^^^  ^^^  w  =  X>  ^b  =  ""  ^* 

It  will  be  seen  that  these  values  are  numerically  equal  to  the  positive 
shears  at  the  same  points,  but  opposite  in  sign. 

For  positive  shears  at  points  beyond  the  quarter  point  the  influence 
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Fig.  46. 
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Fig.  47. 


line.  Fig.  45  (c),  shows  that  the  loading  is  as  given  in  Fig.  47.      Here 
P^=  ^^  (I  -  *)»  and  fT  =  1^  (I  -  2  *'). 

Substituting  in  eq.  (109)  we  find  the  shear  at  B  to  be 


t^s  = 


p)?l 


(3-4*) ("6) 


This  is  found  to  be  a  maximum  for  *  =  X>  or  at  the  centre,  where 
8 "* " '     "         ■    16 


Y a-  +  ^.     At  the  quarter    point,  Y ^  =  ■+  ^7  ^  before.     For 


negative  shears,  ^4  J5  of  Fig.  47  is  to  be  loaded,  and  we  find 


Vb=- 


pk'l 


(3-4*) ("7) 


pl   '                                                     pl 
Again,  at  the  centre  V^  =  —  %-,  and  at  the  quarter  point  Vg  = 

The  complete  shear  curves  for  positive  and  negative  shears  are  shown 

in  Fig.  45  (e). 
n.— 18 
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220.  Example.  —  For  this  case  the  main-span  portion  of  the  structure 
of  Art.  205  will  be  used,  a  hinge  being  placed  at  the  span  centre. 

Value  of  H.  Under  full  live  load,  the  value  of  if  is  given  by  eq.  (99) 
of  Art.  218  when  k  =  1. 

pP  4,000  X    (1,446.7)*  ^r,r.onr^\U^ 

Moments  and  Shears. — ^The  moments  and  shears  at  various  points  may  be 
calculated  by  means  of  the  formulas  given  in  Art.  219. 

The  maximum  moment  is  found  to  be  0.01883  P  ^'*  '^^^^  actual  value 
of  this  moment  is  then 

0.01883  X  4,000  X  (1,446.7)^  =  157,640,000  ft.-lbs. 

The  influence  lines  for  moment  and  shear  are  given  in  Figs.  44  and  45. 


{g)  Comparisons  of  Various  Types  of  Structures 

221.  Comparison  of  Results  for  Various  Structures. — ^In  order  to 
determine  approximately  the  relative  merits  of  the  various  structures 
considered  in  the  preceding  articles,  the  maximum  cable  stress  and  the 
maximum  moments  at  the  centre  and  quarter  points  have  been  calcu- 
lated and  are  given  in  the  following  table  (page  275). 

As  these  results  have  been  calculated  for  the  same  span  lengths  and 
moments  of  inertia  of  trusses  for  all  cases,  a  study  of  the  table  will 
indicate  to  some  degree  the  relative  economy  of  the  different  types. 

From  the  table  we  see  that  the  moments  for  the  structure  of  Figs. 
33  and  42  are  less  than  for  the  others.  At  the  quarter  point,  the 
positive  moments,  temperature  included,  are  almost  identical  in  each 
structure.  For  negative  moments  at  the  same  point,  the  structure  of 
Fig.  33  has  a  slight  advantage  over  that  of  Fig.  42.  At  the  centre 
point,  the  moment  for  the  structure  of  Fig.  42  is  zero  becau^  of  the 
centre  hinge.  The  fact  that  the  truss  of  Fig.  33  is  continuous  over  the 
centre  of  course  makes  it  a  more  rigid  structure.  This  aids  it  in 
resisting  the  action  of  wind  forces  on  the  side  of  the  trusses,  and, 
as  sometimes  happens,  from  underneath.  The  cable  stresses  in  each 
of  these  cases  are  about  the  same,  Fig.  42  having  the  advantage  in 
that  it  is  not  affected  by  temperature  changes.  From  the  stand- 
point of  stress  calculation  Fig.  42  has  the  advantage,  for  in  this  struc- 
ture the  stresses  are  all  statically  determinate,  as  in  the  three-hinge 
arch.    The  stresses  in  the  case  of  Fig.  33  are  determined  by  methods 
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similar  to  those  used  for  two-hinged  arches,  and  are  dependent  upon 
the  actual  sections  uSed.  In  the  structure  of  Fig.  26,  the  moments 
are  somewhat  larger  than  in  Figs.  33  and  42.  Because  of  the  sus- 
pended side  spans  the  cable  is  a  little  more  flexible  than  in  the  other 
cases,  thus  throwing  a  larger  proportion  of  the  load  on  the  stiffening 
trusses,  as  shown  by  the  increased  moments.  Thi§  type  of  structure 
is  particularly  useful  in  the  case  of  long  side  spans  for  which  it  is 
not  possible  to  providejntermediate  supports.  Also,  in  the  case  of  side 
spans  suspended  from  the  cables,  all  the  dead  load  may  be  assumed 
as  taken  by  the  cables,  thus  causing  no  stress  in  the  truss.  These  spans 
can  thus  be  made  lighter  than  those  of  the  structure  of  Fig.  33. 

Structures  with  trusses  continuous  over  the  towers  are  seen  to 
have  moments  and  cable  stresses  which  are  greater  than  those  in  non- 
continuous  structures.  Their  only  advantage  lies  in  their  greater 
rigidity.  In  order  to  provide  for  linear  expansion  due  to  temperature, 
the  tower  connections  must  be  so  constructed  that  they  will  slide  under 
temperature  changes.  Such  joints  are  difficult  to  construct  and  also 
to  maintain  in  good  working  condition.  A  great  disadvantage  in  such 
systems  is  the  difficulty  in  stress  calculations.  Such  structures  are 
threefold  indeterminate,  the  moments  at  the  towers,  and  the  stress 
in  the  cable  constituting  the  three  unknowns. 

(b)  exact  methods  of  calculation* 
(a)  Structures  with  Trusses  Hinged  or  Continuous  al  Towers 

222.  Method  of  Procedure. — In  structures  in  which  the  span  is 
long  and  the  trusses  comparatively  flexible,  the  effect  of  deflection 
under  loads  must  be  taken  into  account.  In  the  general  formula  of 
Art.  187,  the  moment  at  any  point  in  the  stiffening  truss  was  given  as 
M  =  M'  —  H  y.  In  this  formula  the  deflection  was  neglected.  If 
taken  into  account,  the  equation  would  read  M  =  M'  —  i?  (y  +  7)» 
where  7  is  the  deflection  at  the  point  in  question.  From  this  equation 
it  can  be  seen  that  the  effect  of  this  deflection  is  to  reduce  the  amount 
of  the  moment,  thus  effecting  a  saving  in  material  in  the  stiffening 
trusses.  In  the  case  of  long  spans  this  saving  is  considerable,  as, 
for  example,  in  the  problem  of  Art.  205,  the  deflection  was  found  to 

*  Based  on  the  work  of  Melan,  "  Eiseme  BogenbrQcken  und  Haengebrflcken,"  Leipsic, 
1888  and  1906.  This  method  was  fully  developed  by  Mr.  L.  S.  Moisseiff  of  the  Depart- 
ment of  Bridges  of  the  City  of  New  York,  and  used  in  the  calculations  of  the  Manhattan 
bridge,  and  again  by  the  author,  with  various  modifications,  in  the  recalculations  of  this 
structure  for  the  report  of  Mr.  Ralph  Modjeska  to  the  City  of  New  York.  See  also  Max 
i  am  Ende,  in  Proceedings  Institution  of  Civil  Engineers,  1898. 
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be  almost  10  per  cent  of  the  centre  sag.  In  the  analysis  to  follow, 
values  of  moment,  shear,  and  horizontal  component  of  cable  stress 
will  be  determined,  taking  into  account  the  effect  of  deflection. 

In  deriving  the  equations  the  same  general  assumptions  will  be 
made  as  before,  that  is: 

The  initial  curve  of  the  cable  will  be  assumed  as  parabolic. 

The  entire  dead  load  will  be  assumed  as  carried  by  the  cable, 
causing  no  stress  in  the  stiffening  trusses.  The  truss  is  stressed  by 
live  load,  and  by  changes  in  temperature  from  the  normal. 

The  notation  used  in  the  work  to  follow  will,  in  general,  be  the 
same  as  in  the  preceding  articles.  For  convenience  this  notation  is 
repeated  below : 

H^  =  horizontal  component  of  cable  stress  due  to  dead  load 
and  mean  temperature. 

H  =  additional  horizontal  component  of  cable  stress  due  to  any 
cause,  such  as  live  load  or  temperature  change. 

7/  =  deflection  of  truss  and  cable  at  any  point  from  the  normal 
position,  due  to  H  and  any  given  live  load  (the  effect  of  the  stretch  of 
the  hangers  is  neglected.     See  Art.  228). 

p  =  live  load  per  unit  length  on  part  or  all  of  the  main  or  side 
span  trusses. 

w  =  dead  load  per  unit  length  =  load  on  cable,  including  its  own 
weight. 

M'  =  bending  moment  at  any  point  in  the  truss  due  to  the  given 
live  load,  assuming  the  truss  to  be  a  simply  supported  beam. 

M  =  actual  bending  in  the  truss  at  any  point  due  to  assumed 
conditions. 

V  =  actual  shear  at  any  point. 

/  =  moment  of  inertia  of  stiffening  truss. 

/  =  length  of  span. 

/  =  centre  sag  of  cable. 

Subscripts  will  be  used  to  indicate  corresponding  side  span  dimen- 
sions. 

The  general  form  of  the  structure  to  be  considered  will  be  as  shown 
in  Fig.  26,  of  Art.  200. 

The  main  and  side  spans  are  suspended  from  the  cable  by  hangers. 
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The  trusses  may  or  may  not  be  continuous  over  the  towers.  However, 
the  formulas  will  be  developed  on  the  assumption  of  non-continuous 
trusses.  Continuity  of  trusses  will  modify  only  the  values  of  the 
constants  of  Art.  224. 

223.  Derivation  of  Fonnulas  for  Deflection,  Bending  Moment,  and 
Shear. — ^Under  all  conditions  of  loading  the  shape  of  the  cable  con- 
stitutes an  equilibrium  polygon  for  the  hanger  loads.  If  the  horizontal 
component  of  the  cable  stress  is  H^  -h  fT,  the  moment  of  the  hanger 
stresses  on  the  truss  at  any  point  A\  Fig.  48,  is  therefore  equal  to 


Fig.  48. 

{H^  +  H)  {y  +  r}).  But  under  the  assumed  conditions  the  portion 
H^y  just  balances  the  dead  load;  therefore  the  moment  tending  to 
balance  the  effect  of  the  live  load,  or  temperature  change,  is  {H  + 
HJ)  V  +  H  y.    Hence  the  resultant   moment   in  the  stiffening  truss 

due   to    this    live   load,   or   temperature 

change,  is 

If  =  M'  -  (ff  +  if  J  17  -  fry.  .  (i) 

Consider  any  portion  of  the  truss  along 
which  p  and  /  may  be  assunled  as  con- 
stant, and  suppose  that  the  left  end  of  this  portion  is  at  a  distance  a 
from  the  origin,  Fig.  49.    The  value  of  M'  at  any  point  in  this  sec- 
tion can  be  written 


I& 


1 


Fig.  49. 
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M'  ^  M^  +  Q  {x  -  a)  -  ^  {x  -  a)\ 

in  which  M^  is  the  bending  moment  and  Q  the  shear  at  the  left  end 
of  this  section.    Also,  from  the  initial  parabola^  origin  at  O,  Fig.  48, 

d_f  X 

y  =  -^r—  {I  —  x).    Substituting  these  values  in  eq.  (i),  we  have 

M=M,  +  Q{x-a)-^(x-ay-(H+HJv-H\j^(,l-x)^    .    (2) 

With  respect  to  the  truss,  the  general  relation  of  deflection  to  bending 
moment  is 

dx^ 

Substituting  the  value  of  M  from  eq.  (2)  in  this  expression,  placing 

H  +  H^       .        , 
— =rrz — =  c',  we  have 

Integrating  eq.  (3),  again  substituting  M'  for  brevity,  we  have  * 


^  = 


^[c,.".c..-"4Vi(f -I) -i^(,-.)]   a, 


(H+ff 


which  is  the  deflection  at  any  point  in  the  stiffening  truss.  C^  and 
C,  are  integration  constants  to  be  determined  from  the  conditions  of 
the  problem  (Art.  224).  Then  from  eq.  (i),  the  bending  moment  at 
any  point  is 


M 


=  -ff[c,.--hC,e-  +  i  («/-!)].       .     (5) 


The  shear  at  any  point  can  be  obtained  by  differentiating  eq.  (5),  which 
gives 

V Hc[C,e"  -^C^e-""^ (6) 


♦  Equation  (3)  may  be  written  in  the  form  -j—i  =  c'7  +  c*(o+  b  x  •\-  d  x*)  =  c*jj  -\- 

dx 


ex  —ex 


s*F{x).    The  integral  of  this  is  V- ill  tf     +  A^e        -  F  (*)- ^  F"  (*),  in  which  yl , 

c 

and  A 2  are  integration  constants  and  F*'  (x)  is  the  second  derivative  of  F  {x).     From 
this  is  written  eq .  (4),  substituting  rr  Y\r  '  and  ^  for  A »  and  A ,. 
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Eqs.  (4) ,  (5) ,  and  (6)  enable  the  deflections,  moments,  and  shears  to 
be  calculated  at  any  point  in  the  main  span  for  any  given  value  of 
cable  stress  H  and  of  load  p  on  this  span.  The  value  of  fl"  to  be  ibcd 
in  these  equations  is  given  in  Art.  225.  For  cases  m  which  ihe 
deformation  of  the  cable  is  known  to  be  slight,  the  value  of  H  as 
given  by  the  Approximate  Method,  Art.  188,.  may  be  used. 

From  cqs.  (4),  (5),  and  (6),  it  can  be  seen  that  the  deflection,  mo- 
ment, and  shear  at  any  point  is  no  longer  proportional  to  the  load  p. 
This  is  due  to  the  fact  that  the  horizontal  component  of  the  dead  load 
cable  stress,  if  „,,  which  existed  before  the  advent  of  the   live  load,  i^ 

involved  in  the  quantity  Cy  whose  value  is  given  by  c^  =  — ft"""^- 

For  this  reason  influence  lines  cannot  be  drawn  for  the  above  equa- 
tions. In  any  case,  however,  the  influence  lines  as  drawn  by  the 
Approximate  Method  can  be  used  as  a  guide  in  determining  maxi- 
mum values.  Then  by  several  trials  with  about  the  same  loading  as 
required  by  the  Approximate  Method,  the  maximum  is  easily  found. 

The  formulas  for  deflection,  moment,  and  shear  are  applicable  to 
side  spans  by  using  the  span  length  /j,  and  the  centre  sag/,,  for  these 
spans  in  place  of  the  corresponding  main  span  values  /  and  /.  The 
valu2  of  c  is  also  to  be  used  in  terms  of  side-span  quantities.     This 

value  is  then  c'i=  — =-7 — ^• 

Eqs.  (4),  (5),  and  (6)  may  also  be  applied  to  structures  in  which 
the  trusses  arc  continuous  over  the  towers.  This  may  be  done  by 
making  proper  provision  for  this  continuity  in  the  term  M'  of  cq.  (4). 
The  values  of  M'  are  the  same  as  given  in  Figs.  35  and  39  of  Art.  214. 

In  the  previous  work  it  has  been  assumed  that  the  hanger  pull  due 
to  live  load  is  uniform  over  the  entire  length  of  the  cable  for  the  sj>an 
in  question.  The  exact  amount  of  live  load  taken  by  the  stiffening 
truss  in  any  case  may  now  be  found  by  taking  the  second  derivative 
of  the  moment  for  the  given  loading;  that  is,  the  load  per  unit  length 

=  —  "TT^'  From  eq.  (5),  the  load  taken  by  the  stiffening  truss  is, 
therefore, 
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If  p  is  the  live  load  per  unit  length,  the  amount  of  load  taken  by  the 
hangers  is 

Hanger  Pull  =  s^  =^  p  -  c^  H  [C,  e'""  4-  C^e"''].       .      (8) 

Eq.  (8)  is  the  general  formula  for  hanger  pull.  For  any  particular 
condition  of  loading,  the  constants  C^  and  Cj  must  be  determined  for 
that  case. 

224.  Constants  of  Integration. — ^The  quantities  C^  and  Cj  in  eqs. 
U);  (5)>  (6),  and  (8)  are  constants  of  integration  which  must  be  de- 
termined for  each  different  case  of  loading.  Thus  for  each  different 
value  of  p  or  /,  there  is  a  corresponding  set  of  constants  Cj  and  Cj. 

For  a  uniform  load  p  per  unit  length  throughout,  and  constant  /, 
C,  and  Cj  are  obtained  from  the  two  conditions  that  lor  x  —  o  and 
:i'  =  /  in  eq.  {s)yM  =  o.     Substituting  these  values,-  we  have 


and 


c.^'+c,.-'+i(y-|)-o. 


We  have  here  two  independent  equations  involving  the  unknowns 
Cj  and  C2,  from  which  we  find 

c «- ^ r^--^^  (Q) 

C^=-£,e'^ (10) 

which  are  the  constants  of  integration  for  the  main  span  fully  loaded. 
For  a  uniform  load  of  p  per  unit  of  length  extending  a  distance 
k  I  from  the  left  end  of  the  span,  as  shown  in  Fig.  50,  the  constants  of 
integration  for  the  loaded  section  A  B  and  for  the  unloaded  section 
BC,  may  be  determined  at  the  same  time.  The  constants  for  the 
loaded  section  will  be  denoted  by  Cj  and  C,;  those  for  the  unloaded 
j)ortion  by  C,  and  C^.  The  additional  equations  now  required  for  the 
four  constants  are  obtained  from  the  condition  that  the  moments  and 
shears  at  the  right  end  of  section  A  B  ol  Fig.  50  are  equal  to  those  at 
the  left  end  of  section  B  C.  The  values  of  these  constants  will  now  be 
determined. 
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From  eqs.  (5)  and  (6)  the  moments  and  shears  for  the  various 
sections  are  given  by  the  following  expressions: 


M 


AB 


M 


BC 


-ff[c,e-  +  C,.-"+l(y-±)]    .     iA) 


F^3=  -Hc[C,e"-C,e-"] 
Vsc"  -Hc[C,e"-C,e-"] 


(0 
(D) 


Fig.  50. 

The  conditions  from  which  the  independent  equations  are  to  be  made 
up,  are  as  follows : 

For  jc  =  o,  Af  =  o  in  eq.  (A) 

X  ^  ly  Af  =  o  in  eq.  {B) 

X  ^  kl,  eq.  (A)  =  eq.  (B) 

X  ^  kly  eq.  (C)  =  eq.  (D). 

Substituting  these  conditions  in  eqs.   (A)  to  (D),  the  independent 
equations  are  found  to  be 


^.^^■  +  ?C/-i)-» 


xl 


-cl 


C,e"  +  C,e-"  + 


—  o 


C,e*"+C,e-*"  +  i(^-|)=C,.»''+C,*-*"  + 


c'P 


.kcl 


-ket 


kcl 


Cx«       -  C^e-""  =  C,e*"-  C,e 


-kcl 
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From  these  equations,  the  values  of  the  various  constants  are  given  by 

^'-^-M¥-l) (") 


^     [e-"(e'"+e-'"-2)]-%ii-e-") 


p       ^^,     2HC-       ^  '^    c'f 

C,=  -C,«'"-|^«" (14) 

When  eqs.  (4),  (5),  and  (6)  are  used  to  calculate  deflection,  moment, 
or  shear,  the  proper  values  of  C^  and  Cj  are  to  be  substituted  as  de- 
termined for  the  loading  in  question.  Thus  for  the  loading  shown  in 
Fig-  50,  the  deflection,  moment,  or  shear  at  any  point  in  section  A  B 
is  found  by  substituting  values  of  C^  and  Cj  as  given  by  eqs,  (11) 
and  (12).  For  corresponding  values  in  the  unloaded  portion  BC,, 
the  values  of  the  constants  are  given  by  C,  and  C^  of  eqs.  (13)  and  (14), 
Cs  and  C4  replacing  C^  and  C,  respectively.  For  this  section,  the 
value  of  p  in  eqs.  (5)  and  (6)  is  to  be  taken  as  zero,  as  no  live  load 
exists  on  this  section. 

For  other  conditions  of  loading,  such  as  are  apt  to  arise  in  the 
calculation  of  stresses  in  any  structure,  the  values  of  the  constants 
of  integration  are  foimd  by  a  process  similar  to  that  given  above. 
Values  of  these  constants  for  various  cases  have  been  worked  out 
and  are  given  on  Plates  I  to  IV,  pp.  290-293. 

The  values  of  the  constants  for  side-span  conditions  are  exactly 
similar  to  those  for  corresponding  main-span  conditions.  The  values 
are  given  in  terms  of  side-span  dimensions. 

Trusses  CotUinuaus,  over  Towers. — ^For  this  case  the  constants  of 
integration  are  determined  by  equating  the  moments  at  the  towers 
for  main  span  with  those  for  side  span,  and  the  deflections  at  the 
towers  equal  to  zero. 

225.  Formula  tot  H. — ^In  most  cases  it  is  desirable  to  use  a 
formula   for   horizontal  component  of   cable  stress  which  will  give 
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results  more  exact  than  those  given  by  the  Approximate  Method. 
For  this  purpose  a  formula  for  H  will  be  derived  in  which  the 
deflection  of  the  truss  and  cable  are  taken  into  account. 

The  cable  stress,  H,  may  be  caused  by  a  load  on  either  main  or 
side  spans,  or  by  temperature  change.  In  deriving  an  expression  for 
H  the  entire  cable,  anchorage  to  anchorage,  must  be  considered. 
Imaguie  the  hangers  to  be  cut  just  below  the  cable  and  their  stresses 
replaced  by  external  forces.  The  total  load  per  unit  of  length  acting 
on  the  cable  after  advent  of  live  load,  or  temperature  change,  will  be 
equal  to  s^.  The  application  of  this  live  load,  or  temperature  change, 
will  cause  the  cable  to  stretch,  and  will  also  cause  vertical  displacements 
along  the  cable,  some  downward  and  some  upward.  The  total  work 
performed  in  this  vertical  movement  must  be  equal  to  the  total  work 
done  in  stretching  the  cable,  which  may  be  divided  into  two  parts, 
one  part  due  to  changes  in  the  stress  in  the  cable,  and  the  other  part 
due  to  temperature  changes. 

Work  in  the  Cable  Due  to  Stress. — ^Let  A  be  the  constant  area  of 
the  cable,  and  J  5  an  increment  of  length.    The  stress  at  any  point  in 

d  s 
the  cable  due  to  H  is  then  H  -7—.      The  stretch  of  the  element  is 

ax 

H   d  s 

d  s.     The  average  total  stress  in  the  cable  at  the  same  point 


AE  dx 

during  the  application  of  the  load  is  (^  +  hJ\  -t-,  and  hence  the 

work  done  on  this  element  is  f h  H^,)  j-=j  -7-3.     The  total  work 

on  the  cable  may  then  be  written 


.(? 


--.)A/.^ <^' 


/^d  s^ 
-7-3  is  the  same  as  already  worked 
w     (I  x^ 

out  in  Art.  188  and  referred  to  as  L,.      This  notation  will  again  be 
used. 

Work  in  the  Cable  Due  to  Temperature  Change. — Let  o)  be  the 
coefficient  of  expansion,  and  /  the  change  in  temperature.     The  change 
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in  length  of  any  element  d  s  is  (o  I  d  s,  and  the  average  stress  is  again 
f h  H^j  J—,  hence  the  total  work  in  the  whole  cable  is 

The  expression  /    j-  is  again  the  same  as  given  in  Art.  189,  and 

there  called  L^. 

Total  Work  in  the  Cable. — ^From  eqs.  (^4)  and  (5)  the  total  work 
in  the  cable  is  given  by 

Work  Done  by  Vertical  Displacement. — ^The  load  per  unit  length 
of  the  cable  is  s^  and  the  movement  is  t?,  as  given  by  eq.  (4).     Hence 

the  work  done  is  (s^^i  dx.  The  dead  load  is  uniformly  distributed 
along  the  cable,  and  for  the  purpose  of   calculating    \s^  rj  d  x,  the 

additional  load  may  also  be  assumed  as  uniformly  distributed.  Then 
^1  may  be  found  from  the  fact  that  the  load  per  unit  length  is  equal 
to  the  second  derivative  of  the  moment  caused  by  the  load.  In  this 
case  the  moment  in  terms  of  H  caused  by  the  load  on  the  cable  (neglect- 
ing the  increment  of  deflection  due  to  the  additional  load)  will  be 

A   T  X 

{H  +  HJ)  y,  where  y  =  ^~—  (l  —  x).    Then  we  have 

ilf  =  (ff  +  HJ  ^  (/  -  X), 

and  ^1  =  -  j^  =  +(H  +  HJ-j^    (approximately). 

(H  \  8  /* 
f-  H^j  -Tj-.     The 

^ork  in  the  cable  of  the  main  span  is  therefore  given  by  the 
expression 


286  SUSPENSION  BRIDGES 

A  similar  expression  must  be  derived  for  the  side  spans.  This  ex- 
pression will  be  of  the  same  form  as  that  for  the  main  span,  given  in 
terms  of  side-span  dimensions.    It  is  therefore 


'^(f-^.)r*.^- 


(D) 


The  total  work  in  the  main  span,  and  both  side  spans  is  then 

Expression  for  H. — Equating  the  expression  for  work  in  the  cable, 
as  given  by  (15),  with  that  of  vertical  displacement,  as  given  by  (16), 

/  P 
placing ''—  =  K,  we  have 

Substituting  the  value  of  ij  from  eq.  (4),  integrating  known  values  of 
functions  containing  x,  and  solving  for  JET,  we  derive  the  general 
expression 

„      Jo' c^_/ LSide  Spans  J        8/       ^ /  gv 

which  is  the  horizontal  component  of  the  cable  stress  for  a  general  case. 

The  terms'  in  brackets  in  eq.  (i8)  indicate  that  terms  for  each  side 
span  are  to  be  written  out  exactly  similar  to  the  preceding  terms  for 
the  main  span.  If  there  are  no  loads  in  any  span,  then  the  values  of 
Af'  and  p  for  that  span  are  zero.  It  is  to  be  noted  that  in  eq.  (i8), 
the  quantities  C^  and  Cj,  and  also^c,  contain  the  quantity  H  so  that 
the  value  of  H  can  be  obtained  only  by  successive  approximations. 

Simplified  Formula  for  H. — ^The  expression  for  H  given  in  eq. 
(i8)  can  be  simplified  somewhat,  for  any  particular  form  of  loading, 
as  the  constants  Cj  and  C^,  and  also  any  similar  constants  which 
may  be  involved,  can  be  expressed  in  detail  and  some  of  the 
terms  containing  H  transferred  to  the  first  member  of  the  equation. 
Then  by  solving  this  equation  for  H,  an  expression  somewhat  more 
convenient  of  application  that  eq.  (i8)  can  be  obtained.    This  sim- 
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plified  formula  for  H  will  now  be  worked  out  for  the  condition  of  load- 
ing shown  in  Fig.  50. 

The  terms  in  eq.  (18)  which  depend  upon  the  conditions  of  loading 

for  their  value  are  f^   (m'  -^dx,-  f^  {C^e'*  -h  C,^""')  djc. 

and  the  corresponding  side-span  terms. 

For  the  loading  shown  in  Fig.  50,  the  term    /    IM'  —  -Adx 
takes  the  form 

Since,  for  the  assumed  loading,  the  side  spans  have  no  load,  the  corre- 
sponding side  span  terms  are  zero. 

The  term  -   /    (C^e^*  +  Cae^""*)  d:x?  is  to  be  made  up  for  the 

•'o 

main  and  side  spans.  For  the  main  span,  the  values  of  these  constants 
are  given  in  eqs.  (11)  to  (14)  of  Art.  224.  Performing  the  required 
integrations,  substituting  the  values  of  the  constants,  and  reducing, 
we  have 

-  f  iPx  e"+C^  e"")  dx f    (C,  £?"'  +  C,  e""*)  d  x 

-£(C,e"  +  C,e-")dx  =  1  jc.  (2  -  c"  -  e"") 


+  ^(e"-2+«-")|.   .     .     (20) 
The  corresponding  side-span  terms  will  be  of  the  form 

where  5,  and  B^  are  the  side-span  constants.     The  values  of  these 
constants  will  be  similar  to  those  for  the  main  span  given  in  cqs.  (9) 
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and  (lo),  except  that  p  is  zero  as  there  is  no  load  on  these  spans. 
Proceeding  as  for  the  main  span,  we  have 

•'o  C| 

32  a:  (e^»^'  -  i) 
~  "^  c,^  I,'  (e'^  '>  -f  i) ^"^ 

Substituting  the  values  of  the  expressions  given  in  eqs.  (19),  (20), 
and  (21)  in  eq.  (18),  and  solving  for  if,  we  have  finally. 


Mg(3-^*)-,4] 


16/(^^-1)      8/   ,   2~  ("> 

which  is  the  simplified  form  of  the  expression  for  the  horizontal  com- 
ponent of  cable  stress  for  the  loading  conditions  shown  in  Fig.  50. 

For  any  other  condition  of  loading,  the  value  of  H  can  be  found 
by  a  similar  process.  On  Plates  I  to  IV  are  given  such  values  for 
various  conditions  of  loading.  In  these  expressions  the  denominator 
is  abbreviated  by  the  letter  *'D,"  with  a  subscript  +  /  or  —  /,  de- 
noting a  rise  or  fall  in  temperature. 

Value  of  the  Denominator  of  eq.  (22). — It  will  be  found  on  com- 
parison of  the  various  expressions  for  H,  that  one  result  of  the  abo\'e 
transformation  has  been  to  make  the  denominator  of  all  such  ex- 
pressions identical  in  form.  All  changes  due  to  the  various  condi- 
tions of  loading  now  appear  in  the  numerator  of  the  expression  for 
H.  The  denominator  of  eq.  (22)  may  then  be  determined  separately, 
and  hereafter  used  as  a  coefficient  in  the  various  expressions.  Its 
value  is 

The  temperature  term,  -^  L^,  will  be  positive  for  a  rise  in  tem- 
perature and  negative  for  a  fall.  Hereafter,  eq.  (23)  will  be  referred 
to  as  Z?  ^  I  for  temperature  conditions  above  the  normal,  and  D  « , 
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for  those  below  the  normal.  It  is  to  be  noted  that  D  ^  ^  and  D  _  , 
are  dependent  upon  H  for  their  values,  because  of  the  quantities  c 
and  Ci  which  appear  therein.  To  facilitate  calculation  by  means  of 
the  modified  formulas,  the  denominator  as  given  by  eq.  (23)  may 
be  calculated,  and  tabulated  or  plotted  for  future  reference.  Such 
curves  of  values  are  given  in  Fig.  51. 

226.  Conditions  of  Loading  for  Maximum  Moments  and  Shears. 
Tables  of  Values. — ^The  effect  of  the  loading  conditions  on  the  value 
of  the  moment  at  any  point  can  be  determined  by  a  study  of  eq.  (i) 
of  Art.  223. 

For  positive  moments  at  any  point,  eq.  (i)  shows  that  the  value  of 
M'  is  to  be  as  large  as  possible,  while  -ff  is  to  be  small  at  the  same  time. 
In  general  it  will  be  found  that  this  condition  is  realized  when  the 
centre  of  moments  and  the  adjacent  portions  of  the  span  in  question 
are  covered  with  live  load,  no  load  on  the  rest  of  the  structiu-e.  The 
temperature  conditions  existing  at  the  same  time  must  be  such  as  to 
reduce  the  value  of  H.  From  eq.  (22)  we  see  that  a  rise  in  temperature 
is  necessary  to  realize  this  condition. 

For  negative  moments  at  any  point,  the  value  of  M'  is  to  be  as 
small  as  possible,  while  H  is  to  be  large  at  the  same  time.  In  general 
this  condition  is  realized  when  there  is  no  load  on  the  portion  of  the 
structure  adjacent  to  the  moment  centre,  conditions  opposite  to  those 
for  positive  moments.  The  temperature  conditions  must  be  such  as 
to  increase  the  value  of  H.  Eq.  (22)  shows  that  a  fall  in  temperature 
is  necessary. 

The  shear  at  any  point  is  given  by  the  equation 

^  =  7  =  7/ -if  tan  (? 
ax 

where  the  notation  is  the  same  as  given  in  Art.  190. 

From  this  equation  we  find,  by  a  process  similar  to  that- given  for 
moments,  that  similar  loading  conditions  hold  for  shears  as  for  moments. 

The  loading  conditions  found  to  exist  for  the  Approximate  Method 
can  be  used  as  a  guide  for  corresponding  results  by  the  Exact  Method. 
By  determining  the  loading  conditions  from  influence  lines  as  given 
in  Arts.  191  and  194  and  then  applying  exact  methods,  it  is  usually 
possible  after  one  or  two  trials  to  arrive  at  the  correct  conditions 
II. — 19 
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FOLATE,   I 

Max/mum  PosmvE:  Moments  and  Shears,  Center  Span 

I. 

Maximum  Posifi¥€Mom€nts:,  tndfo  near  Cwkn 
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H 


S^cHonAfoB 
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PLATE  IV 
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of  loading.      Problems  bringing  out  these  points  will  be  given  in 
Art.  227. 

To  aid  in  the  calculation  of  moments  and  shears  for  a  structure  of 
the  type  of  the  Manhattan  Suspension  Bridge,  formulas  for  H  have 
been  derived  for  the  various  cases  of  loading  which  arise.  These 
formulas  are  given  on  Plates  I  to  IV.  In  calculating  moments  and 
shears  cqs.  (5)  and  (6)  are  to  be  used.  The  values  of  C^  and  C,  which 
are  to  be  used  are  also  given  on  the  Plates,  together  with  the  necessary 
temperature  conditions. 

227.  Example. — The  exact  methods  of  Arts.  223  to  226  will  now  be  ap- 
plied to  the  calculation  of  horizontal  component  of  cable  stress,  moment, 
shear,  and  deflection  in  the  case  of  the  Manhattan  Suspension  Bridge.  The 
dimensions  cf  the  structure  are  as  given  in  Fig.  30  of  Art.  205.  The  live  load 
in  all  cases  will  be  taken  as  4,000  lbs.  per  lin.  ft.  per  truss. 

Valties  of  Denominator  D. — ^As  stated  in  Art.  225,  the  value  of  the  de- 
nominator is  constant  for  all  cases.  The  values  oi  D+t  and  Z).^  as  given 
by  eq.  (23),  were  calculated  for  values  of  H  ranging  from  o  to  6,000,000,  and 
for  temperature  conditions  55  degrees  above  and  below  the  normal.  The 
curves  plotted  from  these  results  are  shown  in  Fig.  51.  From  these  curves 
the  value  of  the  denominator  for  any  particular  value  of  H  can  be  determined, 
thus  reducing  the  labor  of  calculation. 

Values  of  Horizontal  Component  of  Cable  Stress. — ^The  value  of  H  for  a 
uniform  load  of  4,000  lbs.  per  ft.,  extending  from  the  left  end  of  the  main 
span  to  the  quarter  point,  will  be  calculated  to  illustrate  the  methods  em- 
ployed. From  Case  I,  Plate  I,  the  formula  for  H  for  this  case,  temperature 
considered  as  above  normal,  is. 


M/['^(3-^^)-^]- 


H 

This  equation  can  be  solved  only  by  successive  approximations,  for  the  term 

c,  whose  value  is  given  by  c'  =>  — h  r  ^1  ^ilso  contains  H.    In  the  solution 

of  this  equation,  a  value  of  H  is  assumed,  from  which  the  value  of  c  is  calcu- 
lated and  substituted  above.  If  the  value  of  H  was  correcdy  assumed,  the 
result  of  the  substitution  will  equal  the  assumed  value.  Usually  aftier  one  or 
two  trials,  a  result  is  obtained  for  which  the  assumed  and  calculated  values 
of  H  differ  by  only  a  small  amount,  which  should  be  limited  to  i  per  cent. 
For  the  problem  in  question,  assume  H  ^  665,000  lbs.    The  value  of 

Hw  is  given  by  —  .     For  the  dimensions  given  in  Fig.  30,  with  the  dead 
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load  on  the  main  and  side  spans  taken  respectively  as  5,820  and  6,130  lbs 
per  ft.,  we  have 

wP      5,820  X  (1446.7)' 


8/  8  X  145.3 

w^W    6,130  X  (  713-5)' 


—  10,480,000  lbs. 
«  10,480,000  lbs. 


8/,  8X37.2 

Taking  the  average  of  these  values,  we  find  H^  «=  10,480,000  lbs. 
The  moment  of  inertia  of  the  main  span  is  given  as  43,900  ft.»  ins.»     Witt 
E  =  29,000  000  lbs.  per  sq.  in.,  we  find 

,      H  +  H„,       10,480,000  4-  665,000         

cr  « =-? = zz ■"  0.000000754, 

Li  43,900  X    29,000,000 

from   which    c  —  0.0029587.       Also,  —  —  337.98,3  —  114,230.6,  and  -j  => 

c  cr  V 

38,607,000. 

For  k  —  0.25,  p  =  4,000,  /  —  1446.7,  we  have 

P  k  I  1^—  (3  -  2  ^)  -  ^  J 7,556,260,000. 

The  values  of  the  terms  containing  e^^  and  ^^'  are  best  found  bj 
logarithms  (log  e  -  0.4342945).  With  c  =  0.0029587,  we  have  cl  =  4.28051 
from  which  log  ^'  —  1.858967.  The  values  of  e*^'  are  found  by  multiplyinl 
log  c^'  by  ib.    The  values  of  the  various  terms  are  given  in  the  following  tabled 

logc^'  -  1.858967         e^^    -  72.2714         c"^'    -  0.0138. 

cj  _cl 

log  e*^' -  0.464742  e^     «    2.9157         e    ^     «  0.3430. 

loge^'"*^^'  —  1.394225  e^^^  =  24.7870  e~^^^  —  0.0403. 

For  these  values  the  second  term  in  the  numerator  of  the  formula  for  H\ 
becomes 

P 
""  ^(gc/-  e-^^y     48.7167]  =  +  104,118,350,000. 

The  value  of  the  temperature  term  in  the  numerator  is  found  to  be 

—. Lt  «  —  22,720,000,000 

where  Lt  —  3452  (from  Art.  205),  cj  «  0.0000066,  and  /  «=  +  55®. 

The  total  for  the  numerator  is  +  73,842,100,000. 

From  the  curve  of  Fig.  51  for  Z)+/,  we  find  the  value  of  the  denominator 
for  H  =  665,000  to  be,  D+t  =  111,300.  The  resulting  value  of  H  is  then 
663,400  lbs.  As  this  value  is  within  0,25  per  cent  of  the  assumed  JEf,  it  will 
be  taken  as  final. 

Values  of  H  for  a  continuous  advancing  uniform  load  of  4,000  lbs.  per 
lin.  ft.  for  Cases  I  and  III,  as  given  on  Plates  I  and  II,  have  been  calculated, 
and  are  plotted  in  Fig.  52.     It  will  be  noted  in  the  curve  in  Case  I,  that  the 
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feet  of  temperature  above  the  normal,  no  load  on  the  structure  is  such  as  to 
urease  the  amount  of  the  dead  load  cable  stress.  This  effect  also  occurs 
ider  loading  out  to  about  the  \  point. 

Moment  at  Quarter  Point. — ^The  general  expression  for  moment  at  any 
)int,  as  given  by  eq.  (5)  of  Art.  223,  is 

The  constants  of  integration  for  loading  conditions  which  give  maximum 
)sitive  moments  at  the  quarter  point  are  found  under  Case  I,  on  Plate  I. 
he  values  are, 

8/ 


^'  ^'      c^yp       H)' 


In  the  problem  of  Art.  205,  the  loading  for  maximum  positive  moment  at 
le  quarter  point  was  found  to  extend  from  the  end  of  the  span  to  ^  «  0.466. 
sing  this  as  a  guide,  the  moments  were  calculated  by  the  above  equations 
>r  ife  =•  0.400,  0.425,  0.450,  and  0.475,  ^rom  which  the  maximum  was  found 
)  occur  for  k  =  0.425.  For  the  various  cases,  the  value  of  H  was  taken 
om  the  curves  of  Fig.  52.  For  k  —  0.425  we  find  if  =  2,022,000  lbs.  For 
lis  value  of  H  we  have  c^  —  0.000009821  and  c  =»  0.003134.  The  various 
irais  in  the  above  equation  then  have  the  following  values: 

e^i  « ^4.5340     «,    93. Ill        e'~^^  =  0.0105 

^/(i-*)  ^eo.sisci  „    17,.$$$       e-^/(x-*)  =0.0738 

7h?  "  '^-710  ^  =  56.552 

With  these  values  we  find 

t  ^  100.710   [13.555  +  0.0738  -  00210]  -  56552  (i  -  0-0105) 

(93.111  -  0.0105) 


+  14.119 


:,  =  -  14.119  -  ^..^^^^  (0.0005554  -  0.0019782)  -  +  130.750. 

0.000009021 

J  '-i 

t  ^  ^  A 

For  moment  at  the  quarter  point,  we  have  :v  «»— .    Then  e     ^  e    ^  3.106 

4 

_cl 

nd  c    ^  =»  0.322.     Substituting  these  values  in  the  general  expression,  to- 
■ether  with  the  values  of  Ci  and  C,,  we  have 

tf  «  —  2,022,000  [14.119  X  3.106  +  130.75  X  0.322 

+  o.oo<;(^982i  (°°°°5SS4  -  0.0019782)] 
-  +  119,110,000  ft.-lbs. 
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By  the  approximate  method,  the  positive  moment  at  the  quarter  point 
temperature  dfect  included,  was  found  to  be  172,940,000  (Problem,  Art.  205 
This  result  exceeds  the  vcluc  given  above  by  45  per  cent. 

Moment  ai  Centre. — The  maximum  moment  at  the  centre  of  the  main  span 
was  found  to  occur  for  a  uniform  load  extending  from  k  ="0.3  to  ife  «=  0.7. 
The  formula  for  //  and  the  values  cf  the  constants  of  integration  are  .given 
under  Case  II  on  Plate  I.  In  the  determination  of  the  values  of  H^  trial 
values  were  obtained  by  taking  the  difference  between  the  ordinates  at  the 
ends  of  the  load,  as  given  by  the  curves  of  Fig.  52.  The  final  value  of  H  was 
usually  found  on  the  second  substitution  in  the  formula.  By  a  process  simil.r 
to  that  used  for  moment  at  the  quarter  point,  the  maximum  positive  centre 
moment  was  found  to  be  89,710,000  ft.  lbs.  The  final  value  of  H  wx> 
3,155,000  lbs.,  and  the  constants  of  integration  were  found  to  be  Cj  =-  1.806, 
and  Ca  —  205.602. 

The  Approximate  Method  result  of  Art.  205,  temperature  effect  included, 
exceeds  the  moment  given  above  by  33.9  per  cent. 

Shear  at  the  End  of  Main  Span, — ^The  maximum  positive  shear  at  the  left 
end  of  the  main  span  was  found  to  occur  for  a  uniform  load  extending  from 
the  left  end  of  the  span  to  ife  =  0.325. 

The  general  formula  for  shear  at  any  point  is  given  by  eq.  (6)  of  Art.  223. 

V HclCe^'-  C,e-^']. 

The  formula  for  H,  and  the  values  of  the  constants  of  integration  arc 
given  under  Case  I,  on  Plate  I.  From  the  curve  of  Fig.  52,  the  value  of  H 
was  found  to  be  1,200,000  lbs.  With  this  value  of  H  we  find  c  —  0.003029, 
Ci  ^  43.05,  and  C,  =-  259.72.  At  the  end  of  the  span,  where  jc  —  o,  we 
have,  c^*  -  I  and  e~^^  =  i.    The  shear  is  then 

7  -  —  1,200,000  X  0.003029  (+43.05  —  259.72)  -  4-  787,500  lbs. 

Deflection  of  Centre  Point. — The  maximum  downward  deflection  of  the 
centre  point  will  be  found  to  occur  for  the  main  span  fully  loaded,  no  load  on 
the  side  spans,  temperature  highest.     The  general  equation  for  deflection  is 

/  pP 

given  by  eq.  (4)  of  Art.  223.    Placing  ^  =  —  and  3f '  -  — —  in  this  equation, 

we  have 

cl  cl 


H 


H  +  H 


w 


[c,.T,c.rT  +  i^+-(y-l)-;]. 


From  the  curves  of  Fig.  52,  the  value  of  H  for  the  main  span  fully  loaded, 
temperature  above  normal,  is  found  to  be  5,470,000  lbs.  The  value  of  c  is 
then  0.003594.  The  constants  of  integration  are  given  under  Case  II,  on 
Plate  I,  with  k  and  k'  =  o,  or  by  Case  I  for  ife  =-  i.    We  then  have 

C L__^  C    ^C  e<^i 

For  the  value  of  H  given  above  we  find  " 

Cl  =  +  0.0771 1     Ca  =  -f  13.96. 


STIFFENED   SUSPENSION  BRIDGES  299 

Substituting  in  the  above  equation,  the  deflection  is  found  to  be 

1^=0.34295  [0.07711X13-445+ 13-96X0.07432  + 191.31- 14.04- 145.3] 
=  11.677  ft. 

228.  Effect  of  Extension  of  Hangers. — In  the  formulas  for  de- 
fection, moment,  and  cable  stress  H,  as  given  in  Arts.  223  and  225, 
he  effect  of  the  elongation  of  the  hangers  was  neglected.  It  was  as- 
sumed that  the  cable  and  the  truss  deflected  equal  distances.  If,  in 
my  case,  the  hangers  elongate  under  loading,  the  movement  of  the 
able  will  differ  from  that  of  the  truss  by  the  amount  of  the  hanger 
ilongation.  Let  dhhe.  the  elongation  of  the  hanger  at  any  point. 
Taking  this  elongation  into  account  in  eq.  (i)  th^  moment  at  any 
)oiiit  due  to  the  hanger  loads  is  given  by  the  expression, 

M  =  M' --  {H +  HJ{yi  -dh)  -Hy      .      .     (24) 
The  extension  of  the  hanger  at  any  point  due  to  stress  is  given  by 

8fHF, 


k  = 


PA„E^ 


8  f  H 
?here  — =^^ —  is  the  hanger  pull  per  unit  of  length  along  the  truss;  -4^^ 
If 

)  the  area  of  hangers  per  unit  of  length  along  the  truss,  considering 
bt  the  hangers  are  close  together  forming  a  continuous  sheet;  £^ 
J  the  coeflftcient  of  elasticity;  and  F^  is  the  length  of  a  hanger  at  any 
oint.    In  Art.  188,  the  length  of  the  hanger  at  any  point  was  found 

•om  Fig.   21   to  be  F^  ==  F^  +  f  —  ^^~-  (/  —  x),  where   F^  is  the 

ingth  of  the  main  span  centre  hanger.  Then  we  have  for  the  ex- 
insion  due  to  stress 

'emperature  changes  also  affect  the  length  of  the  hangers.  For  a 
hange  of  /  degrees,  coeflScient  of  linear  expansion  a>^,  the  elongation 
\  u)^  I  F,.  The  total  elongation  due  to  stress  and  temperature  in 
le  main  span  is  then 

''*-(^+"«')[^.+/-'-7^('-"}  M 
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Proceeding  as  in  Art.  223,  the  differential  equation  of  the  elastic  cunt 
of  the  stiffening  truss  is  found  to  be 

Integrating  eq.  (26),  inserting  the  value  of  J  A  as  given  by  eq.  (25),  ne 
have 


H 
7= 


{H+ 


(H  +  Hw)  ^  I  J  8/r, ^ {H±Hw)lA1H 


which  is  the  deflection  at  any  point  in  the  stiffening  truss  when  tbe 
extension  of  the  hangers  is  taken  into  account. 

Substituting  in  eq.  (24)  the  value  of  1?  from  eq.  (27)  and  of  d  i 
from  eq.  (25),  we  have 

which  is  the  value  of  the  moment  at  any  point.  This  expression  diffei 
from  that  given  in  eq.  (5)  only  in  the  term 

This  term  can  be  shown  to  be  so  small  that  it  can  be  neglected  in  mas 

8  f 
cases.    In  this  expression,  the  term  {H  +  -ff  J  ^-j-  represents  tli 

unit  stress  in  the  hangers,  which  may  be  taken  approximately  a 
30,000  lbs.  per  sq.  in.  Then  for  Ej^  =  15,000,000  lbs.  per  sq.  in.,  th 
value  of  this  term  is 

H  +  Hjt,  S  f  H  ^0,0000  I 

— =  — = =  0.0002. 

H        P  AhEk      15,000,000       5,000 

(H  4-  H  ^ 
Also  the  term  ^ — —  cuf^  t  may  be  taken  as  approximately  equa 

to  cof^  /,  or  55  X  0.0000065  =  0.0003.  As  the  sum  of  these  two  terna 
is  very  small  compared  to  i,  their  effect  can  be  neglected. 

The  shear  at  any  point  is  found  by  taking  the  first  derivative  of  ei 
(28)  with  respect  to  x.  The  resulting  expression  is  exactly  the  san^ 
as  given  in  eq.  (6)  of  Art.  223.    The  effect  of  the  extension  of  tH 
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angers  on  the  shear  is  then  due  to  whatever  change  in  the  value  of 
^  is  caused  by  this  effect. 

In  deriving  an  expression  for  H  in  which  the  effect  of  the  exten- 
on  of  the  hangers  is  taken  into  account,  the  work  done  in  the 
ongation  of  the  hangers  must  be  added  to  that  done  in  the  cable. 
q.  (15)  of  Art.  225  gives  the  internal  work  in  the  cable  due  to  tern- 
erature  and  stress.  The  part  to  be  added  for  the  hangers  is  eqxial 
)  the  hanger  stress  multiplied  by  the  extension  of  the  hangers. 

(H  \  8  /* 

— +  H^j  -^f.  Eq.  (25)  on  page  299 

Ives  the  extension  of  the  hangers.    Then  the  work  done  in  the  main 

pan,  due  to  the  extension  of  the  hangers,  is  ^ h  eJ^  -^J  d  h.    The 

verage  total  work  due  to  elongation  of  the  hangers  from  stress  and 
emperature  changes  is  then 

(f  -  ^•)y  Gf£i  -  "-ore-. +/-  ^'c  -  '>]^« 

Wding  this  expression  to  that  given  in  eq.  (15),  we  have  as  the  total 
dtemal  work: 


;f.H.)[fi-..,4.(,-l0.-.'){-.-f)¥]-<''> 


The  average  work  of  displacement  is  given  by 

lubstituting  values  of  v  and  d  h,  and  integrating  known  values  of 
fix),  we  have  as  the  external  work, 


--,M-|// 


.  (30) 
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Placing  eq.  (29)  equal  to  eq.  (30)  and  solving  for  iJ,  we  have 

As  in  the  case  of  moments,  it  can  be  shown  that  the  effect  of  the 
terms  due  to  elongation  of  the  hangers  are  so  small  that  they  can  be 
neglected.     From  eq.  (31)  it  can  be  seen  that  the  effect  of  hanger 

elongation  will  be  the  greatest  when  the  term  -y=^  has  its  least  value. 

or  when  —  is  smallest.     This  is  found  to  occur  for  full  load  on  the 

span  in  question,  for  which  case  -3-^  =  44«3-  Then  we  have  for 
dimensions  given  in  Fig,  30 

?  (^. + Ml)  ¥-  ■  G'-^ + T  -  ^^-'y^  -  '*•' 

when  —  is  taken  equal  to  unity. 

From  Art.  205  the  value  of  L^  for  the  main  span  only  is  given  as 
1540.5.  The  effect  of  the  hangers  is  then  to  add  to  L^  a  term  equal 
to  about  I  ^  per  cent  of  L^,  In  the  case  of  the  term  which  is  to  be 
added  to  L,  we  have  for  values  similar  to  those  used  in  Art.  205 

64P  AE I        .l_8i\       64X(i45-3)'X275X2Q,ooo,cxx)/  145-3     ^.  ,V    ,,, 

/'/ShA'n  V*'  "^3       cHV        (1446.7)' X0.36X  16,000,000    V'*"^^     3        44-3/ -23J 

The  value  of  L,  for  main  span  is  given  in  Art.  205  as  1583.3  so  that  the 
effect  of  hanger  elongation  adds  only  i>^  per  cent  to  this  term.  From 
this  we  see  that  the  effect  of  hanger  elongation  on  the  value  of  H  can 
be  neglected  without  material  error. 

In  the  above  equations  the  effect  of  the  side-span  hangers  has  nol 
been  included.  These  terms  for  the  side  spans  are  similar  in  form  tc 
the  corresponding  main-span  values. 

229.  Effect  of  Variable  Moment  of  Inertia. — In  calculating  the 
stresses  in  the  stiffening  trusses,  it  is  usually  assumed  that  the  moment 
of  inertia  is  constant  over  the  whole  truss.     The  moment  curves  a^ 
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calculated  by  the  Approximate  Method,  in  Art.  205,  show  that  the 
moment  is  quite  variable,  and  as  the  sections  of  the  truss,  as  actually 
constructed,  are  made  up  to  fit  the  calculated  moments,  the  assump- 
tion of  uniform  moment  of  inertia  is  not  correct. 

The  effect  of  this  variation  in  moment  of  inertia  may  be  taken  into 
account  by  dividing  the  truss  into  short  sections  in  which  the  load  p 
and  the  moment  of  inertia  7,  may  be  considered  constant.  Then  by 
determining  the  values  of  the  constants  of  integration  C^  and  C,  for 
any  section,  the  moment  may  be  calculated  from  eq.  (5).  The  con- 
ditions for  the  formation  of  the  independent  equations  from  which  Cj 
and  C2  are  to  be  determined  are  obtained  by  placing  the  moments 
and  the  shears  at  the  end  of  one  section  equal  to  those  at  the  be- 
ginning of  the  next.  This  is  an  application  of  the  same  method  as 
used  in  Art.  224  in  the  determination  of  the  constants  of  integration 
for  a  truss  with  uniform  moment  of  inertia. 

This  method  will  now  be  applied  to  the  determination  of  the 
moment  at  the  quarter  point  of  the  main  span  of  the  Manhattan  Sus- 


^^E 


T^" 


I 

—1 


■■■■'  W^^iilT 


4 


Cl    Cf  j  C;_   C4  , 


acssl 


c»c, 


:s 


»i 


c,c, 


H 


Fio.  53. 


pension  Bridge.  For  this  purpose  the  loaded  length,  and  the  value  of 
H,  wQl  be  taken  as  calculated  in  the  problem  of    Art.  227.      See 

Fig.  53- 

From  the  general  drawings  of  the  structure,  it  was  found  that  the 

variation  in  moment  of  inertia  was  such  that  its  effect  could  be  repre- 
sented by  dividing  the  truss  into  four  equal  sections.  The  average 
value  of  the  moment  of  inertia  of  the  section  from  the  ends  out  to  the 
quarter  points  was  found  to  be  35,100  ft.'  in.',  and   for  the  section 
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from  quarter  point  to  quarter  point,  the  average  value  was  47,150 
ft.»  in.» 

Substituting  these  values  in  the  expression  c  =  — -^  ,   "^,  we  find 

—  =  285.34  and   —  =  330.71,  where  c^  and  c,  represent  the  values 

obtained  from  the  above  expression  for  the  end  and  centre  sections 
respectively. 

The  four  sections  into  which  the  truss  is  divided  on  account  of 
changes  in  loading  and  moment  of  inertia  are  shown  in  Fig.  53. 

As  in  Art.  224,  there  will  he  two  constants  of  integration  similar 
to  Ci  and  C2  for  each  section,  thus  making  eight  values  to  be  deter- 
mined. 

The  independent  equations  for  the  determination  of  these  values 
are  found  from  eqs.  (5)  and  (6)  of  Art.  223  by  substituting  values  of 
c  and  X  for  each  section.    We  then  have 

C,e'.*.+C.e-'.'.+i(^-^)=Qe'.'.+C,  «-'.*.+ ^y    .     .    (C) 

C,«'.'+Qe-'.'+i-,?/-o (E) 

C2  [C,  e'^^-C,  c-<^«*«]  =Ca  [Cg  e^«*«  -  Co  e-^«*«] (G) 

C2  [C5  e^«'»-  Cc  e-^«»«]  ^c,  [Cj  c^»*« -  Q  <?-^i*«] (H) 

For  values  of  c,  as  given  above,  and  of  x  as  shown  in  Fig.  53,  the 
terms  of  the  form  e^^  and  g"^*  have  the  values  given  in  Table  A. 
These  values  are  obtained  by  the  method  used  in  the  problem  of  Art. 
227. 

The  terms  of  the  form  ^  (-J-  -  -^  J  and  -7^  have  the  following 
values  for  the  various  sections. 
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Section  A  to  B 


Section  C  to  D 


^  (-/-!)=  -^55.612. 


Section  G  to  H 

^  =   +  45-220. 

Section  E  to  F 
^  =  +  60.744. 


Substituting  these  values,  together  with  the  values  of  e"  as  given 


TABLE  A 


Point. 

Term. 

tP^ 

t-cx 

A 

e^\'9 

I 

I 

B 

f^i«i 

35522 

0.2815 1 

C 

t^t»i 

2.9850 

0-33501 

D 

^%*% 

6.4180 

O.I558I 

E 

if\*\ 

6.4180 

O.I558I 

F 

e^txt 

26.5980 

0.03759 

G 

^\*x 

44.8230 

0.02310 

H 

e^i'i 

159.1900 

0.00628 

in  Table  A,  in  the  independent  equations,  (A)  to  (H),  we  have  the 
equations  given  in  Table  B. 

Here  each  equation  is  given  in  the  form 

ACy^-\'  BC^-\- =  absolute  term 

where  A,  5,  etc.,  are  the  values  of  the  terms  e^*  and  e~^*  as  given  in 
Table  A.     In  eqs.  (6),  (7),  and  (8)  the  terms  of  the  form  e^'  are  divided 

by  —  to  form  the  various  coefficients. 
"^   c 

From  the  solution  of  these  equations  the  values  of  the  various 
constants  of  integration  are  obtained.  The  solution  is  given  in  Table 
C.  In  this  table  the  equations  of  Table  B  have  been  transformed  so 
that  the  coefficient  of  one  of  the  constants  is  unity.  This  transformed 
equation  has  the  same  number  as  before  with  a  prime.  By  the  ad- 
dition or  subtraction  of  these  equations,  the  lettered  equations,  d,  ft, 
etc.,  are  obtained,  thus  eliminating  one  of  the  unknowns.  Again,  a 
transformed  equation  a',  ft',  etc.,  ?s  obtained  from  a,  6,  etc.,  and  the 
II.— 20 
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process  repeated.  In  line  '*  j"  of  Table  C,  the  value  of  Cg  is  given  in 
terms  of  known  quantities,  from  which  its  value  is  readily  determined. 
Then  by  substituting  the  value  of  Cg  in  an  equation  in  which  C,  is  the 
only  unknown,  its  value  is  also  determined.  Repeating  the  process, 
the  value  of  all  the  constants  are  found  to  be  as  given  below. 


VALUES 

OF 

C 

Ci  «  +    8.02 

C^ 0.74 

C2  =»  +  107.82 

Ce  =  -  544.35 

Cg  =  +  16.11 

C7  ==  —   0.262 

C4  =  +  694.3 

Cg  =  -  566.3 

When  the  constants  of  integration  are  known  the  moment  at  the 
quarter  point  may  be  calculated  for  conditions  at  the  end  of  section 
A  B,  or  at  the  beginning  of  section  C  D  oi  Fig.  53. 

For  conditions  at  the  end  of  section  A  B,  the  constants  of  integration 
to  be  used  are  C^  and  C,.  With  these  values  given  in  Table  C,  and  of 
e^*  and  ^""^*  as  given  in  Table  A,  we  find  the  moment  at  the  quarter 
point  to  be 

M^  =  —  2,02 2,ooo[ (8.02  X  3.5522  +  107.82  X  0.28151  —  115-843)] 
=  +  115,254,000  ft.-lbs. 

Comparing  this  result  with  that  of  the  problem  of  Art.  227,  we  find 
that  the  effect  of  the  variable  moment  of  inertia  is  to  reduce  the  moment 
by  about  3.2  per  cent.  As  the  results  obtained  by  the  assumption  of 
uniform  moment  of  inertia  are  only  slightly  larger  than  those  obtained 
by  considering  the  moment  of  inertia  variable,  and  also  in  view  of  the 
extra  work  of  calculation  involved,  it  is  usually  sufficiently  accurate  to 
consider  the  moment  of  inertia  as  uniform  in  calculating  moments  and 
shears. 

230.  Effect  of  Variable  Hanger  Pull  on  Value  of  H. — ^In  the 
previous  analysis  for  H  it  was  assumed  that  the  pull  of  the 
hangers  (dead  and  live  load)  was  uniform  along  the  cable,  and  the 
work  of  displacement  was  found  by  multiplying  this  uniform  pull  by 
the  deflection  obtained  from  eq.  (4).  A  more  exact  result  will  be 
obtained  by  using  values  of  hanger  pull  obtained  from  eq.  (8)  of  Art. 
223.  By  taking  points  close  together  in  the  main  and  both  side  spans, 
the  total  external  work  may  be  found  and  equated  to  the  internal  work 
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as  given  by  eq.  (15)  of  Art.  225.  The  true  value  of  H  for  any  given 
loading  condition  is  such  that  the  expression*^  for  internal  work  in  the 
cable,  due  to  stress  an^  temperature,  and  external  work  due  to  dis- 
placement, are  equal  to  each  other.  The  problem  must  then  be  solved 
by  successive  approximations. 

The  above  method  was  applied  to  the  determination  of  H  for 
the  structure  of  Art.  227,  for  a  uniform  live  load  of  4,000  lbs.  per  ft., 
extending  from  the  left  end  of  the  main  span  to  the  quarter  point,  no 
load  on  the  side  spans,  temperature  55®  above  normal. 

As  a  first  approximation,  the  value  of  H  was  taken  as  663,400  lbs, 
as  calculated  for  corresponding  loading  conditions  in  the  problem  of 
Art.  227.  With  this  value  of  H,  the  hanger  pull  due  to  live  load  for  the 
main  and  side  spans  was  calculated  from  eq.  (8)  of  Art.  223.  For  this 
purpose  the  main  span  \vas  divided  into  sixteen  parts  and  the  side 
spans  into  eight,  and  values  calculated  for  each  point.  The  resulting 
values  are  given  in  the  lower  curve  of  Fig.  54  (a).  The  ordinates 
to  this  curve  are  measured  from  the  line  A  B.  In  eq.  (8),  the  values 
of  the  constants  of  integration,  Cy  and  C,,  for  the  loaded  portion  of  the 
main  span  are  given  under  Case  I  on  Plate  I.  For  the  unloaded 
portion  of  the  main  span,  the  constants  are  given  under  Case  III  on 
Plate  II,  and  for  the  side  spans,  the  values  are  found  under  Case  VII 
on  Plate  IV. 

The  average  total  hanger  pull,  due  to  dead  and  live  load,  which  is 
to  be  used  in  calculating  the  work  of  displacement,  is  equal  to  one-half 
the  live  load  hanger  pull  plus  that  due  to  dead  load.  The  dead  load 
hanger  pull  is  equal  to  the  weight  of  the  truss  per  foot,  which  is  given 
in  the  problem  of  Art.  227  as  5,820  and  6,130  lbs.  per  ft.  for  the  main 
and  side  spans  respectively.  The  resulting  values  are  given  in  the 
upper  curve  of  Fig.  (a).  The  ordinates  to  this  curve  are  also  measured 
from  the  line  A  B. 

The  deflection  at  the  various  points  was  then  calculated  from  eq.  (4) 
of  Art.  223.  The  constants  of  integration  for  the  main  and  side 
spans  are  the  same  as  for  the  hanger  pull.  The  restdting  deflections 
are  plotted  in  the  curve  of  Fig.  (b).  From  the  curve  we  see  that  the 
side-span  deflection  is  upward,  while  that  of  the  main  span  is  downward. 

The  work  of  displacement  is  found  by  multiplying  the  average 
total  hanger  pull  by  the  deflection  at  the  same  point.    The  resulting 
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values  axe  given  in  the  curve  of  Fig.  (c).  The  work  in  the  main  span 
is  due  to  downward  motion,  or  +  work,  and  that  in  the  side  span  is 
upward,  or  —  work.  In  obtaining  the  total  work  we  must  then  take 
the  diflFerence  between  the  main  and  the  side  span  quantities.  These 
quantities  are  equal  to  the  area  of  the  corresponding  diagrams. 

The  internal  work  in  the  cable,  or  that  due  to  stress  and  tempera- 
ture, is  found  by  substituting  in  eq.  (15)  of  Art.  225. 

The  values  of  the  work  in  the  various  parts  are  given  by  the  first 
set  of  quantities  in  the  following  table. 

Work  of  Displacement: 

H  ==  663,400  H  «  673,400 

Main  Span  ==  +  20,300,400  ft.-lbs.  +  19,805,800  ft.-lbs. 
Side  Spans  =  —    3,608,100  —    3*643,700 


Total  +  16,692,300  +  16,162,100 

Internal  Work: 

Temperature  +  13,049,400  +  13,055,500 

Stress  +    3,104,600  +  3,152,900 


Total  +  16,154,000  +  16,208,400 

Differences  (Work  of  displacement  —  Internal  work) : 

+  528,100  ft.-lbs.  —  46,300  ft.-lbs. 

From  the  table  we  see  that  for  H  —  663,400,  the  work  of  displace- 
ment exceeds  the  internal  work  by  528,100  ft.  lbs.  This  means  that 
H,  as  assumed,  was  not  correct,  as  the  two  values  should  be  equal. 
A  little  study  of  the  various  equations  will  show  that  an  increase  in  the 
value  of  H  will  cau3e  a  decrease  in  the  total  work  of  displacement  and 
an  increase  in  the  internal  work,  thus  tending  to  make  the  two  results 
equal. 

As  a  second  approximation,  the  value  of  H  was  assumed  to  be 
10,000  lbs.  larger  than  before,  or  JEZ"  =  673,400.  The  calculations  were 
repeated  and  the  results  are  shown  by  the  second  set  of  quantities  in 
the  above  table.  For  this  new  value  of  fl",  the  work  of  displace- 
inent  is  found  to   be  —  46,300   ft.   lbs.,  or    less  thw  the   internal 
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work.  Therefore,  the  true  value  of  H  is  somewhere  between 
H  =  663,400  and  673,400.  Assuming  that  the  variation  in  work 
between  these  two  values  follows  a  straight  line  law,  we  find  by  inter- 
polation that  the  true  value  of  H  is  672,600  lbs.,  or  a  change  of 
9,200  lbs.  from  that  computed  in  Art.  227,  a  difference  of  about  1.4 
per  cent. 

The  values  of  H,  as  computed  from  eq.  (22),  under  the  assumption 
of  uniform  hanger  pull,  and  those  computed  by  the  above  method  for 
variable  hanger  pull,  will  be  found  to  have  their  greatest  difference  for 
short  loads  on  the  main  span.  This  is  true  since,  for  this  loading,  the 
value  of  Hy  and  hence  the  hanger  pull,  is  small,  and  any  given  varia- 
tion appears  as  a  large  percentage  of  the  average  result.  Thus  in 
the  case  considered  above,  for  H  =  673,400  lbs.,  the  hanger  pull 
varies  from  374  lbs.  at  the  ends  to  a  maximum  of  1159.2  lbs.  at  the 
3/16  point,  and  a  minimum  of  231  lbs.  at  the  3/4  point,  values  which 
are  310  per  cent  and  618  per  cent  respectively  of  the  values  of  the  ends. 
By  the  approximate  method,  the  value  of  the  hanger  pull  is  given  as 

8  /  H 

-^ — ,  which,  for  this  case,  is  374  lbs.,  or  the  value  as  above  given  for 

the  ends. 

When  the  span  is  fully  loaded,  or  nearly  so,  the  value  of  fT,  and 
hence  also  the  hanger  pull,  will  be  large.  Under  such  conditions  the 
hanger  pull  will  be  practically  uniform  over  the  whole  span.  The 
values  of  fl",  as  given  by  eq.  (22),  or  by  the  method  above,  will  then 
differ  but  slightly. 

From  the  preceding  discussion  we  see  that  the  greatest  error  in  the 
value  of  fl",  on  the  assumption  of  uniform  hanger  pull,  occurs  when 
only  a  small  part  of  the  structure  is  loaded.  It  will  also  be  found  that 
the  value  of  H,  calculated  with  the  hanger  pull  assumed  as  variable, 
will  be  greater  than  for  unifom  hanger  pull.  The  resulting  moments 
and  shears,  calculated  with  this  new  value  of  il,  will  then  be  smaller 
than  before,  so  that  the  error  is  on  the  side  of  safety. 

Since  the  error  involved  in  the  assumption  of  uniform  hanger  pull 
is  small  in  any  case,  the  calculation  may  be  carried  out  by  the  for- 
mulas of  Arts.  223  and  226.  The  results  will  be  well  within  the 
limits  of  accuracy  obtainable  with  the  assumed  data  as  to  normal 
temperature. 


STIFFENED  SUSPENSION  BRIDGES 


313 


(6)    Structure  with  Truss  Hinged  at  Centre 

231.  Derivation  of  Formulas  for  Moments  and  Shears. — ^In  a 

structure  with  a  centre  hinge^  the  advent  of  live  load  causes  the  cable 
to  stretch,  thus  allowing  the  centre  point  to  deflect  a  distance  A  /. 
The  effect  of  this  centre  deflection  on  a  point  distant  x  from  the  end 

2  X 

of  the  span.  Fig.  55,  is  to  cause  a  deflection  at  this  point  of  -y-  A  /. 
In  addition  to  this  deflection,  the  loads  on  the  truss  tend  to  cause  an 


^^_^  L^^^jfer.:^--^ 


I 

Fig.  55. 


idded  deflection  of   V.    The  total  deflection  for  any  point  is  then 

2  X 

7+  -T-  A/,  the  effect  of  the  elongation  of  the  hangers  being  neglected, 
rhe  moment  of  the  hanger  loads  is  given  by 


(H  +  H„){y+v  +  ^^) 


vhere  H  and  H^  are  the  horizontal  components  of  the  cable  stress 
lue  to  live  load  and  dead  load  respectively,  for  the  cable  in  the  de- 
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fleeted  position.  If  {H'  +  -ff '  J  is  the  value  of  the  cable  stress  foi 
the  undeflected  structure,  we  have 

{H+H^  =  (TTaT)  (^'  +  ^'-^ 

The  value  of  A  /  to  be  used  is  found  by  successive  approximations 
from  Arts.  179  and  181.  As  the  dead  load  is  taken  by  the  cable,  the 
moment  at  any  point  in  the  stiffening  truss  is  given  by 


M 


M^^{H  +  Hj{v  +^^^)-Hy       .     (32) 


Proceeding  as  in  Art.  223,  the  differential  equation  of  the  deflection 
curve  is  found  to  be 

_.,.(,  +  __J)    ____,/.   +   _____y.     (33) 

Integrating  eq.  (33),  we  have 

which  is  the  deflection  at  any  point  in  the  stiffening  truss. 

Substituting  the  value  of  17  from  eq.  (34)  in  eq.  (32),  we  have 


M 


-H[c,e-  +  C.«-"  + 1(^-1)]      .     (35) 


.  which  is  the  moment  at  any  point  in  the  stiffening  truss  due  to  li\'e 
load.  It  will  be  noted  that  this  formula  is  identically  the  same  as 
given  in  Art.  223.  The  values  of  the  constants*  of  integration  C, 
and  C2,  however,  will  be  different  from  before.  The  conditions  for 
the  determination  of  these  constants  must  include  the  condition  that 

for  rr  =  -,  M  «o.    It  will  be  found  that  the  constants  can  be  obtained 
2 

I 
in  most  cases  from  those  of  Art.  224,  by  replacing  /by  -  when  /  occurs 

as  an  exponent  of  e.    Thus  for  full  load  conditions  we  find  from  eqs. 
(9)  and  (10) 

'"       <?\J^      H/(ei*i+i)    •     •     •      •     ^30J 
C, -C,«*''. (37) 
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The  values  of  H  to  be  used  in  the  above  equations  may  be  taken  from 
Art.  218  of  the  Approximate  Method. 

232.  Effect  of  Temperature  on  Moments. — ^A  change  in  tempera- 
ture of  /  degrees  will  cause  the  cable  to  change  its  length  an  amount 
w  I L,  The  change  in  sag  A  /,  due  to  this  change  in  length  is  given 
by  eq.  (44)  of  Art.  181.  These  changes  cause  the  centre  point  to 
deflect  a  distance  A  /,  thus  inducing  bending  moments  in  the  stiff- 
ening trusses  similar  in  nature  to  those  of  Art.  231. 

Let  H'  be  the  cable  stress  under  dead  load  only,  and  H  the  value 
after  the  change  in  temperature  takes  place.    Then 

The  moment  in  the  stiffening  truss  due  to  the  change  in  sag  is 


M 


{H'-'H)y''H  ^^Af+v) 


Af-ir[5-^)A/-i?]        ....     (38) 


or 

n/i   ^   M  I    I 

where  the  dimensions  are  as  shown  in  Fig.  55.    For  a  parabolic  cable, 
wrhere  y  —     pT  (f  ^  ^)>  ®^'  (3^)  reduces  to  the  form 

M~H[^(l-x)Af-v']        ...     (39) 
rhe  diflferential  equation  of  the  deflection  curve  is  given  by 

^^c'V  -c'^-^  {l-2x)Af        .     .     .     (40) 

vhere  ^2  ^  ^  ^  ^'        f 


c 


EI      EI(J+^f) 
ntegrating  eq.  (40)  we  have  as  the  deflection  at  any  point 

V=C,e"+C,e-"+^il-2x)Af-^       .     (41) 

lubstituting  the  value  of  17  as  given  by  eq.  (41)  in  eq.  (39),  we  have 

Jf  «  -H[c,e^'-f-C,^-^'-?^]        .     ,    (42) 

irhich  i3  the  value  cf  the  moment  at  any  point. 
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The  constants  of  integration  Cj  and  C,  may  be  determined  from 
the  conditions  that  for  ^  =  o  and  :v  =  -,  M  =  o,  from  which  we  find 

2 

Ca  =  Cie" (44; 

Substituting  these  values  in  eq.  (42),  placing  J3*  =  c'E/,  we  have 


U..E1IM 


I  —  — 


I  +«'  J 


which  is  the  value  of  the  moment  at  any  point.    By  placing  — r— *  =  o 
in  eq.  (45),  the  maximum  moment  is  found  to  occur  at  the  quarter  points 

Substituting  :xr  =  -  in  eq.  (45)  the  maximum  moment  is  found  to  be 

4 


8A/ 


(,  -  :-^ 


This  moment  is  positive  for  a  rise  in  temperature  and  negative  for  a 
fall. 

233.  Example. — The  moment  at  the  quarter  point  due  to  stress  and  tem 
perature  will  be  worked  out  by  the  exact  methods  of  Art.  231  and  232 
The  structure  used  will  be  the  Manhattan  Suspension  Bridge,  modified  b] 
placing  a  centre  hinge  in  the  main  span,  all  other  dimensions  as  given  in  Fig 
30  of  Art.  205. 

Value  of  A  /. — ^The  value  of  J  f  is  found  from  the  stretch  of  the  cahh 

due  to  the  loading  in  question.   For  moment  at  the  quarter  point  we  find  fr^^q 

/ 

eq.  (105),  Art.  219,  that  ioi  x  ^  —,  k  ^  0.4.     Then  with  p  —  4,000  Ibc 

4 

per  ft.,  we  have  from  eq.  (98),  of  Art.  218, 

TT       P^'^       4,000  X  (0.4)'  X  (1446.7)'       ,,^,  ^^iKc 
^^Tf 7X1^3 "  ^'304,700  lbs. 
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The  average  stress  in  the  cable  is  given  by 

J  d  5  j^  1484  67 

Tave  ^  H^ «  H  y  «  2,304,700  X  -^-^  =2,365,000  Ibs. 

idx  ^  1404-7 

Here  L  is  the  length  of  the  cable,  which  is  given  by  eq.  (21)  of  Art.  176,  that  is, 

L  -  n  I  +  -  n*  -  —  n*  +  . . .)  -1484.67  ft. 

rhe  extension  of  the  cable  due  to  the  average  cable  stress  is  found  to  be 

TL      2,365,000  X  1484.67       ^,_.. 

e  =  -7-^  =» — —  0.440  tt. 

A  E        275  X  29,000,000 

Bphere  A  —  area  of  cable  in  sq.  ins.  =  275  sq.  ins.  From  eq.  (44)  of  Art.  181, 
the  value  of  J  f  is  given  by 

^  /  ^  tI  (c^  \a^^^  ^  ^  ^-^4  ft. 
I  6  (5  n—  24  n') 

As  this  value  is  not  exactly  correct,  since  the  cable  stress  changed  with  the 
increase  in  sag,  the  calculations  must  be  repeated,  using  (/  +  J  /),  instead 
Df  /  in  the  above  equations.  On  the  third  such  substitution  the  values  obtained 
Rrere  e  =  0.438  and  J  /  «  0.855,  which  will  be  taken  as  final. 

Moment  at  Quarter  Point. — ^The  moment  at  the  quarter  point  is  given  by 

/ 
iq.  (35)  of  Art.  231,  when  jc  «  —    or 

4 


M 


-„[cJ.c.r%i{U-±)'] 


Fhe  constants  of  integration  C^  and  C,  are  given  by 


C, 


2H*  '  ^      -'     c'P 


^'^       ^'     c^\P       h) 

[n  these  equations  the  value  of  c  is  given  by 


^  ^  /         (g  -I-  Hn,)  ^  i45>3oo  (2,304,700+ 10,480,000) 

(J  -\'  J})        EI  (i45»300  +  0.855)     43900  X  29,000,000 

=  c*  «  0.000009983,  from  which  c  —  0.00316. 
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Proceeding  as  in  Art.  227,  We  find 

cl  —cj  cl  —cj 

e'  « 9.831  e    '  •=  0.102       e^  *"  3-i3S       ^    ^  =0.319. 

The  values  of  the  constants  of  integration  are  found  to  be  Ci  —  12.921, 
C,  «•  106.331.    The  moment  at  the  quarter  point  becomes 

Af  =  —  2,29i,ooo[i2.92iX3.i3S+io6.33iXo.3i9  — 119.252] —  +  102,700,000 //.-/.*'J. 

Comparing  this  value  with  the  one  given  by  the  approximate  method  of  An. 
220,  we  find  a  difference  of  157,640,000  —  102,700,000  «  55,940,000  ft.-lbs., 
or  more  than  50  per  cent  in  excess  of  the  Exact  Method  result. 

Moment  Due  to  Temperature, — The  moment  at  the  quarter  point  due  to 
temperature  changes  is  given  by  eq.  (46),  of  Art.  232. 

^        "p"7 7K 

Vi  +  eV 

The  value  of  J  /  is  calculated  for  the  elongation  of  the  cable  due  to  the  given 
changes  in  temperature.  We  then  have  e  <=  wt  L  where  L  is  the  length  of 
the  cable  as  calculated  above,  u)  is  the  coefficient  of  expansion  =»  0.0000066, 
and  /  —  +  55  degrees.    For  these  values, 

e  —  0.0000066  X  55  X  1484,67  «  0.5308  ft. 
Then  as  above 

^  ^  -  H  (5  «  -  24  n»)  '  °  '"*''  ^^- 
The  final  value  of  H^,  in  the  deflected  position  is  then 

Hw  «=  10,480,000  X r-^ -  10,405,400  lbs. 

145.3  +  1.0413 

where  the  change  of  temperature  is  considered  as  positive.  The  value  of  c 
is  given  by  the  equation 

h  I       43,900  X  29,000,000 

cl  cl 

and  c  «o.oo2859.  With  this  value  of  c  we  have  e'  =  7.908  and  «*  —  2.812. 
Substituting  these  values  in  eq.  (46),  we  find 

»^         .  V.  8  X  1.0413  (-1.812)* 

M,  -  +  43,900  X  29,ooo,oooX      (,^6.7)^8.908 

-  +  1,867,700  ft.-lbs. 
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ERECTION   ADJUSTMENTS 

234.  Height  of  Cable  before  Addition  of  Dead  Load. — During  the 
erection  of  a  suspension  bridge,  the  cable  is  placed  in  position  before 
the  addition  of  the  dead  load.  It  is  then  necessary  to  know  the  change 
in  sag  from  the  unloaded  to  loaded  cable  in  order  to  determine  the 
elevation  of  the  unloaded  cable.  Let  L^  =  final  loaded  length  of 
cable,  hanging  in  a  parabola  with  a  centre  sag  /  under  dead  load ; 
L^  =  unloaded  length  of  cable,  hanging  in  a  catenary,  and  f^  = 
elongation  of  cable  due  to  the  application  of  the  dead  load  of  the 
trusses,  =  Lp  —  i^. 

T  L 
Then   e^  =  -r-=f  where  T  =  change  in  stress  from  unloaded  to 
^       AE 

loaded  condition;    A  =  area  of  cable;    E  ==  coefRcient  of  elasticity. 
The  value  of  T  to  be  used  is  the  average  for  the  whole  cable,  that  is 

w  being  the  dead  load  of  the  trusses  per  unit  of  length  and  /  the  span 
length. 


Since  L^ 

-h- 

e^  we  have 

«p 

«^(V 

-^v) 

_        ^P 

AE 

lAE 

HLp 

I 

(47) 


This  value  of  e^  is  only  approximately  correct,  since  the  stress  in  the 
cable  due  to  its  own  weight  has  changed  during  the  elongation.  In 
eq.  (47)  this  increment  of  stress  was  not  taken  into  account.  Its  efifect 
on  the  value  of  ^^  may  be  determined  and  applied  to  eq.  (47)  as  a 
correction.  For  this  purpose  we  can  assume  that  the  weight  of  the 
cable  in  its  final  position  follows  the  parabolic  law.  Its  stress  in  the 
final  position  is  then 

i^  -  it  sec  a(^^  J  -  ^    ^    _  g^   ^ 
where  g\s  the  weight  of  the  cable  per  unit  length.     Before  the  applica- 
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tion  of  the  dead  load  of  the  trusses,  the  cable  hung  in  a  catenary,  and 
its  stress  was 

r,  =  ^  sec  a(^.)  =  f-f'  where  c  =  Y' 
The  change  in  stress  is  then 


^»     /VsA      cJ- 


'8/ 
The  change  in  elongation  due  to  this  stress  is  given  by 

4 

"'-J  U/^"        cJaE-  I  U/^"        c)      AE     '    ^*^' 

Eq.  (48)  can  be  solved  by  successive  approximation,  making  use 
of  the  equation  for  length  of  the  catenary, 


^       c 


For  the  first  approximation  L^  may  be  taken  as  {L^  —  e^.  When 
the  value  of  e^  has  finally  been  obtained  it  can  be  applied  to  eq.  (47) 
as  a  correction  and '  the  calculations  repeated.  Usually  the  second 
"  approximation  will  be  final,  as  the  quantities  L^  and  c  of  eq.  (48)  change 
only  slightly  for  small  changes  in  elongation.  It  is  to  be  noted  that  the 
correction  e^  will  be  negative,  since  the  cable  stress,  and  hence  the 
elongation,  decreases  with  increased  sag. 

235.  Closure  of  Stiffening  Trusses  to  Realize  Normal  Conditions.— 
In  structures  with  horizontal  stiffening  trusses,  the  erection  usually 
proceeds  from  the  ends  toward  the  centre,  where  the  final  closure  is 
made.  At  the  time  of  the  closure  the  temperature  conditions  will  not 
be  equal  to  the  normal  conditions  assumed  in  the  calculations  of  stress, 
except  in  rare  cases.  Also  the  full  dead  load  will  usually  not  be  in 
place,  as  the  roadway  paving,  tracks,  and  side-walks  are  not  placed  in 
position  until  the  riveting  has  been  completed. 

If  the  closure  had  been  made  at  the  assumed  normal  conditions, 
that  is,  full  dead  load  and  proper  temperature,  no  stresses  would  exist 
in  the  stiffening  truss  at  that  time.  But  since  this  cannot  be  realized, 
the  addition  of  dead  load  after  closure,  and  changes  in  temperature, 
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^ill  cause  certain  stresses  to  exist  where  the  calculation  assumed  no 
stress.  The  effect  of  these  changes  in  load  and  temperature  on  the 
final  stresses,  live  load  included,  can  be  found  in  the  following  manner. 
Assume  that  the  conditions  at  closure  form  a  new  set  of  normal  condi- 
tions. Consider  the  dead  load  to  be  added  as  a  uniform  live  load,  and 
the  difference  between  the  temperature  at  closure  and  the  assumed 
normal  as  the  range  in  temperature.  With  these  values  calculate  the 
bending  moments  in  the  truss.  For  this  purpose  we  may  use  eqs.  (4), 
(5),  and  (6)  of  Art.  223.  The  value  of  H  is  calculated  for  the  dead 
load  in  place  at  closure,  and  the  sag/ is  taken  for  the  conditions  exist- 
ing at  the  same  time. 

When  the  moments  thus  induced  are  very  large,  due  to  the  fact 
that  the  conditions  at  closure  differ  much  from  the  normal,  a  correction 
may  be  applied  by  shortening  or  lengthening  the  hangers,  which  are 
usually  adjustable.  Knowing  the  bending  moment  existing  as  the 
assumed  normal,  due  to  changes  in  load  and  temperature,  the  de- 
flection of  the  centre  can  be  determined  from  eq.  (4)  of  Art.  223. 
Then  by  changing  the  length  of  the  centre  hanger  by  this  amount,  and 
hangers  at  the  other  points  as  ordinates  to  a  parabola,  a  negative,  or 
opposite  bending  moment  is  set  up,  which,  at  assumed  normal  condi- 
tions,  will  reduce  the  stresses  in  the  trusses  to  zero. 

Ssonoir  IV.— 8TBX88E8  IN  Lateral  Tbubsis,  Towibs,  and 

Floobbxams 

236.  Wind  Stresses  in  Structures  with  Horizontal  Stiffening 
Trusses. — ^The  action  of  wind  forces  on  the  side  of  the  stiffening  truss 
causes  the  truss  to  deflect  laterally  as  shown  in  Fig.  56.  This  lateral 
deflection  is  resisted  by  the  lateral  trusses  and  by  the  pull  of  the  cables. 

From  Fig.  ((/),  moments  about  any  point,  horizontal  forces  only 
being  considered,  we  have 

M  =  A/'-(iI  +  f?J,;  +  (H  +  HJ(i;-2)=Af'-(H  +  H>       .     (49) 

From  Fig.  (c)  we  have  z  =  y  }»  assuming  that  the  hanger  at  any 

n 

point  forms  a  straight  line  from  the  truss  to  a  line  joining  the  tops  of 
the  towers.     Substituting  this  value  of  z  in  eq.  (49),  we  have 

M  =  M'  -  (H  +  Hf-^       (50) 

II. 
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In 
tion  is 
along 


cq-  (50)  y  's  variable  as  well  as  17,  and  to  reach  an  exact  solu- 
difBcult.  However,  as  the  cable  efifect  is  of  greatest  importance 
the  central  portion  where  y  is  nearly  equal  to  /,  we  may  for 


(H+H.) 


:c) 


(KfH») 


purposes  of  an  approximate  solution  place  y  =/.     The  differential 
equation  of  the  elastic  curve  of  the  truss  is  then  given  by 


^17       ,  M'h(? 


where  c'=  ~  ^^ — ^  ^       .     Integrating  eq.  (51),  we  have 


(SI) 


h 
V  = 


EI 
h 


[c. 


e"  +  C,c-"  +  M 


'-!] 


Substituting  this  value  of  v  in  eq.  (50),  the  moment  is  given  by 


(52) 


C  X 


+  C,c 


—cx 


-l] 


(53) 


where  p  is  the  wind  load  per  unit  length. 

The  constants  of  integration  in  eq.  (53)  depend  upon  the  loading 
conditions.  It  will  be  found  that  the  moments  are  a  maximum  for  a 
uniform  wind  load  over  the  whole  span. 
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For  uniform  load,  the  constants  are  determined  from  the  condition 
that  ioT  X  =^  o  ox  X  =  I,  M  =  o.    The  values  are  then 

^'^?  (^^  +  I)  •     •     •     .     •     (54) 

C,  =C,e^' (55) 

Substituting  the  values  of  these  constants  in  eq.  (53),  the  moment 
at  any  point  under  full  load  is  found  to  be 

^°^L^-      (e^z+x)    J      •      •      •      •     (56) 
The  moment  is  foimd  to  be  a  maximum  at  the  centre,  where  the  value  is 


(.  -  :^ 


(e-'+i)J      ••••••     (57) 

The  shear  at  any  point  is  found  by  taking  the  first  derivative  of  eq.  (53) 
with  respect  to  x.    We  then  have 

Y  =  -c:[C,e?^'-Cae-'^']     ....     (58) 

The  constants  of  integration  for  any  loading  conditions  are  found  by 
the  same  methods  as  given  in  Art.  224.  It  will  be  found  that  these 
constants  can  be  obtained  from  those  given  on  Plates  I  to  IV  by  placing 
/  =  o  and  H  =  I  in  the  corresponding  case. 

237.  Wind  Stresses  in  Other  Types  of  Suspension  Bridges. — In 
structures  of  the  types  shown  in  Figs.  14,  15,  and  16,  the  wind  bracing 
is  usually  placed  in  the  plane  of  the  cable.  The  floors  are  light  plat- 
forms suspended  from  the  cables,  and  any  bracing  placed  therein  is 
for  the  purpose  of  gaining  rigidity  under  moving  loads. 

The  arrangement  of  bracing  in  the  plane  of  the  cable  varies  with 
the  type  of  the  structure.  In  any  case  it  will  be  very  similar  to  that 
used  in  the  arch  structure  of  the  same  class. 

The  stresses  in  such  bracing  are  calculated  by  the  same  methods 
as  given  for  corresponding  structures  in  Chap.  IV. 

238.  Floorbeam  Stresses. — In  a  suspension  bridge  with  two  cables, 
the  stresses  in  the  floorbeams  are  found  in  the  same  way  as  for  a 
simple  beam  supported  at  two  points.  Where  four  cables  are  used, 
as  in  the  Manhattan  bridge,  and  the  floorbeams  are  continuous,  the 
analysis  requires  the  consideration   of  the  deflection   of  the    cables 
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and  the  continuity  of  the  beams.  Fig.  57  shows  the  arrangemcDt 
used  in  the  Manhattan  Bridge. 

When  all  tracks,  roadways,  and  side-walks  are  fully  loaded,  ibt 
cables  will  deflect  equal  distances  and  the  reactions  of  the  floorbeam 
will  be  equal. 

Under  unsymmetrical  loading  the  cables  will  receive  varying  pro- 
portions of  the  load,  thus  causing  unequal  deflections  of  the  various 

-A. G 


G 


Tracks 


A 


Trades 


Sidewalk 


Road  war 


Floor  Beam 


(a) 


B 


cables  and  also  of  the  points  of  support  of  the  floorbeams.  The  beams 
are  then  continuous  on  four  supports  which  do  not  lie  in  the  same 
straight  line.  The  maximum  bending  moments  in  the  floorbeams  will 
be  found  to  occur  for  the  loading  which  will  cause  the  greatest  difference 
in  deflection  of  the  cables.  This  loading  is  shown  in  Fig.  60  (J),  the 
tracks  and  sidewalks  on  one  side  and  the  roadway  being  fully  loaded 
over  the  entire  length  of  the  structure.  The  load  taken  by  cable  C  is 
then  transmitted  entirely  by  the  bending  of  the  floorbeams. 
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In  determining  the  stresses  in  the  floorbeams  for  the  loading  con- 
ditions given  above,  it  is  sufficiently  exact  to  assume  the  loads  on  the 
cables  to  be  proportional  to  their  deflection;  and,  as  these  deflections 
are  large  compared  with  that  of  the  floorbeam,  the  deformations  of 
the  beam  may  be  neglected.  The  reactions  may  then  be  found  in 
the  same  manner  as  the  fibre  stress  in  a  beam  subjected  to  direct 
compression  as  well  as  moment.  If  P  =  total  live  load  per  panel, 
e  =  eccentricity,  R  =  any  of  the  four  cable  reactions,  and  a  =  distance 

P     Pea 
of  such   cable  from  the  axis,  we  have  i?  =  —  ±  -it—,  . 

±       I  or 


Here  the 


term  Jf  a'  replaces  the  moment  of  inertia  of  the  usual  beam  formula. 
With  these  reactions,  the  bending  moments  and  shears  are  readily 
calculated  by  the  usual  methods. 

239.  Tower  Stresses. — ^When  the  saddles  are  rigidly  fastened  to 
the  tops  of  the  towers,  as  in  the  Manhattan  Suspension  Bridge,  the 


Fig.  58. 

movement  of  the  saddles  due  to  changes  in  loading  or  temperature 
conditions  will  cause  bending  stresses  to  be  set  up  in  the  towers.  As 
this  deflection  must  take  place,  the  bending  stresses  induced  will  be 
proportional  to  the  stiffness  of  the  tower. 

The  deflection  may  be  determined  by  the  approximate  method  given 
in  Art.  204,  or  by  a  more  exact  method  in  which  work  done  by  ex- 
ternal and  internal  forces  during  the  deflection  are  placed  equal  to  zero. 

In  Fig.  58,  let  A  be  the  deflection  of  the  tower,  and  {H  +  H  J 
the  cable  stress  for  any  given  loading  conditions.     Then  the  average 


326  SUSPENSION  BRIDGES 

work  done  by  the  force  (H  -h  HJ)  moving  through  the  distance  A 
must  be  equal  to  the  average  work  in  the  cable  due  to  stress  and 
temperature,  and  the  work  done  in  the  deflection  of  the  side  span. 
The   average   work   done    by    the   force    (H  +  HJ)    is  given    by 

(H  \ 

—  +  H^j  A.    From  Art.  225,  the  average  work  in  the  cable  due  to 

stress    and    temperature    is    respectively    f f-  hJ\J     -7-3    and 

f h  hJ\J     wt  -7-3.     The  average  work  done  in  the  deflection 

h  H^\    jtJ^  Vi  d X  where  Vi  is 

found  from  eq.  (4)  of  Art.  223.  Neglecting  the  work  done  in  bending 
the  tower,  we  have 

(f +  H.)j»(f +H„,)-^/,+  (^+H«)«^L,   +y/\.rf*    .      (59) 

j-^  and  /    —  respectively 
for  the  side  spans  only.    Then  from  eq.  (59), 


H   .    ^     ,.       8/-.    /•'. 


8  /■.    /•'« 


The  greatest  deflection  will  occur  when  the  main  and  far  side  spans 
are  fully  loaded,  no  load  on  the  side  span  in  question,  temperature 
lowest. 

Substituting  the  value  of  -^  for  this  condition  of  loading,  the  maxi- 
mum deflection  is  found  to  be 


A  = 


The  bending  stresses  in  the  tower  are  due  to  a  horizontal  load  Q 
and  a  vertical  load  V  as  shown  in  Fig.  59  (a). 

The  load  Q  is  such  that  if  applied  at  the  top  of  the  tower,  it  would 
(together  with  V)  cause  a  deflection  equal  to  A  of  eq.  (61).  The 
load  V  is  equal  to  the  sum  of  the  vertical  components  of  the  cable 
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Stress  acting  on  the  tower,  as  shown  in  Fig.  59  (ft).    The  amount  of 
this  force  is  given  by 

{H  +  ffj  [tan  a  +  tan  a^  +  A  tan  a  +  A  tan  a  J 

(I'here   A  tan  a  and  A  tan  a,  are    the  changes  in  tan  a  and  tan  tx^ 
due  to  the  deflection  of  the  main  and  side  spans.    From  eq.  (4)  of  Art. 

223,  A  tan  a  =  j-.  The  loads  V^  and  F,  are  the  end  reactions  of  the 

main  and  side  spans. 

The   amount  of  the  load  Q  may  be  determined  by  placing  the 
deflection  of  the  top  of  the  tower,  as  given  by  the  equation  of  the  elastic 


(H  +  H«,) 


(H+H.,) 


(HfHw)tanai 


(Hj>Hw)Uui<r 


(6) 


Fig.  59. 

curve,  equal  to  A  as  given  by  eq.  (61).  As  Q  is  the  only  unknown, 
its  value  is  readily  determined.  From  Fig.  59  (a)  the  bending  mo- 
ment at  any  point  in  the  tower,  neglecting  the  effect  of  the  loads  V^ 
and  F2,  is  given  by 


The  differential  equation  of  the  elastic  curve  is 


(62) 


(63) 
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V 

where  c^  =  — .     Integrating  eq.  (6;^)  we  have 

y  ==  A  sine  X  -{-  B  cos  c  x  —  ^  x        .     •      .      (641 

where  A  and  B  are  constants  of  integration. 

If  the  moment  of  inertia  of  the  tower  is  uniform  over,  its  whole 
length,  the  values  of  A  and  B  are  determined  from  the  two  conditions 
that  for  ^  =  o,  y  =  o  and  jc  =  /,  y  =  A,  from  which 

A  ==  ( ^  +  A  j  cosec.  c  I  and  5  =  o 

Eq.  (64)  then  becomes 

/Q  /        4\sin  ex      Q 
\  V  /  sm  el       V 

The  values  of  Q  and  A  are  found  from  eq.  (65)  for  the  condition  that 

—^  =  o  when  x  ='  I. 
ax 


We  then  have 


and 


A  =  U-  (tan cl  -  el) 
Vc 


Q  ^   ^f^     ,^      • (66: 

^       (tan  el  -  cl)  ^ 


where  A  is  given  by  eq.  (61). 

Substituting  the  value  of  y  from  eq.  (64)  in  eq.  (62),  the  moment 
at  any  point  is  found  to  be 

For  X  =  o,  or  at  the  top  of  the  tower,  Af  =  o;  and  for  :x:  =  /,  or  at 
the  foot  of  the  tower,  M  =  (Q  /  +  F  A). 

As  actually  constructed,  the  sections  in  such  towers  are  made  to 
fit  the  stresses,  so  that  the  moment  of  inertia  is  not  uniform.  In  such 
cases  the  deflections  and  moments  are  determined  by  a  method  similar 
to  that  used  in  Art.  229.  The  tower  is  divided  into  lengths  over  which 
the  moment  of  inertia  may  be  taken  as  uniform.  Then  by  placing 
the  moment  and  shear  at  the  end  of  one  section  equal  to  that  at  the 
beginning  of  the  next,  a  sufficient  number  of  independent  equations 
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are  obtained  for  the  determination  of  the  constants  of  integration. 
For  this  purpose  the  momeint  at  any  point,  from  eqs.  (62)  and  (64),  is 
given  by 

M^  =  V  (A  sine  X  +  B  cos  c  x). 

The  shear  at  any  point  is 

dM 


dx 


-  =  c  V  (A  cos  c  X  —  B  sin  .  c  x), 


The  deflection  at  any  point  is  given  by  substituting  the  constants  of 
integration  for  the  section  in  question,  as  determined  above,  in  eq.  (64). 

Seotiok  v.— Stbuoturbs  with  Suspension  Frames 

240.  Suspension  Bridges  with  Three  Hinges. — ^The  structure  shown 
in  Fig.  16  of  Art.  185  is  similar  in  nature  to  a  three-hinged  arch.  The 
stresses  are  all  statically  determinate  and  may  be  found  by  the  methods 
given  in  Chap.  IV.  Structures  of  this  type  are  usually  made  rigid 
enough  so  that  the  effect  of  deflection  may  be  neglected. 

If  the  points  in  the  lower  chord  of  the  structures  shown  in  Fig.  16 
lie  in  a  curve  corresponding  to  the  equilibrium  polygon  for  dead  or 
full  live  load,  the  stresses  in  the  top  chord  and  the  web  members  will 
be  zero  for  such  loading  conditions.  The  top  chord  and  the  web 
members  will  then  be  stressed  by  unsymmetrical  loads  only.  Under 
unsymmetrical  loading  the  equilibrium  polygon  will  no  longer  coincide 
with  the  bottom  chord  member.  When  the  equilibrium  polygon  falls 
below  the  bottom  chord  member,  the  stress  in  this  member  will  be 
compression,  and  that  in  the  top  chord  member  will  be  tension.  When 
the  equilibrium  polygon  falls  between  the  two  chords,  both  will  be  in 
tension.  Thus  in  such  a  structure  the  top  chord  stresses  will  always 
be  tension,  while  those  in  the  bottom  chord  may  be  either  tension  or 
compression. 

In  some  cases,  the  curve  of  the  bottom  chord  is  made  such  that 
the  equilibrium  polygon  will  fall  near  the  centre  of  the  truss,  or  inside 
the  middle  third  under  all  conditions  of  loading.  Under  such  con- 
ditions the  stresses  in  both  chords  will  always  be  tension. 

Structures  of  this  type  are  also  constructed  with  side  spans.     Such 
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a  Structure  is  shown  in  Fig.  60.  This  structure  is  similar  in  form  to 
that  of  Fig.  15,  Art.  185,  except  that  a  hinge  has  been  placed  in  thu 
centre  of  the  top  chord  in  the  main  span,  and  the  lower  chord  members 
in  the  centre  panel  have  been  removed.  The  stresses  in  the  main 
span  trusses  are  found  as  given  above.  In  the  side  spans,  ihi 
stresses  are  found  as  for  a  simple  span  of  the  same  length.  The 
top  chord  member,  however,  acts  as  a  back  stay  for  the  main  span. 
The  greatest  tension  in  this  top  chord  member  occurs  when  the  main 


Fig.  60. 

span  and  the  far  side  span  are  loaded;  no  load  on  the  side  span  in 
question.  The  greatest  compression  occurs  when  the  side  span  in 
question  is  loaded,  no  load  on  the  rest  of  the  structure. 

Temperature  stresses  in  structures  of  this  class  are  usually  neglected. 
The  deflections  and  bending  moments  resulting  from  temperature 
changes  may  be  found  by  methods  similar  to  those  used  in  Art.  232. 

241.  Suspension  Bridges  with  Two  Hinges. — In  a  structure  of  the 
type  shown  in  Fig.  15,  the  main  and  side  spans  form  a  group  of  trusses, 


Fig.  61. 

each  one  of  which  acts  as  a  two-hinged  arch,  the   horizontal   com- 
ponent being  taken  by  the  anchorage. 

The  stresses  in  the  members  of  this  system  may  be  determined  by 
placing  the  movement  of  points  i4  and  B,  Fig.  61,  due  to  any  given  load- 
ing, equal  to  the  extension  of  the  anchorage  for  the  same  loading.  In 
making  up  the  expression  for  deflection  the  stresses  in  the  various  mem- 
bers must  be  expressed  in  terms  of  if,  the  horizontal  component  of 
the  stress  in  the  anchorage,  which  is  equivalent  to  considering  this  a.^ 
the  redundant  force. 
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Let  the  stress  in  any  member  of  the  combined  system  of  trusses 
be  given  by  {S'-\-H  w),  where  5'  is  the  stress  in  the  member  in  question 
for  the  truss  considered  as  acting  alone;  H  is  the  horizontal  component 
of  the  stress  in  the  anchorage;  and  u  is  the  stress  in  the  member  for 
a  I  lb.  load  at  A  and  B  acting  outward.  Then  the  general  expression 
for  deflection  is 

n  -   V  ^"^  _   V  iS'+  Hu)ul 

Where  /  is  the  length  of  any  member  and  A  its  area.  Let  5'  and  u  as 
defined  above  represent  main  span  values,  and  let  5',  and  u^,  S\  and 
Mjj  represent  side  span  values.    The  total  deflection  at  i4  or  B  is  then 

(S'-\-Hu)ul  {S\^Hu,)uJ,  {S\+Hu,)u,h 

AE         "^  A,E  ^  A,E 

2  H  I 
The  extension  of  the  two  anchorages    is    given    by    A  L  =  , 

ftherc  /  is  the  length  and  A  the  area  of  the  member.  Placing  D  =  J  L 
ind  solving  for  H,  we  have 

ySul  yS.uJ,         yS:,uJ^ 

rr         ^-AE^^-ATe'-^-A-E^^'^ 

ill  ^y'^^y'^^  '     '     ^    ^• 

AE  A,E'^      A^E 

vhich  is  horizontal  component  of  the  stress  in  the  anchorage. 

After  this  stress  has  been  determined,  the  stresses  in  the  various 
nembers  are  obtained  by  the  methods  given  in  Chap.  IV. 

242.  Suspension  Bridges  with  Stiffened  Cables  which  are  Con- 
inuous  from  Anchorage  to  Anchorage.— In  structures  of  this  type  the 
nethods  of  calculation  are  similar  to  those  given  for  Hingeless  Arches 
n  Chap.  IV.  The  stresses  in  the  members  are  threefold  indeter- 
ninate  due  to  the  fact  that  the  cables  form  a  rigid  system  which  is  con- 
inuous  over  the  towers  and  the  main  span.  Such  a  structure  is  shown 
D  Fig.  14.  The  stresses  may  be  found  by  the  method  of  redundant 
nembers  by  considering  three  members  as  redundant.  Those  usually 
hosen  are  the  members  at  the  tops  of  each  tower  and  the  one  in  the 
entre  panel  of  the  main  span. 


CHAPTER  VI 

MISCELLANEOUS    PROBLEMS    IN    STATICALLY 
INDETERMINATE    STRUCTURES 

SKOTIOK  I.— MULTIPLK   iNTEBSKOTIOir  TBU88X8 

243.  General  Formulas. — ^In  Chapter  VII  of  Part  I,  the  general 
method  of  analyzing  structures  with  redundant  members  was  givcq 
and  briefly  illustrated.  In  the  preceding  chapters  of  this  Part  severil 
special  cases  have  been  considered.  There  remain  numerous  other 
problems  of  statically  indeterminate  structures  arising  in  praaic^ 
which  merit  attention,  but  before  taking  these  up  in  detail  the  methoa 
explained  in  Part  I  will  be  restated  and  the  equations  presented  in  a 
somewhat  more  general  form. 

Consider  a  structure  containing  any  number  of  redundant  member 
and  supporting  certain  loads  applied  at  joints  only.     Assume,  firsti 
that  all  members  are  subjected  to  direct  stress  only  (no  members  acting 

as  beams). 

i 

Let  n  =  number  of  necessary  members; 

m  =  number  of  redundant  members;  1 

S  =  stress  in  any  one  of  the  n  necessary  members,  due  to  the  giveii 
loads; 

5i,  5,,  ^3,  etc.,  =  stresses  in  the  several  redundant  members  du< 
to  the  given  loads  (the  stresses  S,  5,,  5,,  etc.,  occur  simultaneously  | 

5'  =  stress  in  any  one  of  the  n  necessary  members  due  to  the  cii 
ternal  loads,  with  all  redundant  members  removed; 

Wi  =  stress  in  any  of  the  n  members  due  to  a  one-pound  tension 
in  redundant  member  No.  i,  all  other  redundant  members  beinj] 
removed;  tt,  =  stress  for  a  one-pound  tension  in  No.  2;  etc.,  etc.;       j 

E,  A  and  /  =  modulus  of  elasticity,  area  of  cross-section,  and  lengt^ 
of  any  member. 

Then  for  any  member 

5  =  5'  -I-  Wj  5i  +  t^j  5,  +  Ws  5,  +  etc.     .      .      .     (i| 
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Now,  as  in  Art.  222  of  Part  I,  we  assume  each  of  the  redundant 
members  in  turn  cut  near  one  end,  and  place  equal  to  zero  the  deflection 
of  the  cut  end  with  respect  to  the  adjacent  joint.  This  deflection  is 
expressed  in  terms  of  the  deformations  of  the  n  necessary  members 
and  the  redimdant  member  in  question.  We  thus  have  the  general 
equations 


^o  EA   "^ 
o  EA 

^o  EA   "^ 
etc. 


EAi 
EA^ 
EA, 


=  o 


=  o 


=  o 


(2) 


etc. 


Substituting  the  value  of  5  from  eq.  (i)  we  have  the  following  series  of 
equations  between  the  several  redundant  stresses  and  the  stresses  S': 


•■( 


/. 


EAi 


+  2" 


E 


^  j  +5,  i-^+Si  jr-^+ 


S.J^^  +  S,   ( 


h 


y, 


EA 
"E'A 


+  i" 


EA 


+S^I 


EA^       EA 

«S«2^  .    C'     {     k 


)   +.5i 


EA 


EA 
etc. 


+5,  ( 


EA, 
etc. 


+  1 


EA 
EA 


) 


+ 


etc.  =  —2 


etc.  —  —I 


etc.  =  —  X 


EA 

S'uJ, 
EA 

S'uJ. 
EA 


(3) 


etc. 


In  these  equations  the  summation  in  all  cases  extends  over  the  n 
aecessary  members  only,  as  no  other  member  has  a  stress  w.  If  we 
:onsider  that  the  u  for  the  redundant  member  in  question  is  unity,  then 
he  two  terms  in  the  parentheses  may  in  general  be  represented  by  the 

single    summation  I  -^-r- 
^  EA 

In  this  manner  as  many  equations  may  be  written  as  there  are  re- 
iundant  members.  The  numerical  values  of  the  coefficients  of 
Jj,  5*2,  S29  etc.,  and  of  the  second  members  of  the  equations,  are  readily 
:alculated  and  the  resulting  linear  equations  may  then  be  solved  for 
?j,  S29  etc.  The  value  of  any  stress  5  is  then  found  from  eq.  (i).  It 
Is  well  to  note  that  the  several  coefficients  of  5„  S^,  etc.,  of  eq.  (3) 
:ontain  products  of  u  which  are,  in  each  equation,  the  product  of  a 
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particular  u  times  each  of  the  other  w's  in  succession,  the  latter  corre- 
sponding to  the  S  of  the  same  term. 

As  already  illustrated  by  the  analysis  of  Art.  i66,  the  displacement 
diagram  may  be  used  advantageously  in  calculating  the  various  sum- 
mations in  eq.  (3).  For  this  purpose  all  redundant  members  are  to  k 
considered  as  cut  near  one  end.  A  displacement  diagram  is  thtn 
drawn  for  a  one-pound  load  applied  at  the  cut  ends  of  No.  i,  no 
external  loads  acting;  another  diagram  for  a  one-pound  load  at  the 
ends  of  No.  2,  etc.;  one  diagram  being  drawn  for  each  membtT. 
Finally,  a  like  diagram  is  drawn  for  the  external  loads,  involving  tht- 
stresses  S\  It  will  then  be  found  that  all  the  coefficients  of  5„  5,,  etc.. 
of  the  first  of  equations  (3),  are  given  by  the  first  diagram;  those  of 
the  second  equation  by  the  second  diagram,  etc. ;  and  all  the  summa- 
tions of  the  second  members  of  the  equations  are  given  by  the  \^< 
diagram  mentioned.     Or,  in  detail,  considering  the  first  diagram,  tb 

quantity  ( ^r^ — h  ^  e^t)  ^^  ^^^  relative  displacement  of  the  cut  en(is 

w,  U2  I 
of  redundant  member  No.  i ;   the  quantity  I    _,         is    the    relativr 

displacement  of  the  cut  ends  of  No.  2,  etc.     In  the  diagram  constructed 

S' u  I  . 
for  the  external  loads,  I       j     is  the  relative  displacement  of  the  cut 

w,  Wo  I 
ends  of  No.  i,  etc.     It  will  be  noted  that  I    ^  ^    is  given  in  both  the 

iL  A 

u  u  I 
first  and  second  diagrams,  and  I    '    '    in  both  the  first  and   thiH 

/If  A 

diagrams,  etc.  The  utilization  of  this  principle  (of  reciprocal  de- 
flections) will  make  it  necessary  to  construct  but  a  portion  of  the 
displacement  diagrams  of  the  second  and  succeeding  members, 

I 

In  case  the  structure  includes  members  acting  as  beams  then  the 
expressions  for  deflection  include  terms  of  the  form   /  '  .  m.    I^ 

i 
I 

the  redundant  members  themselves  are  subjected  to  direct  strcssd 
only,  then  eq.  (2)  takes  the  form 
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in  which  M  =  hending  moment  in  any  member  under  normal  con- 
ditions, and  m^  =  bendmg  moment  due  to  a  one-pound  tension  in 
redundant  member  No.  i.  In  the  same  manner  as  S  is  expressed  in 
eq.  (i)  we  may  write  M  =  M'  +  5^  w^  +  5,  w,  -h  . . . . ,  etc.  The 
values  of  S  and  M  being  substituted,  gives  a  series  of  linear  equations 
similar  to  (3),  as  follows: 

etc.  etc.  etc. 

Instead  of  assuming  as  the  unknowns  the  various  direct  stresses 
5i,  ^2,  etc.,  it  is  sometimes  more  convenient  to  take  certain  of  the  bend- 
ing moments  as  the  unknowns,  or  certain  direct  stresses  together  with 
certain  moments.  In  this  case  the  values  u^  and  Wj,  corresponding  to 
an  unknown  bending  moment  Jf  j,  are  respectively  the  stresses  and 
moments  in  the  various  members  due  to  a  bending  moment  of  unity 
in  the  redundant  member.  The  resulting  equations  are  then  the 
same  as  (5)  excepting  that  certain  unknown  moments,  Mj,  Mj,  etc., 
arc  used  instead  of  the  stresses  5i,  ^j,  etc. 

244.  Equations  Derived  from  the  Principle  of  Least  Work. — ^The 
entire  internal  work  of  displacement  of  a  structure  is  given  by  the 
expression  ^i  ^^^ 


Work  =  I 


2EA 

If  tJie  structure  contains  various  redundant  stresses  5,,  S^y  etc.,  or 
moments  ilf  „  M,,  etc.,  the  first  derivative  of  the  expression  for  work 
may  be  written  with  respect  to  each  of  the  unknowns  in  turn,  as 
explained  in  Part  I,  Art.  213,  and  each  of  these  expressions  placed 
equal  to  zero.    This  gives  us,  for  member  No.  i, 

„  SI      dS       „  rMdx    dM  ,  ^ 

^EA'dS.'^^J'ET'ls;^'''     ...     (7) 

But  in  general  -ttt  =  u.  and  ttt  =  w.,  as  here  defined.    Furthermore, 

in  (7)  the  expression  I  -=-t  •  vtt  includes  also  member  No.  i,  in 
which  -j-^  =  I,  hence  (7)  is  identical  with  (4). 
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With  respect  to  any  iinknown  moment  M^  the  derivative  is 

SI      dS        „   rMdx    dM 


I 


EA  '  dM 


fMdx     dM 


in  which  -rrr  ^^'^  ttt"  is  the  stress  or  moment  in  any  member  due 

to  a  unit  bending  moment  in  the  redimdant  member.  These  quanti- 
ties may  be  called  Wj  and  m^  as  before.  The  physical  interpretation 
of  eq.  (8)  is  that  the  relative  angular  change  in  the  two  cut  ends  of 
the  redundant  member  is  zero,  corresponding  to  the  longitudinal 
movement  in  the  case  of  redimdant  direct  stresses. 

245.  Forms  of  Trusses  and  Methods  of  Analysis. — The  most 
common  types  of  multiple  intersection  trusses  are  the  double  War- 
ren or  triangle  truss  and  the  Whipple  or  double  intersection  Pratt 
truss.  These  forms  have  been  fully  treated  in  Part  I  by  the  usual 
approximate  methods,  based  on  the  assumption  of  independent  action 
of  the  two  web  systems.  This  same  method  of  treatment  may  be 
applied  to  triple  and  higher  forms  of  multiple  trusses  with  generally 
satisfactory  results. 

Where  the  several  systems  are  connected  at  points  other  than  at 
supports,  as  when  inclined  end-posts  are  used,  some  ambiguity  arises 
in  the  usual  approximate  treatment  (see  Art.  loi.  Part  I);  Uncertainty 
of  procedure  also  arises  in  the  case  of  an  odd  number  of  panels  or  an 
otherwise  unsymmetrical  system.  In  the  case  of  curved  chords,  also, 
the  web  systems  cannot  act  independently  to  so  great  an  extent  as  •v^ith 
horizontal  chords.  In  certain  other  multiple  forms  it  is  difficult  or 
impossible  to  separate  the  structure  into  two  or  more  single  systems 
so  as  to  arrive  at  any  satisfactory  solution  by  approximate  methods. 

It  is  the  purpose  of  the  following  articles  to  explain  more  fully 
than  was  done  in  Part  I,  the  use  of  exact  methods  of  calculation  and 
to  illustrate  by  examples  the  errors  involved  in  certain  cases  by  the 
application  of  the  usual  approximate  methods. 

246.  The  Double  Triangular  Truss  with  Vertical  End-Posts.— 
The  results  given  in  the  example  of  Art.  222,  Part  I,  showed  that  the 
usual  assumption  of  independent  action  of  the  two  web  systems  gives 
correct  results  for  the  chord  stresses  under  uniform  loads,  and  that  the 
maximum  error  in  web  stress  when  calculated  on  this  basis  was,  in  the 
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truss  in  question,  only  5  per  cent,  and  this  for  the  web  member  nearest 
the  centre.  For  ail  other  web  members  the  error  was  too  small  to  be 
noted.  In  the  case  of  an  eight-panel  truss  of  similar  form,  analyzed 
by  Winkler,*  the  corresponding  errors  in  the  web  stresses  ranged  from 
o  to  I  per  cent  from  end  toward  centre.    The  first  counter-stress 


Fig.  I. 


showed  an  error  of  i.i  per  cent  and  the  second  counter-stress  an 
error  of  4  per  cent. 

From  these  and  other  examples  it  may  be  concluded  that  in  the 
form  here  considered,  the  number  of  panels  being  even,  the  results 
by  the  approximate  method  are  well  within  the  desired  limit  of  accuracy. 

247.  Double  Triangtdar  Truss  With  Odd  Number  of  Panels. — 
When  the  number  of  panels  is  odd  then  the  symmetry  of  the  systems 
is  interrupted  and  their  independence  of  action  is  more  in  question. 


A  peculiar  condition  arises  in  such  systems  when  the  structure  is  fully 
loaded.  In  the  truss  of  Fig.  i,  for  example,  under  full  uniform  load, 
there  is  no  shear  in  the  panel  d  e  and  hence,  apparently,  no  diagonals 
need  be  stressed  in  this  panel.  It  is  obvious  that  any  stress  which 
may  exist  in  one  of  the  diagonals  is  opposed  by  an  equal  stress  in  the 


*  "  Theorie  der  Bnicken,"  II  Heft. 
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other.      Assuming  independent  systems,   however,  there  will  be  a 

compression,  if  a  deck  bridge,  where  P  =  joint  load.  It  is  sometimes 
assumed  that  under  a  uniform  load,  since  there  is  no  shear  in  the 
central  panel,  neither  of  the  members  d  E  or  D  e  are  stressed,  and 
that  the  two  web  systems  break  up  into  a  different  arrangement  from 
that  existing  under  an  unsymmetrical  load. 

The  maximum  stresses  calculated  under  the  two  different  assump- 
tions differ  considerably.  Thus,  assuming  independent  systems,  and 
all  joints  loaded,  we  have 

Vert.  comp.  aS  =  —  P 

12 
Vert.  comp.  -4  6  =  —  P 

whereas,  with  members  D  e  and  d  E  out  of  action,  the  values  are 

—  P  and  —  P  respectively,  a  difference  of  -  P.  Then  in  the  chord 
7  7  7 

members  the  assumption  of  independent  systems  gives  stresses  as  fol- 
lows (d  =  panel  length,  h  =  height): 

The  assumption  of  zero  stress  in  the  members  D  e  and  d  E  gives 

CD  =^  DE  =  de  -  ^  P; 

cd^^P. 

It  will  be  found  that,  in  general,  the  stresses  in  each  diagonal  under  full 

load,  obtained  by  the  two  different  methods,  differ  by  -  P,  and  the 

2  d 
stresses  in  each  chord  member  differ  by  — r  P. 

To  determine  the  correct  distribution  of  stress,  and  to  illustrate 
further  the  analysis  of  multiple  intersection  trusses,  an  exact  analysi: 
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will  be  made  of  the  seven-panel -truss  of  Fig.  i.  Span  =  7x24  =  168 
ft.;  height  =  32  ft.  The  member  A  a  is  taken  as  the  redundant  member 
and  its  stress  for  a  concentrated  load  at  each  of  the  joints  g,  f,  and  e 
is  determined.     To  simplify  the  numerical  work  each  joint  load  is 
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taken  as  7  instead  of  unity,  and  the  panel  length  and  height  are  called 
3  and  4  units,  respectively.  The  complete  calculations  are  given  in 
the  subjoined  table.  The  values  of  the  cross-sections  are  approxi- 
mately what  would  be  required  for  a  railroad  structure  designed  for  an 
£-50  loading. 

The  stresses  in  A  a  arc  then  as  follows: 

for  load  at  f,  i4  a  = '^^  =  +    .04c 

7436 

for  load  at/,  i4  a  = — — -  =  —  1.784 

for  load  ^i  e,  A  a  — '- — -  =  +    .oiv 

7.436 

For  loads  of  unity  instead  of  7  these  stresses  become,  respectively, 
+  0.006,  —  0.255,  and  +  0.002. 

For  loads  at  h,  c,  and  d  the  stresses  in  A  a  are  the  same  as  in  i7  A  for 
loads  at  g,fy  and  e,  respectively.  Knowing  the  stresses  in  A  a  for  loads 
at  gy  /,  and  e,  the  corresponding  stresses  in  il  A  are  readily  found. 
They  are  —  5.96,  +  0.216,  and  —  3.99  respectively;  hence,  dividing 
by  7,  we  have  for  stress  in  i4  a  for  unit  loads  at  ft,  c,  and  d,  the  values 
—  0.852,    +  0.031,  and  —  0.570,  respectively. 

These  values  for  stress  in  A  a  are  the  shears  in  the  end  panel  a  b, 
of  the  full  system  as  shown  in  Fig.  i.  The  shears  in  the  dotted  system 
are  found  by  subtracting  the  above  values  from  the  total  shear.  The 
shears  in  the  end  panels  of  the  two  systems,  for  unit  loads  at  each  joint. 
are  given  below,  together  with  the  shears  calculated  on  the  assumption 
of  independent  action  of  the  two  web  systems,  and  the  percentage  of 
error  of  the  latter  values. 

The  assumption  of  independent  systems  therefore  gives  somewhat 
too  small  results  for  the  dotted  system  and  too  large  results  for  the 
full  system.  The  chief  reason  for  this  variation  is  the  fact  that,  as 
regards  shears  in  the  left  half  of  the  truss,  the  dotted  system  is  some- 
what more  rigid  than  the  full  system.  In  the  right  half  the  full  system 
IS  the  more  rigid  and  the  maximum  in  ^  fl"  will  be  the  same  as  the 
maximum  in  A  b,  etc.  Fig.  2  shows  the  values  above  given,  plotted  as 
influence  lines  for  end  shears  or  vertical  components  in  the  diagonals 
of  the  two  systems.    The  dotted  line  a'  h  represents  the  total  shear. 
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For  all  joints  loaded  the  true  shear  m  panel  de  of  the  full  system 
(vertical  component  in  dE)f  is  1.638  —  2.00  =  —  0.362,  giving  a 
tensfle  stress  in  dE.  In  the  dotted  system  the  shear  (vertical  com- 
ponent in  Z>  e)  is  1.363  —  i.oo  —  -I-  0.363,  giving  a  tension  in  D  e 

SHEARS  IN  THE  END  PANEL  (FIG.  1)  FOR  UNIT  JOINT  LOADS 


Jomt  Loaded. 

Pull  Systbm 

DoTTBD  System 

True  Shear. 

Approx. 
Shear. 

%  Error. 

True  Shear. 

Approx. 
Shear. 

%  ElTor. 

f 

e 

d 

e 
b 

—  .006 

+  -35S 

—  .002 

+  •570 
-.031 

+  .852 

0 

+  .286 

0 

+  •572 
0 

+  .857 

+  12.2 
+  0.4 
+  0.6 

+  .149 
+  .031 

+  .431 
+  .002 

+  .745 
+  .005 

+  .143 
0 

+  .429 

0 

+  .714 
0 

-4.0 
-0.5 

-4a 

AU  JoTnts 

+  1.638 

+  1-715 

+  4  7 

+  1-363 

+  1.286 

-5-7 

equal  to  that  in  dE.    The  assumption  of  independent  systems  gives 

2 
values  of  -  P  or  .286  for  each,  instead  of  .363. 

7 

The  stresses  in  the  centre  diagonals  being  known,  the    stresses 

in  D  E  and    d  e   are    readily   obtained  by   moments,   and    thence 

the  stresses  in  the  other  chord  members.    The  resulting  value  for 

d  d 

D E  =  (6  +  .363)  y-  P  =  6.363   T   Py   compression,   and   in  de   ^, 

n  ft 

d  d 

value  of  (6  —  .363)  j-  P  =^  5-637  -r  Py  tension.  By  the  approxi- 
mate methods,  assuming  independent  systems  and  a  shear  in  each 
system  of  -  P,  the  values  are  6.286  j-  P  and  5.714  t^  P,   respectively. 

d 
The    errors   involved   are   .077  y  P  in  each  case,  or  1.2  per  cent  and 

n 

1.4  per  cent.    For  other  chord  stresses  the  same  absolute  errors  are 

involved,  but  the  relative  errors  increase  toward  the  end  of  the  span. 

From  these  calculations  it  may  be  concluded  that  the  assumption 

of  independent  web  systems,  in  the  case  of  an  odd  number  of  panels. 
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will  lead  to  results  substantially  correct,  but  that  the  assumption  of 
zero  stress  in  the  central  web  members,  under  a  symmetrical  loading, 
is  cpnsiderably  in  error.  If  approximate  methods  are  to  be  used,  the 
stresses  for  all  conditions  of  loading  should  therefore  be  determined  oa 
the  basis  of  separate  action  of  the  two  web  systems. 

248.  The  Double  Triangular  Truss  with  Inclined  End  Posts.— 
Fig.  3  shows  a  more  common  arrangement  of  end  posts  than  that  of 
the  truss  analyzed  in  the  preceding  article.  Such  an  arrangement, 
however,  makes  the  determination  of  stresses  by  approximate  methods 


Figs.  3  and  4. 


somewhat  more  uncertain  than  in  the  cases  already  considered.  The 
joints  B  and  H  must  be  considered  as  belonging  to  both  systems  and 
loads  at  these  joints  must  be  divided  in  some  approximate  manner.  An 
equal  division  is  generally  assumed.  It  is  to  be  observed  also  that  a 
load  applied  at  6,  or  brought  there  by  the  member  bC  oi  the  full 
system,  is  carried  up  to  B  where  it  then  exerts  an  influence  on  the  dotted 
system  B  c  D,  The  complication  arises  from  the  fact  that  the  twc 
systems  are  connected  at  point  5,  which  is  itself  not  rigidly  supported, 
a  condition  not  present  in  the  trusses  previously  considered.  Inasmuch 
as  this  arrangement  is  common  in  the  various  forms  of  midtiple  inter- 
section trusses,  an  analysis  will  be  made  of  the  truss  of  Fig.  3.    The 
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same  height  and  panel  length  will  be  taken  as  in  Art.  ,247,  and  the 
same  values  of  cross-sections.  The  values  of  i4,  u,  and  ul/A  for  the 
various  members  are  as  follows,  assuming  B  b  to  he  the  redundant 
member: 
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The  graphical  method  will  be  used  in  this  case.     Fig.  5  is  a  dis- 

u  I 
placement  diagram  of  the  structure  for  the  values  of  —  given  above. 

It  is  begun  at  h  and  H  h  is  assumed  to  remain  vertical.  The  point 
b^  on  the  diagram  represents  the  cut  end  of  5  6,  at  a  point  near  b. 
The  vertical  distance  from  61  to  ft  in  Fig.  5  represents  the  displacement 

of  61  referred  to  b,  and  is  the  quantity  I  —  oi  the  formula.     Call 

this  deflection  d.   Then,  as  in  Art.  233,  Part  I,  for  a  load  unity  on  any 

S'ul  . 


joint  as  h,  the  quantity  I 


is  equal  to  the  deflection  of  A,  due  to 


forces  of  unity  acting  at  b  and  b^.  Call  this  deflection  ^^.  The  stress  in 
the  member  B  b,  due  to  unit  load  at  h,  is  then  equal  to  this  deflection 
^^  divided  by  the  deflection  d.     Before  measuring  the  deflections  of 


^ 
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the  several  jpints  it  will  be  necessary  to  draw  a  correction  diagram. 

the  points  a  and  i  standing  fast.    This  is  shown  in  dotted  lines. 

,   ^  From  the  diagram  the   following  deflections  are 

measured : 

5^  =  —  0.61 
a^  =  -  0.42 

r, 2.49 

=       0.0 


^— • 


Csi 


•a 

0 


<);.=  +  0.42 
^j,  =*  —  6.61 


The  deflection  of  b^  with  respect  to  6*=  d  =  7.20. 
Dividing  the  above  values  by  7.20  we  derive  the 
stresses  in  5  6  tor  unit  loads  at  the  several  joints. 
These  stresses  will  be  the  shears  on  section  q  car- 
ried by  the  full  system.  The  shears  carried  by 
the  dotted  system  (member  B  c)  will  be  found  by 
subtracting  from  the  total  shears  the  several 
stresses  in  B  b.  The  resulting  values  in  the  two 
systems  are  as  follows : 


Joint  Loaded. 

Shear  on  Sec.  q. 

^tress  inBb. 

Vert.  Comp.  B  c. 

h 

•"5 

+  .084 

+  .041 

g 

.250 

+  .058 

+  .192 

1 

•375 

+  •345 

+  .030 

e 

.500 

00 

+  .500 

d 

.625 

+  •655 

-  .030 

c 

•750 

-.058 

+  .808 

b 

.875 

+  .916 

-.041 

All  loaded 

3  500 

+  2.000 

+  1.500 

In  Fig.  4  these  results  are  plotted  as  influence 
lines  for  B  b  (shown  by  the  full  zigzag  line),  and 
for  vertical  component  in  B  c  (shown  by  the 
dotted  line).  The  line  a' i  is  the  line  for  total 
shear,  and  if  the  systems  of  bracing  were  entirely 
independent  the  vertices  of  the  influence  lines 
would  fall  on  this  line  and  on  the  zero  line  a  i. 
The  variation  from  this  assumption  is  clearly  shown 
in  the  figure  and  also  in  the  table  given  above.    It 
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is  noted  that  the  load  at  h  divides  itself  between  the  two  systems, 
but  that  the  larger  part  is  carried  by  the  full  system  (68  per  cent) ; 
the  load  at  g  goes  mainly  to  the  dotted  system,  but  a  considerable 
part  (about  one-fourth)  to  the  other  system.  At  /  the  proportion 
taken  by  the  dotted  system  is  still  smaller,  while  at  e  the  load  goes 
wholly  to  the  system  to  which  this  joint  belongs.  For  a  full  load, 
the  member  B  b  carries  exactly  the  load  belonging  to  the  full  system, 
and  hence  for  this  condition  the  two  systems  may  be  taken  as  inde- 
pendent an^  the  maximum  chord  stresses  so  found  will  be  correct. 
The  stresses  in  d  E  and  Ef  =  o. 

For  maximum  stress  in  6  C  and  C  dy  load  to  d.  Maximum  shear 
in  full  system  =  .084  -h  .058  +  .345  +  .655  =  1.142  =  vertical  com- 
ponent in  6  C  and  C  d.     By  the  approximate  method,  assuming  the  load 

1  'I  c 

at  A  to  be  equally  distributed,  shear  =  -r  +  §  +  f  =  1.06,  an  error 

lu        o        o 

of  8  per  cent.  For  maximum  stress  in  d  £  and  £/,  load  to/.  Shear  = 
.084  +  .058  4-  .345  =  .487.      By  the  approximate  method,  shear  = 

-7  +  §  =•  .437,  an  error  of  11  per  cent.    For  maximum  in  -B  c  load 

10       o 

to  c.  Shear  carried  by  5  c  =  1.500  -f  .041  =  1.541.  Approximate 
method  gives  1.562,  an  error  of  1.4  per  cent.  For  maximum  m  cD 
and  D  e,  load  to  e.  Shear  =  .763.  Approximate  method  gives  .812, 
an  error  of  6.4  per  cent.  For  maximum  in  e  F  and  F  g  load  to  g. 
Shear  =  .233  and  approximate  method  gives  .312,  an  error  of  34  per 
cent. 

From  these  calculations  it  may  be  concluded  that  in  a  truss  of  this 
type,  with  an  even  number  of  panels,  the  chord  stresses  are  correctly 
foimd  by  assuming  independent  systems,  and  the  web  stresses  will  be 
found  with  a  reasonable  degree  of  accuracy  on  the  same  basis,  it  being 
assumed  also  that  loads  at  b  and  h  ox  B  and  H  are  equally  divided 
between  the  two  systems. 

249.  The  Whipple  Truss.— In  the  Whipple  truss,  Fig.  6,  the  ap- 
proximate method  of  solution  also  leads  to  results  very  nearly  correct. 
In  the  type  shown  in  Fig.  (6)  the  arrangement  is  somewhat  more  favor- 
able than  in  Fig.  (a),  as  in  the  latter  case  the  loads  at  c  or  C  are  dis- 
tributed over  both  systems  in  a  manner  not  readily  estimated.  The 
two  systems  are  not  of  equal  flexibility,  the  full  system  containing  six 
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members  up  to  Z>,and  the  dotted  system  eight;  the  former  will  thercfon 
carry  more  than  one-half  of  the  shear  going  to  the  right  support-  T™ 
entire  shear  is,  however,  small,  and  it  may  be  assumed  without  materia] 
error,  as  in  the  triangular  truss,  that  one-half  is  carried  by  each  system. 


Fig.  6. 

Loads  at  other  joints  will  aflFcct  to  a  small  extent  the  systems  not  be- 
longing to  the  joint  in  question,  but  except  for  point  c,  independent 
systems  may  be  assumed.  The  chord  stresses  will  be  correctly  obtained 
for  full  load  on  the  basis  of  independent  systems.  Winkler  finds  in  a 
truss  of  lo  panels  of  type  (6)  an  error  of  only  2  per  cent  in  the  maximum 
stress  in  web  members. 

250.  Other  Multiple  Systems. — ^Fig.  7  illustrates  a  case  of  a  double 


Fig.  7. 

system  of  web  members  in  which  the  two  systems  are  very  unlike  in 
flexibility  and  the  structure  is  not  homogeneous.  The  dotted  members 
may  be  considered  as  redundant.  The  loads  at  c  and  e  can  be  carried 
by  members  B  c  and  e  F  alone,  and  this  path  is  much  more  rigid  than 
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ic  path  over  the  dotted  members  and  thence  down  D  d  and  up  the 
iclincd  members  d  F  and  b  B.  As  a  result,  the  dotted  members  will 
€  found  to  take  much  less  than  half  the  loads  at  c  and  e,  and  the 
tresses  can  only  be  guessed  at  unless  the  theory  of  redundant  members 
<c  applied.  Such  irregular  systems  are  undesirable  and  uneconomical 
s  they  cannot  be  designed  so  that  the  unit  stresses  are  of  the  proper 
■alues  in  all  the  members. 

.^gain,  if  the  double  system  is  to  be  used  in  a  cantilever  arm,  as  in 
"ig.  8,  an  odd  number  of  panels  as  shown  in  Fig.  (a)  is  better  than  an 


:vcn  number  as  in  Fig.  (b).  The  heavy  concentration  P  is  carried  by 
he  member  a  £  to  the  point  B  where  it  is  divided  between  the  two 
ystcms.  In  Fig.  (a)  the  two  paths  over  which  it  travels  to  the  support 
tn  the  right  ureBbC  d  Ef,  etc.,  and  B  c  D  e  F,  etc.  These  two  paths 
ontain  an  equal  number  of  members  and,  for  equal  working  stresses, 
lave  about  the  same  rigidity.  In  Fig.  (b)  the  number  of  panels  from 
'  lo  i  is  odd,  and  the  dotted  path  from  B  to  i  contains  nine  members 
ind  the  full  path  only  seven.  The  two  paths  will  therefore  be  quite 
iRL-qual  in  rigidity  and  the  full  system  will  carry  considerably  more 
oad  than  the  other,  assuming  the  same  size  of  members.  Being 
orced  to  deflect  equally  at  B  it  follows  that  whatever  the  size  of  the 
■nembcrs  of  the  two  systems,  the  unit  stress  in  the  dotted  system  will 
Tc  considerably  less  than  in  the  full  system.  Furthermore,  this  con- 
lition  cannot  be  avoided  no  matter  what  the  size  of  the  several 
members.  „ 
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Other  illustrations  of  a  similar  sort  might  be  given,  as,  for  example, 
the  combination  of  an  arch  and  a  truss.  The  arch,  being  the  more 
rigid  imder  symmetrical  loads,  will  carry  nearly  all  the  load  in  such 
cases  and  the  truss  will  serve  mainly  as  a  stiffening  truss  under  moving 
loads,  as  in  the  case  of  the  suspension  bridge. 

251.  General  Conclusions  Regarding  Multiple  Systems.— From  the 
results  of  the  preceding  analysis,  and  also  from  a  general  view  of  the 
matter,  it  may  be  concluded  that,  where  multiple  systems  are  so  ar- 
ranged as  to  be  very  nearly  alike  in  design  so  that  their  relative  rigidi- 
ties will  be  about  the  same,  the  loads  will  distribute  themselves  neariy 
equally  among  the  several  systems,  a  condition  which  permits  them  to 
be  assumed  to  act  independently  in  the  analysis.  The  slight  uncer- 
tainty of  stress  in  such  systems  is  of  small  moment  as  compeared  to  the 
advantages  which  they  may  afford  in  the  case  of  very  large  structures 
especially  with  reference  to  convenient  panel  length  and  size  of  joint 
details.  In  fact  their  use  will,  in  some  respects,  give  a  more  homoge- 
neous design  and  one  freer  from  secondary  stresses  than  a  system  of 
sub-paneling  such  as  employed  in  the  Pettit  truss.  For  large  struc- 
tures where  the  web  members  of  a  double  system  are  large  enough  to 
be  of  satisfactory  size  such  a  system  is  well  worth  consideration. 

In  one  respect  a  structure  with  redundant  members  is  theoreti- 
cally not,  in  general,  the  most  economical  form.  As  illustrated  by  the 
foregoing  discussion  a  structure  with  redundant  members  cannot  be  so 
designed  that  all  members  shall  be  subjected  to  any  prescribed  working 
stress.  If  there  is,  for  example,  one  redundant  member,  the  distortion 
of  this  member  is  fixed  by  the  distortion  of  all  the  others;  that  is  to 
say,  its  unit  stress  is  a  definite  function  of  the  unit  stresses  in  all  the 
other  members,  no  matter  what  its  size.  In  the  example  of  the  swing 
bridge  of  Art.  72  it  was  shown  that,  whatever  the  size  of  the  centre 
diagonals,  their  unit  stresses  would  be  very  small.  This  defect  in 
structures  with  redundant  members  is  of  importance  only  in  cases 
where  the  several  parts  or  systems  are  of  unequal  flexibility,  as  in  the 
example  cited  and  in  such  a  truss  as  shown  in  Fig.  7.  This  condition 
shows,  however,  that  the  principle  of  equal  flexibility  or  rigidity  of 
each  part  of  a  redundant  system  is  essential  not  only  for  convenient 
calculation  but  for  economy  of  design. 

Again,  in  the  double  system  with  an  odd  number  of  panels,  it  is 
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seen  that  under  full  load',  tension  exists  in  both  of  the  diagonals  in  the 
central  panel,  some  shear  being  transmitted  each  way  across  this  panel. 
This  is,  in  general,  an  uneconomical  arrangement  and  shows  that  an 
odd  number  of  panels  is  not  desirable.  In  a  multiple  intersection  truss 
the  principle  of  symmetrical  arrangement  and  equal  flexibility  should 
therefore  prevail. 

252.  The  Double  Triangular  Truss  with  Verticals. — Not  infrequently 
a  case  will  arise  where  an  analysis  is  required  of  a  truss  of  the  type 
shown  in  Fig.  9.    This  truss  may  be  looked  upon  as  a  double  triangular 


B 


Q 


H 


IX^^XIXIXIXIX 


Fig.  9. 


truss  with  the  two  systems  connected  at  each  panel  point.  Under  this 
assumption  the  two  diagonals  of  any  panel  are  made  of  about  equal 
size  and  the  verticals  are  all  alike  (excepting  the  end  posts),  and  of 
sufficient  size  to  equalize  the  loads  on  the  two  systems,  or  to  carry  a 
half- joint  load  in  tension,  in  case  of  a  through  bridge,  or  in  compression, 
in  case  of  a  deck  bridge. 

In  some  respects  a  truss  of  this  kind  is  advantageous  as  compared 
to  the  double  system  without  verticals.  It  provides  convenient  points 
of  attachment  for  the  floor  beams  in  the  case  of  a  through  bridge,  it 
avoids  excessive  variations  in  web  stress  due  to  concentrated  loads 
passing  from  one  system  to  another,  and  it  reduces  the  secondary 
stresses,  as  will  be  shown  in  Chapter  VII. 

Under  a  full  uniform  load  the  verticals  perform  little  service,  as  the 
deformations  of  the  two  diagonal  systems  are  nearly  alike  and  hence 
the  verticals  can  receive  but  little  stress.  In  this  respect  they  are  in 
a  somewhat  similar  condition  to  the  vertical  stiffeners  of  a  plate  girder. 
Under  partial  loads,  however,  they  tend  rapidly  to  equalize  the  stresses 
in  the  two  diagonal  systems.  To  just  what  extent  this  is  accomplished 
and  the  errors  involved  in  an  approximate  analysis  based  on  such  an 
assumption,  together  with  the  probably  maximum  stress  in  any  one 
vertical,  may  be  approximately  determined  by  the  analysis  of  a  typical 
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problem.     Such  an  analysis  will  also  serve  to  illustrate  a  case  of  several 
redundant  members. 

Assume  dimensions  as  given  in  Fig.  lo.     The  cross-sections  of  the 
members  are  also  given  in  the  figure.    The  two  diagonals  in  each  panel 
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are  assumed  to  be  of  equal  section,  and  all  verticals  except  the  end 
posts  are  12  sq.  ii^.  in  area.     The  panels  are  numbered  as  shown. 

There  are  eight  redundant  members  in  this  structure,  each  inter- 
mediate vertical  being  redundant,  and,  in  addition,  one  such  member 
due  to  the  double  system.  It  will  be  more  convenient  in  the  analysis, 
however,  to  assume  one  of  the  diagonals  in  each  panel  as  redundant, 
which,  if  removed,  gives  a  Pratt  system  of  bracing  with  no  redundant 
members.  The  dotted  diagonals  will  be  assumed  as  the  redundant 
members  and  their  stresses  will  be  called  S^,  ^a,  S^,  etc.,  the  sub- 
script corresponding  to  the  panel  in  question. 

253.  General  Eqitalions. — With  the  truss  loaded  in  any  manner  a 
series  of  eight  equations  may  be  written  out,  similar  to  eq.  (3),  Art.  243, 
in  which  the  stresses  in  the  eight  redundant  members  appear  as  the 
unknowns.  These  are  then  determined  by  a  solution  of  the  eight 
equations.  The  modulus  E  will  be  omitted  as  it  is  constant.  In  these 
equations  Wi,  Wj?  ^zy  etc.,  arc  the  stresses  in  the  members  due  to  tensile 
stresses  of  one  pound  in  the  several  redundant  members,  No.  i,  No. 
2,  etc.,  all  other  redundant  members  being  removed  excepting  the  one 
in  question;  and  5'  is  the  stress  in  any  member  due  to  the  given  loads, 
all  the  redundant  members  being  removed  in  this  case.     It  will  be 

noted  that  the  first  equation  contains  the  several  products  I  -j-i 

U.Uzl  UmU^I  U.UaI 

w  — 7—,    I  — ^ — ,    I  — 2 — y  ^^^-y  ^^^    ^^^    second    equation   the 
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products  2 


,    I  -j-y    I      .    y    I        *  ,  etc.    These  products 


are  independent  of  the  loading  on  the  structure  and  will  be  first  de- 
termined. 

254.  Values  of  I -j-y  etc. — ^Let   Fig.    11    represent   any    panel, 

member  No.  6  being  the  redundant  member.     Obviously  a  tension 
in  this  member  will  cause  no  stress  in  any  mem- 
ber  of   the   truss   except    in    the    quadrilateral 
M  mn  N.     Represent  the  dimensions  as  shown, 
and    number    the   members    i,    2,  3,  4,  and    5. 

Then  the  stresses  u  and  the  products  -j-  will  be 

/ 
as  given  below  (the  term  -j  for  the  redundant 

Inember  is  included  by  considering  that  for  this  member  «  =  +  i). 
The  sectional  areas  of  the  chords  are  denoted  by  ^^  and  A'^j  of 
the  verticals  by  -4,,  and  A\y  and  of  the  diagonals  hy  A^  and  A'a* 


Member. 


3 

4 

5 
6 


/ 

A 

d 

A^ 

d 

AU 

h 

A. 

h 

A\ 

c 

i4d 

c 

>l'd 

_  d 

c 

_d 

c 

_h 

c 

c 
+  1.0 

+  1.0 


ul 
A 

d" 

cAe 

d" 

cA\ 

h^ 

cAr 

h^ 

+ 
+ 


cA'r 

c 
AT 

c 


A\ 


A 


+ 


d* 


cM'r 


h* 


+ 


Aa 
c 


In  this  case  the  areas  of  the  two  chord  members  of  any  panel  arc 
equal,  and  also  the  areas  of  the  two  diagonals.    The  areas  of  the  two 
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verticals  are  different  for  panels  i  and  8.     We  have  then,  in  general, 
for  any  panel 

For  simplicity  the  values  of  d,  h,  and  c  will  be  taken  at  3,  4,  and  5 
units.     Substituting  these  values  in  (9),  and  the  values  of  A^,  A^  and 

A^  for  the  several  panels,  we  get  values  of  S  —j-  (including  l/A  for 
redundant  members)  as  follows: 

Panel  5*4"^ 

A 

X  0.838 

2  0.987 

3  I- 184 

4  1.297 

5  1.297 

6  I. 184 

7  0.987 

8  0.838 

The  values  of  u^  w,,  Wj  Mj,  etc.,  are  very  readily  found  in  this  case. 
The  only  members  having  a  u^  are  those  of  the  quadrilateral  A  abB, 
and  the  only  members  having  a  Wj  ^ire  those  of  the  quadrilateral 
B  b  cC,  hence  the  member  JB  6  is  the  only  one  having  both  a  «,  and  a  «,. 

h 
For  this  member  the  value  of  w^  = and  the  value  of  w,  also  equals 

h  u^u^l  }i? 
,  hence      .      =  +  -j-j-  =  +  0.213.    The  only  members  having  a 

W3  are  those  of  panel  3,  and  hence  no  member  has  both  a  Wj  and  a  «,, 

therefore   I  — ^-^  =  o.     Likewise    I      /    =  o,  etc.     It  follows,  m 

A  A 

the  same  manner,  that  in  the  second  equation  of  (3),  i"  -^j^ 
=  +  0.213,  and  I  ^.^  =  +  0.213,  ^^d  3,11  other  products  of  this 
kind  are  zero.     Likewise  in  the  third  equation,  I  — -j^  =  +  0.213 

ft 

and  I  — -z —  =  4-  0.213,  ^^c.,  etc. 

S'  ul 
255.  Values  of  I  — — . — ^The  analysis  will  be  made  for  a  sin^e 

load  at  each  of  the  joints  h,  gy  f,  and  e,  so  that  the  problem  will  be 
completely  solved  for  any  combination  of  loads.  Inasmuch  as  the 
five  members  of  a  panel  arc  the  only  ones  that  have  a  stress  u  due  to 
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the  stress  in  any  one  redundant  member,  the  values  of  2 


S'ul 


are 


readily  calculated.  Let  M  m  n  N,  Fig.  12,  represent  any  panel  of  the 
triiss  and  suppose  the  truss  to  be  loaded  with  a  single  load  at  any 
joint,  either  on  the  left  or  right.     Let  V  =  resultant  of  all  forces  on 


Fig.  12. 

the  left  of  a  section  through  the  panel,  assumed  as  acting  at  a  dis* 
tance  a  from  m,  and  taken  as  positive  upward.  Then  the  values 
of  5'  for  the  members  of  panel  m  n  are  as  follows:    tnn  =  +  V  a/h, 

MN V{a  +  d)lh;    M m  =  N  n  ^  -  V,     Mn^Vcfh.      If 

the  load   is  applied  at  n  then  the  stress   in  iV  w  «=  P  —  7,    The 

values  of  — j-  for  any  panel  are  then  as  follows: 


Member. 

5'«/ 
A 

X 

he  Ac 

a 

Vad* 
hcA'o 

3 

V  k^ 

cAr 

4 

Vh* 
cA\ 

5 

Vc* 
hAa 

FotA^  —  A'^   and   i4^  =  -4'^  we  have 


S'ul 


-    r  ^ 


2  K 
A^      c  A 


....      (10) 

^'^  S'  u  I 

Where  the  load  is  located  at  w,  then  the  value  of   £  — ^—  is  in- 


«     hAdJ 


creased  by  — 


In  the  end  panels  the  term  — -r  is  — 7-  + 


C  Aff  C  A^       C  A^         CA  ^ 

The  remainder  of  the  calculations  are  given  in  the  following  table. 
II.— 23 
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VALUES  OF  ^-^  FOR  JOINT  LOADS  OF  8  UNITS 


Panel. 

d* 
hcA^ 

2A« 

cA^ 

hA^ 

-^      A 
for  V-i. 

2  —T—  for  P— 8 

Load  at  h. 

Load  at  g. 

Load  at  /. 

Loa<1  atr. 

r 

(I) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

'     (9) 

I 

.067 

•413 

.250 

•730 

+  •730 

+  1.460 

+  2.190 

+  2.920 

2 

•037 

■533 

.312 

.882 

+  .882 

+  1.764 

+  2.646 

+  3528 

3 

.027 

•533 

•447 

1.007 

+  1.007 

+  2.014 

+  3-021 

+  4  028 

4 

•023 

•533 

•521 

1.077 

+  1.077 

■-».i54 

+  3-231 

+  2  .  176 

S 

.023 

■533 

■521 

1.077 

+  1.077 

+  2.154 

+  1.099 

^4308 

6 

.027 

•533 

.447 

1.007 

+  1.007 

—  .118 

-5-035 

—  4.028 

7 

•037 

•533 

•312 

.882 

-1.250 

-5.292 

-4.410 

-3  528 

8 

.067 

.267 

.250 

.584 

-4.088 

-3  504 

—  2.920 

-2.336 

In  Col.  (5)  are  given  the  sums  of  the  values  in  Cols.  (2),  (3),  and  (4). 
The  load  P  is  assumed  to  be  eight  units  for  sake  of  convenience  in  the 

S'ul 
^Iculation  of  shears.   The  several  values  of  I  — r—  are  found  by  mul- 

A 

tiplying  the  values  in  Col.  (5)  by  the  respective  shears.      Thus  for 
load  of  8  at  A,  the  shear  in  all  panels  from  i  to  7  is  unity  and  posi- 

S'ul 
tive,  hence  for  all  panels  from  i  to  6  the  value  of  I  — - —  is  the  same 

A 

as  given  in  Col.  (5).    For  panel  No.  7  the  Iqad  is  at  h  and  hence, 
as  shown  on  page  353,  the  quantity j- ,  or  —  2.132,  is  to  be  added 

C  A^ 

to  this  sum,  giving  a  total  of  —  1.250.     In  panel  No.  8  the  value  of 
—r-  is  given  as  .267  only,  as  the  member  /  i  has  zero  stress  for  5' 

in   all   cases.      For  load  at  A,  the  shear  in  panel  8  =  —  7,  hence 

S'  ul 
I  — T—  =  —  7  X  .584  =  —4.088.    For  a  load  at  ^,  the  shear  on  the 


left  of  ^  =  2,  and  on  the  right  it  is  —  6,  hence  the  values  of  I 


Su\ 


arc  found  by  multiplying  the  values  in  Col.  (5)  by  these  shears  re- 
spectively, and  for  the  panel  No.  6  adding  the  quantity  —  2.132  as 
before.  The  values  for  loads  at  /  and  e  are  found  in  a  similar 
manner.  We  are  now  prepared  to  write  out  the  several  equations 
for  a  load  at  any  joint. 
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256.  Solution  of  Equations. — ^Following  the  general  eq.  (3)  the 
several  equations  between  the  eight  redundant  stresses  for  a  load  at 
h  are  as  follows: 


(I) 

. 838  s,  + 

•2135, 

= 

— 

•730 

(2) 

.2i3  5i  + 

. 987  5,  + 

•21353  = 

— 

.882 

(3) 

.2135,  + 

I . 184  5t  f 

.21354  - 

— 

1.007 

(4) 

.21353  + 

I . 297  5,  + 

.21355  - 

— 

1.077 

(5) 

.213.5,  + 

I . 297  55  + 

.2135.  = 

— 

1.077 

(6) 

.21355  + 

i.i84  5fl  + 

.21357  = 

^ 

1.007 

(7) 

.2135,  + 

•98757  + 

.213.9,  = 

+ 

1.250 

(8) 

. 213  Sj  + 

.8385, 

= 

+ 

4.088 

The  solution  of  these  eight  equations  is  a  comparatively  simple 
matter  on  account  of  the  manner  in  which  the  unknowns  appear.  The 
work  is  given  below  in  detail,  and  the  explanation  follows: 


(tO 

(20 

5,+  .2545, 
5,  +  4-63  5,  +  5,  = 

-  .872 

-  4- 14 

(fl) 

4.38      5,    +    ^3    - 

-   327 

(«0 

(30 

5,  +    .  228  5j           = 
5, +  556    ^,  +  5,= 

-  -747 

-  4-73 

(b) 

5.335,  +  5,  = 

-  398 

(40 

5,  +     .  188  .S", 

5,  +  6.09   S,  +  S,= 

-  .748 

-  5.06 

(c) 

5.90  5«   +  ^5  = 

-  431 

(O 

(so 

S^+    .170  5s 

S,  +  6.09   S,  +  S^- 

-  -730 

-  506 

(d) 

5.92  5s  +  5,  = 

-  4-33 

(do 

(60 

55  +     .1695,           - 

Si  +  556  s,  +  S,^ 

-  732 

-  4-73 

(O 

5.39  5,  +  5, 

—  4.00 

(«0 

(7) 

5,  +     .  186  5, 

5«  +  4.63   St  +  S^  = 

-      .742 
+   5-87 

if) 

4.44   5,  +  5,  =-- 
5j  +     .  223  58 
•^7  +  3-93   S, 

371  s, 

Ss 

+  6.61 

(/O 

(80 

(^ 

+   1-490 
+  1919 
+  17.70 

+4-770 
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Dividing  (i)  and  (2)  by  the  coefficients  of  S^  gives  (lO  and  (20, 
and  subtracting  we  get  (a) ;  then  from  (a)  and  (3)  in  like  manner  we 
get  (a'),  (30>  and  (b);  then  from  (b)  and  (4)  we  get  (c),  etc.  Finally, 
from  (^)  we  get  ^g  =  +4.77.  Substituting  back  in  (fO  we  get  Sj] 
then  in  (e')  we  get  5e,  etc.  The  values  of  the  stresses  in  the  several 
redundant  members  are  given  in  the  table  below. 

In  like  manner  the  stresses  for  loads  of  8  units  at  the  other  joints 
are  found.    The  results  are  all  given  in  the  following  table: 

VALUES  OF  STRESSES  IN  REDUNDANT  MEMBERS 


Panel. 

Strbssbs  Si,  5),  btc,  for  a  Load  op  8  Units  at  Bach  Joint. 

Load  at  h. 

Load  at  g. 

Load  at  /. 

Load  at  t. 

z 
3 

3 
4 

5 
6 

7 
8 

-  .71 

-  .61 

-  .63 

-  .63 

-  -59 

-  .82 

+    .43 

+4-77 

-1.44 

—  1.21 

-1.25 

—  1.23 

-1.37 

—  -53 
+4-86 

+  2-93 

-2. IS 
-1.82 
-1.84 
—  2.00 
-1. 16 

+  3  94 
+  3  03 
+  2.73 

-2.88 
-2.38 
-2.65 
-1.76 
+  3.26 
+  2.35 
+  2.62 
+  2.12 

For  loads  on  the  other  joints  the  stresses  can  readily  be  obtained  from 
the  above  values  by  considering  the  total  shear  in  the  panel.  Thus 
for  load  at  d,  symmetrical  with  /,  the  stress  in  the  member  a  S  is  the 
same  as  that  in  Hi  for  load  at/.     But  for  load  at  /  the  stress  in  A  /  = 

+  2.73,  and  as  the  shear  =  —  5.0,  the  stress  in  if  i  =  5.00  X  -  - 

4 

2.73  =  3.52  compression,  which  is  the  desired  stress  in  aB. 

2S7.  Stresses  and  Influence  Lines  for  the  Diagonals. — ^For  conveni- 
ence in  determining  maximum  values  the  stresses  in  all  the  diagonals, 
both  the  redundant  members  and  others,  have  been  calculated  for  all 
panels  in  the  left  half  of  the  truss,  and  for  a  load  of  eight  units  at  each 
joint.     The  results  are  tabulated  in  table  on  next  page. 

The  values  of  the  stresses  in  the  two  diagonals  of  a  panel  indicate  to 
what  extent  the  verticals  cause  the  shears  to  be  equally  divided  between 
the  two  members.  For  loads  somewhat  remote  from  the  panel  in 
question  the  stresses  are  nearly  equal,  as,  for  example,  for  a  load  at 
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STRESSES  IN  ALL  DIAGONALS  FOR  JOINT  LOADS  OF  8  UNITS 


Joint 

Panel  i. 

• 

Panel  a. 

Panel  3. 

Panel  4. 

Loaded. 

aB 

Ab 

bC 

Be 

cD 

Cd 

dE 

De 

h 

g 

1 

e 

d 

e 
h 

-      71 
-1-44 
-2.15 

-2.88 
-3-52 
-4. 57 
-3.98 

+    -54 
+  1.06 

+  1.60 

+  2.12 
+  2.73 
+  2.93 

+4.77 

—  .61 

—  1 .21 
-1.82 

-2.38 
-3.22 

—  2.64 
+  1.68 

+    .64 
+  1.29 

+  1-93 
+  2.62 

+  3  03 
+  4.86 

+    .43 

-    .63 
-1.25 
-1.84 
-2.65 
-2.31 

+  1.97 
+    .43 

+    .62 

+  1.25 
+  1.91 

+  2.35 
+  3-94 

-  -53 

-  .82 

—  63 
-1.23 

—  2.00 

—  1.76 

+  2.59 

+  1.13 
+    .66 

+    .62 

+  1.27 

+  1-75 
+  324 

—  1. 16 

-1-37 

-  -59 

All  joints 

-19.25 

+  15-75 

—  10.20 

+  14.80 

-6.28 

+  8.72 

—  1.24 

+  3.76 

h  or  g,  the  stresses  in  the  diagonals  of  panels  2,  3,  and  4  are  nearly 
equal.  In  panel  i  the  member  aB  invariably  receives  the  greater 
stress  on  account  of  it  being  the  more  direct  path  to  the  support  at  a. 
For  a  load  at  /  the  stresses  in  panel  4  are  2.00  and  1.75,  showing  a 
greater  variation  than  for  load  at  g;  and  for  load  at  e,  they  are  1.76 
and  3.24,  or  nearly  as  i  to  2.  In  panel  3  they  are  2,35  and  2.65  re- 
spectively. 

These  results  are  graphically  shown  in  Fig.  13,  plotted  as  influence 
lines  for  diagonal  stress  in  the  four  panels.  In  each  case  the  straight 
line  a'  i  represents  one-half  of  the  shear.  Fig.  (/)  shows  the  influence 
line  for  diagonal  stress  in  panel  No.  4  if  no  verticals  are  used.  The 
equalizing  effect  of  the  verticals  is  very  apparent.  From  these  influence 
lines,  the  maximum  stresses  in  the  members  BCyC  d,  and  D  e,  are  found 
to  be  about  10  per  cent  (11.4,  10.9,  and  9.4  per  cent)  larger  than  if 
calculated  on  the  basis  of  their  carrying  one-half  of  the  shear.  The 
maximum  stresses  mbC^cDy  and  d  E  are  correspondingly  smaller.  In 
the  end  panel,  the  stress  in  a  £  is  about  7.5  per  cent  greater  and  in  5  a 
7.5  per  cent  less  than  one-half  of  the  shear.  Without  the  verticals, 
the  stresses  range  from  15  per  cent  to  30  per  cent  greater  than  half  the 
shear. 

258.  Stresses  in  the  ItUermediaie  Verticals. — ^The  stress  in  any 
vertical  is  conveniently  found  from  the  stresses  in  the  two  diagonals 
meeting  the  vertical  at  the  upper  chord  joint.  A  detailed  analysis 
for  loads  of  8  units  at  the  various  joints  gives  the  following  results: 
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STRESSES  IN  THE  VERTICALS  FOR  JOINT  LOADS  OF  8  UNITS 


Joint  Loaded. 

Bb 

Cc 

Dd 

Et 

h 

+    .06 

—    .02 

+    .01 

• 

—    .02 

g 

+    .12 

-     03 

—    .02 

+    .08 

1 

+    .17 

-    .08 

+    .07 

-    .47 

e 

+    .21 

+    .02 

-    .47 

+  2.81 

d 

+    -39 

-    .58 

+  2.78 

-    -47 

c 

-     23 

+  2-53 

—    .48 

+    .08 

b 

+  2.84 

-    .69 

+    .13 

—    .02 

AU  joints 

+356 

+  1.15 

+  2.02 

+  1.99 

It  is  seen  that  the  stresses  due  to  loads  at  joints  remote  from  the  member 
in  question  are  small.  For  a  load  at  the  adjacent  joint  the  stresses 
are  generally  from  5  to  8  per  cent  of  the  joint  load  and  compressive; 
and  for  a  load  at  the  joint,  it  ranges  from  2.53  to  2.84  units,  or  from  32 
per  cent  to  35  per  cent  of  a  joint  load,  and  is  tension.  If  the  verticals 
were  of  larger  section  these  stresses  would  be  somewhat  larger,  ap- 
proaching one-half  of  a  joint  load,  and  the  diagonal  stresses  would  be 
more  nearly  equalized;  if  smaller,  their  stresses  would  be  less  and  the 
diagonal  stresses  more  unequal.  For  loads  at  the  upper  joints,  the 
stresses  in  the  verticals  would  be  compressive  and  about  the  same  in 
amount  as  above  given.  For  equal  loads  at  upper  and  lower  joints 
the  stresses  in  the  verticals  would  be  practically  zero. 

259.  General  Conclusions. — ^For  the  double  triangular  truss  with 
verticals  it  may  be  concluded  from  the  above  analysis  that  the  stresses 
in  the  diagonals  will  be  practically  equalized  except  for  loads  at  joints 
adjacent  to  the  panel  in  question,  and  that  the  maximum  stresses  in 
the  diagonals  of  any  panel  will  not  vary  greatly  from  the  half  shear 
(about  10  per  cent  in  the  truss  here  analyzed).  In  the  analysis  of 
such  a  structure,  therefore,  closely  approximate  results  will  be  reached 
on  the  basis  of  equal  distribution  of  the  shear.  The  errors  in  chord 
stress  imder  this  assumption  will  be  very  small  near  the  centre  and  will 
increase  toward  the  end,  where  they  are  the  same  as  in  the  web  mem- 
bers. 

The  maximum  stresses  in  the  verticals  will  be  less  than  one-half  of 
the  excess  of  the  joint  load  of  the  loaded  chord  above  that  of  the  un- 
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loaded  chord.  In  a  through  bridge  this  stress  will  be  tension  and  in  a 
deck  bridge,  compression.  The  presence  of  verticals  avoids  excessive 
web  stresses  and  local  deformations,  which  occur  in  the  ordinary 
double  intersection  truss,  due  to  concentrated  loads  that  may 
happen  to  be  spaced  about  two  panels  apart.  This  condition  is 
favorable  to  low  secondary  stresses  as  demonstrated  more  fully  in 
Chapter  VII. 

260*  General  Case  of  Double  Diagonals  in  a  Pratt  System.— In 
Art.  222,  Part  I,  an  example  of  equal  double  diagonals  was  analyzed, 
assuming  the  chord  members  to  be  indefinitely  large  and  the  verticals 
six  times' as  large  as  the  diagonals  (as  in  an  upper  lateral  system).  In 
that  case  it  was  shown  that  the  stresses  in  the  two  diagonals  were 
nearly  equal  but  of  opposite  sign.  A  more  general  solution  will  here 
be  given  so  that  the  relative  stresses  for  any  such  case  can  be  de- 
termined by  substitution.  It  is  here  assumed  that  both  diagonals 
are  in  action.  If  both  members  are  slender  bars,  this  condition  wiU 
require  an  initial  tension  equal  to  the  calculated  maximum  com- 
pression. 

Fig.  14  represents  any  such  panel.  V  is  the  shear  In  the  panel,  or 
resultant  of  forces  on  the  left,  and  is  applied  a  distance  a  from  m. 
Let  the  sectional  areas  be  represented  by  i4^,  A\^  etc.,  as  given  in  the 
table  following.  If  member  6  be  taken  as  the  redundant  member 
the  values  of  w,  u  II Ay  S\  etc.,  are  as  follows: 


Member. 


3 
4 
5 


/ 

A 

w 

ul 
A 

A 

S' 

d 

Ao 

d 

c 

d* 
sAq 

k 

d 

A'^ 

d 
c 

d' 
cA'c 

+  -T 

h 

Ar 

_h 
c 

cAr 

C*Ay 

-V 

h 

A\ 

_  h 
c 

cA\ 

-  V 

c 

A^ 

-f  I  ' 

c 

Ai 

c 

^"T 

c 

A'^ 

+  I 

c 

c 

0 

he  Ac 


-  V 


ad* 


+ 


cAr 

cA\ 


+  V 


hA, 
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The  value  of  the  stress  in  the  redundant  member  is  then  written 
out  from  the  general  formula  5^  — 5^7—.    It  is,  therefore, 


'a  -\-  d 


S,~  -V 


(") 


Fio.  14. 


If  the  chords  are  nearly  equal  and  the  verticals  also,  as  in  the  case  of 
a  lateral  system,  then 

—  +  2 1 


s. . 


d^h       A*        c"  h 

1 -I 


(-  +  — ) 


(12) 


Again,  if  the  chords  and  verticals  are  very  large  as  compared  to  the 
diagonals,  the  terms  containing  these  areas  disappear  and  we  have, 
approximately, 


5.--F^. 


h'  Aa  +  A'i' 


(13) 


that  is,  the  stress  in  each  diagonal  will  be  proportional  to  its  area,  and 
the  \mit  stresses  in  the  two  will  be  the  same. 

The  above  analysis  excludes  from  consideration  the  effect  of 
double  diagonals  in  adjacent  panels.  The  exact  solution  of  such  a 
case  may  be  made  in  the  same  manner  as  the  problem  of  the  previous 

article. 

261.  The  Counters  of  a  Baltimore  or  Pettit  Truss. — ^The  true 
distribution  of  stress  in  the  diagonals  of  a  Baltimore  or  Pettit  truss 


362      PROBLEMS  IN  STATICALLY  INDETERMINATE  STRUCTURES 

may  readily  be  determined  in  a  manner  similar  to  that  used  in  the 
preceding  article.  Fig.  15  represents  a  panel  in  a  Baltimore  truss 
in  which  a  counter  iV  O  or  w  O  is  required.  It  is  assumed  that  there 
is  sufGcient  initial  tension  in  the  members  so  that  none  will  become 
slack.  Assume  O  N  (No.  8)  to  be  the  redundant  member,  V  =  shear 
on  section  cutting  panel  0 «,   and  P  =  load  applied  at  O.      The 


f- 


Fig.  15. 


required  calculations  are  given  below.  The  areas  of  sections  are 
designated  as  in  Art.  260,  the  areas  of  the  diagonals  being  called  -4^,  and 
-4^2  for  M  n,  and  A^^^  and  A^^2  for  ^  ^'  The  values  of  u  are  the 
same  as  in  Art.  260. 


Member. 


3 

4 

5 
6 

7 
8 


I 

d 
d 
h 

h 

c 

2 

c 

2 

C 

2 

C 

2 

A 

Ao 

AU 

Ar 

A\ 
Aat 
Ada 
A'di 

A'da 

M 

ul 
A 

A 

c 
c 

-A 

c 

_^ 

c 

+  1 
+ 1 

+  X 

+  I 

d} 
c  Ac 

(? 
cA'c 

C  Ar 
cA'r 

<?Ac 
<?  Ar 

c 

'    2Adx 
^2  Ad, 

2  Adx 

c 

2  Ada 
C 

'    2A'd^ 

2A'di 

c 

a^'da 

a^i'da 

-  V 


a-\'  d 


*  'i*ii 
-(--f) 


-  V 


('-f)i 


_Pe 
2  h 


S'ut 


+  V 


(a-^  d)d* 


he  Ae 
Vad^  Pd* 


hcA\ 


2  h  c  ^'t  c 


+  V 


A* 


cA'r 
\  2  /a  n.4dz 


2  hA^z 


Pc* 
4hA'dt 
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S'ul 
Then,  as  before,  58  = 2-;,  from  which  we  derive 

^ ^L.4v  ~  2  Uhi     iiy     i4j 

If  the  chords  and  posts  are  large  and  A^^  is  placed  =  A^^  =  ^d 
we  have 


Ad        4    \.4^       A'dx/ 


5,=  -  —1^^ ^L_il'' 1^11-.       .      .      .     (is) 


Urf  ^  ^'rfi    "^  ^'^j) 


and  if  ^I'^j  =  -4'^,  =«  ^4'^,  we  have 

'      '      AL      Aa  +  A'a      4     ^rf  +  ^'dJ 

Comparing  with  eq.  (13)  it  is  seen  that  the  stress  carried  by  the  counter 
9iV   is   the   same   as   given   by   eq.  (13),    modified   by   the   term 

P    A' J  —  ^ 

-  .  -: -r^y  which  is  of  little  consequence.      Hence  we  may  say 

{     Ad  -h  A  d 

IS  in  Art.  260,  that  the  shear  is  distributed  approximately  as  the 
lections  of  the  diagonals,  provided  neither  diagonal  in  question 
)ecomes  slack  through  lack  of  initial  tension  or  rigidity.  In  panel 
n  0  the  same  principle  will  hold,  and  the  stresses  in  Af  O  and  m  O 
vill  be  approximately  as  their  sections,  the  one  taking  tension  and 
he  other  compression. 

In  case  some  or  all  of  the  diagonal  members  are  thin  bars,  inca- 
)able  of  carrying  compression  excepting  by  reason  of  initial  stress,  it  is 
;enerally  assumed  that  no  compression  will  be  carried  by  such  mem 
KTs.  In  this  case  the  member  or  members  of  the  two  panels  which 
vill  first  become  slack  are  the  ones  that  otherwise  would  receive  the 
jTeatest  compression.  Suppose,  for  example,  that  all  diagonals  are 
:ye-bars  and  that  the  shear  in  panel  on  \s  positive.  The  shear  in 
anel  mo  will  then  be  a  greater  positive  shear.     Members  7  and  3 
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will  tend  to  take  compression  and  7  more  than  8.  Hence  7  will  slacken 
and  the  load  at  O  will  be  carried  hy  O  N  acting  as  a  sub-tie.  If  the 
shear  in  ^  n  is  negative  and  that  in  mo  also  negative,  but  smaller,  On 
will  tend  to  slacken  more  than  M  O  and  hence  may  be  considered  2lS 
not  acting.  The  member  M  O  will  then  act  as  a  sub-tie.  If  the  shear 
in  c?  n  is  negative  and  inmo  positive,  then  both  O  n  and  m  O  tend  to 
slacken  and  the  one  may  be  omitted  in  the  panel  of  the  greater  shear. 
Either  M  O  orO  N  acts  then  as  a  sub-tie. 

If  w  O  is  made  a  compression  member,  then  according  to  the  same 
principles,  when  the  shear  in  ^  «  is  positive  m  O  will  act  and  0  .V 
become  idle;  and  when  the  shear  in  on  is  negative,  On  will  drop 
out  whether  the  shear  in  m  t;  is  positive  or  negative. 

These  conclusions  accord  with  the  assumptions  made  in  the 
analysis  of  Part  I.  Similar  assumptions  may  be  made  in  the  case  of 
the  Pettit  truss. 


SionoN  II— Latibal  Tbubs  Ststbms 

262.  Forms  of  Lateral  Trusses  and  General  Methods  of  Analysis.— 

Lateral  truss  systems,  whether  for  trestles,  towers,  buildings,  or  bridge 
trusses,  may  be  of  the  single  Warren  type,  as  in  Fig.  16  (a),  the  double 


Warren  type.  Fig.  (6),  or  the  type  shown  in  Fig.  (c),  which  may  be 
considered  a  double  Warren  type  with  verticals  (in  case  the  diagonals 


J 
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are  stifiF  members),  or  a  Pratt  type  with  two  diagonals  in  each  panel 
(in  case  they  are  slender  rods  or  shapes  incapable  of  taking  compres- 
sion). By  reason  of  the  fact  that  lateral  struts  are  generally  required 
for  other  purposes,  the  most  common  type  of  lateral  system  is  the  third. 
In  Figs,  (a)  and  (6)  the  stresses  due  to  the  lateral  forces  are  calcu- 
lated without  difficulty,  the  two  systems  in  Fig.  (ft)  being  treated  as 
independent.  In  Fig.  (c)  the  stresses  may  be  closely  determined  by 
a  consideration  of  the  principles  illustrated  in  the  problem  of  Art.  260. 
The  chords  being  large  and  the  lateral  struts  generally  of  good  size, 
the  shear  may  be  assumed  as  equally  divided  between  the  two  diagonals, 
if  they  are  capable  of  carrying  compression.  In  that  case  the  stresses 
in  the  struts  are  small — not  more  than  a  half -panel  load.  If  the 
diagonals  are  slender  rods,  then  the  Pratt  system  is  to  be  assumed. 
If  both  diagonals  are  assumed  to  act  equally,  then  the  chord  stresses 
are  determined  by  moments  taken  at  a  transverse  section  through 
the  point  of  intersection  of  the  web  members.  The  moments  of  the 
stresses  in  the  two  web  members  will  cancel. 

263.  Stresses  Due  to  Distortions  of  the  Main  Members. — In  forms 
(a)  and  (b)  the  direct  stress  in  the  main  members,  either  tension  or 
compression,  causes  no  stresses  in  the  laterals,  as  these  members  can 
resist  stress  only  to  the  extent  that  they  are  prevented  moving  laterally 
at  B  and  B^  or  D  and  D\  which  is  only  through  the  bending  resistance 
of  the  longitudinal  members.  In  form  (c),  however,  the  presence  of 
the  members  B  B',  C  C\  etc.,  prevents  such  lateral  movement,  and  any 
direct  stress  in  the  main  members  will  give  rise  also  to  some  stress 
in  the  diagonals,  with  stresses  of  opposite  sign  in  the  lateral  struts 
B  B',  etc.  In  form  (a)  a  compressive  stress  in  the  main  members  will 
cause  them  to  be  bent  slightly  to  the  left  at  B  and  B'  and  at  D  and 
D\  while  C  and  C  stand  fast.  In  form  (6)  they  will  be  bent  out- 
ward at  B  and  B'  and  at  D  and  Z?^  In  form  (c)  they  will  be  held 
more  closely  in  linetthroughout.  The  secondary  stresses  due  to  this 
bending  are  greater  in  forms  (a)  and  (6)  than  in  form  {c)  and  is  a 
matter  discussed  more  fully  in  Chapter  VII.  If  the  main  members 
are  in  tension,  as  in  the  lower  lateral  system  of  a  bridge,  all  conditions 
are  reversed  as  to  sign. 

It  will  be  desirable  to  estimate  the  stresses  in  form  {c)  due  to  stresses 
in  the  main  members.    Let  Fig.  17  represent  any  panel  in  a  lower 
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lateral  system  of  a  bridge  truss,  and  let  member  m  Nhe  taken  as  the 
redundant  member.  Consider  equal  longitudinal  forces  5,  applied  at 
M,  N,  m,  and  n,  and  let  5,  =  the  diagonal  stress,  assumed  to  be  the 


same  in  all  members.    The  total  longitudinal  force  acting  at  each 

d 
joint  is  5i  +  5,—,  and  is  generally  a  known  quantity.    Call  this  force 

p.    Then  the  calculations  are  as  follows: 
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The  value  of  5,  is  then  equal  to 
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Noting  that  5,  =«  5,  we  derive 


2  6' 


XT 


+   -7-  +   -T- 


(2) 


For  the  case  where  the  vertical  members  are  large^  as  the  floor  beams 
of  a  through  bridge,  we  have,  very  closely 


5,  =  p 


(PcA. 


(PAa  +  <?A, 


•      .     (3) 


Suppose,  for  example,  that  A^  =  }^  A^  and  c  =  1.3  d.  Then 
5,  =  0.13  P.  That  is,  the  diagonal  stress  is  13  per  cent  of  the  total 
longitudinal  force  P.  If  the  verticals  in  this  case  had  an  area  equal 
to  the  diagonals,  the  value  of  5^  would  be  0.091  P. 

It  will  be  seen  that  the  narrower  the  truss  the  greater  the  proportion 
of  stress  carried  by  the  diagonals.  In  the  end  panels  of  a  bridge  the 
laterals  are  large  and  the  chords  small,  so  that  a  very  considerable  per- 
centage may  be  carried  by  the  former.  The  unit  stress  in  the  diagonals 
resulting  from  these  indirect  stresses  can  never  be  as  great  as  that  in 
the  chords  themselves,  as  they  are  stressed  less  for 
equal   longitudinal  distortion.     From   eq.    (3)  we  e-ki'*' 

have  approximately  (A^  being  small  as  compared  1  f 

S        P     dP 

to  i4^,  -—  =  —  .  -.     That  is,  the  unit  stress  in 

the  diagonal  will  be  approximately  equal  to  that  in 

the  chord  multiplied  by  -  or  by  -p — -15. 

In  the  case  of  trestle  towers  of  the  form  shown  in 
Fig.  18,  sufficiently  approximate  results  may  still 
be  obtained  by  assuming  all  the  stresses  in  the 
diagonals,  due  to  vertical  loads,  to  be  equal.  An 
unsymmetrical  load  P'  is  equivalent  to  a  central 

load  P'  and  a  moment  P'  X  -.     This  moment, 

2 

being  imiform  from  top  to  bottom,  causes  little  or  no  stress  in 
the  web  members,  while  the  central  load  P'  is  divided  equally  be- 
tween the  two  posts  and  causes  the  same  stresses  in  the  web  members 


Fig.  18. 
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as  above  calculated.  Hence  we  may  say  in  general  that  the  same 
stresses  are  caused  in  the  lateral  members  whether  the  load  is  central 
or  eccentric. 

The  braced  arch  with  chords  parallel,  or  nearly  so  (Fig.  19),  is 
another  form  of  truss  in  which  the  chord  members  generally  are  all 
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in  compression.  Such  longitudinal  deformation  will  cause  consider- 
able stress  in  a  web  system  of  the  form  shown  in  Fig.  (a).  And 
for  the  reasons  already  given,  a  system  such  as  shown  in  (6),  while 
comparatively  free  from  lateral  stress,  is  likely  to  be  subjected  to 
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large  secondary  stresses.  (See  Art.  345  for  further  consideration  of 
this  matter.) 

264.  Lateral  Stresses  in  Curved-Chord  Trusses. — ^Fig.  20  (b) 
represents  the  upper  lateral  system  of  a  curved-chord  truss.  Under 
the  lateral  forces  the  shears  in  the  panels  of  the  lateral  truss  will  be 
the  same  as  if  the  truss  were  a  plane  figure.  In  analyzing  such  a 
structure  these  shears  should  first  be  found.  Suppose  then  the  stresses 
in  the  lateral  diagonals  be  resolved  into  X,  F,  and  Z  components,  as 
indicated  in  the  figure.  Then  the  Z-component  of  any  diagonal  is 
equal  to  the  lateral  shear.     The  stress  in  any  diagonal  member  = 

shear  X  — ^ — .     The  stresses  in  the  struts  are  equal  to  the  shears 

The  same  result  will  be  reached  if  the  upper  lateral  truss  be  flattened 
out  or  developed  into  a  plane  figure,  and  the  stresses  found  as  for  a 
plane  truss,  using  the  actual  joint  loads. 

The  stresses  in  the  diagonals  having  been  found,  the  stresses  in 
the  members  of  the  main  truss  are  found  as  follows :  Pass  the  vertical 
section,  p  q.  At  each  joint  of  the  main  truss,  as  £,  resolve  the  diagonal 
stress  into  three  components.  The  Z-component  is  balanced  by  the 
joint  load  and  the  stress  in  the  strut.  The  X  and  Y  components  act 
in  the  plane  of  the  main  truss  as  external  loads.  This  resolution  being 
carried  out  for  each  joint  we  have  the  main  truss  on  the  windward 
side  acted  upon  by  forces  as  shown  in  Fig.  (a),  and  that  on  the  lee- 
ward side  as  shown  in  Fig.  (c) .  (The  portal  effect  is  confined  to  the 
lower  chord.)  These  external  forces  produce  certain  stresses  in  the 
main  members  which  are  readily  determined  in  the  usual  way. 

265.  Lateral  Bracing  Necessary  for  Rigidity  of  Trusses. — Let  Fig. 
21  represent  an  ordinary  framed  structure  in  space,  consisting  of 
two  main  trusses,  aA  Bb,  and  a' A'B'b'^  and  two  lateral  trusses, 
A  A^  B'  B  and  a  a'  V  b.  The  structure  is  made  rigid  in  cross-section 
by  the  diagonals  A  a'  and  B'  b  at  the  ends.  Evidently  no  further 
bracing  is  necessary  for  rigidity.  Such  a  structure  may  theoretically 
be  supported  at  any  three  joints  and  still  retain  its  form.  A  less 
amoimt  of  bracing  will  give  a  structure  not  rigid  in  itself  and  which 
needs  support  at  more  than  three  points. 

The  number  of  necessary  members  for  rigidity  of  a  structure  in 
space  can  readily  be  determined  as  follows:     Starting  with  the  simplest 
II. — 24 
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plane  figure,  the  triangle,  three  members  are  required  to  fix  three 
points,  a,  b,  and  c,  Fig.  22.  Having  these  points  fixed,  three  additional 
members  are  required  to  fix  a  fourth  point,  d,  not  in  the  same  plane. 
Then  for  another  point,  e,  three  more  members  will  be  required;  and 


Fig.  21. 


so  on.  Hence  if  w  =  total  number  of  joints  in  the  figure  and  n  = 
number  of  necessary  members,  wc  have  the  relation 

>*  -  3  =  3  (w  -  3)»    or    n  =  3  w  -  6.     .      .     .     (4) 

This  relation  will  sometimes  assist  in  determining  the  question  of 
redundancy  in  space.  In  Fig.  21,  for  example,  there  are  28  points, 
which  will  require  3  X  28  —  6,  or  78  members  for  rigidity.  A  count 
of  the  members  shows  25  in  each  main  truss,  13  additional  members 

in  each  lateral  system,  and  two  more  in  the  end 
bracing,  or  78  in  all,  which  is  just  suflScient  to 
satisfy  the  requirements.  Transverse  bracing  in 
intermediate  panels  is  redundant. 

Rigidity  may  also  be  secured  in  Fig.  21,  by 
omitting  all  but  one  of  the  lateral  diagonals  in 
one  of  the  lateral  systems  and  employing  trans- 
verse bracing  in  each  vertical  panel.  This 
gives  the  same  total  number  of  members  as  before.  By  the  use  of 
four  supports  a  rigid  system  will  result  with  transverse  bracing  in 
each  panel  and  with  all  diagonals  omitted  in  one  lateral  system.  The 
use  of  two  lateral  trusses  together  with  transverse  bracing  introduce? 
redundancy,  and  while  often  desirable  from  a  practical  standpoint, 
this  arrangement   complicates   the   analysis   somewhat,  although  in 


Fig.  22. 
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most  cases  the  stresses  are  not  large  and  this  difficulty  is  of  little 
practical  consequence. 

266.  Redundant  Reactions. — ^Theoretically  a  rigid  frame  needs 
support  at  three  joints  only,  and  if  we  resolve  all  reactions  into  com- 
ponents in  three  directions,  parallel  to  rectangular  axes,  the  number 
of  components  need  be  only  six  to  provide  for  loads  acting  in  all  direc- 
tions. Supports  at  more  than  three  joints,  or  supports  so  arranged 
as  to  involve  more  than  six  possible  component  forces,  give  rise  to 
redundant  reactions,  the  exact  determination  of  which  requires  the 
application  of  the  theory  of  redundant  members,  as  for  the  swing 
bridge  and  the  arch  of  less  than  three  hinges.     Stated  in  another 
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Fig.  23. 

way,  where  reactions  are  redundant,  they  depend  upon  the  dimensions 
of  the  members,  and  any  errors  in  construction,  or  a  settlement 
of  supports,  will  cause  stresses  in  the  structure.  Changes  of  tem- 
perature may  also  give  rise  to  stresses  in  such  structures.  In  the 
ordinary  type  of  bridge  structure  redundant  supports  and  redundant 
bracing  are  usually  employed  and  the  danger  of  undesirable  stresses 
arising  from  such  redundancy  is  generally  of  little  consequence. 
However,  as  unusual  conditions  may  require  them  to  be  considered, 
they  will  be  briefly  discussed. 

Fig.  23,  (fit),  (ft),  and  (c),  shows  the  usual  provision  for  vertical  and 
horizontal  reactions  for  a  bridge  truss.     Supports  are  provided  at   he 


372      PROBLEMS  IN  STATICALLY  INDETERMINATE  STRUCTURES 

four  points,  a,  a\  ft,  and  h\  The  reaction  components  are  eight  in 
number;  four  vertical  reactions  for  the  two  main  trusses,  two  horizontal 
lateral  reactions,  ffi  and  H,,  to  resist  wind  and  other  lateral  forces 
and  two  horizontal  reactions,  if|  and  H'j,  to  resist  longitudinal  forces. 
The  latter  are  supplied  at  the  fixed  end  of  the  structure. 

Theoretically,  therefore,  there  are  two  redundant  reactions.  One 
of  the  vertical  reactions  may  be  considered  as  redundant  and  one  of 
the  horizontal  reactions.  Any  three  of  the  horizontal  reactions  would 
be  sufficient  for  stability  in  a  horizontal  plane,  but,  obviously,  such 
a  combination  as  fZ"^,  Ii\^  and  Hi  would  be  impracticable,  as  the 
structure  would  then  act  as  a  cantilever  under  wind  forces,  resulting 
in  excessive  lateral  movements  of  the  free  end.  The  omission  of  one 
of  the  reactions  Hi  or  W^  would  be  admissible,  as  the  longitudinal 
forces  are  small  and  reactions  at  a  and  6,  as  shown,  would  be  sufficient. 
A  fixed  point  at  a,  therefore,  with  the  truss  free  to  move  in  any  direction 
at  a'  and  Vy  and  longitudinally  at  6,  would  provide  fully  for  horizon 
tal  forces  without  redundancy. 

Usually  both  a  and  a'  are  fixed,  in  which  case  a  further  re- 
dundant component  is  introduced  at  a',  inasmuch  as  the  reaction 
Hi  then  becomes  divided  between  the  points  a  and  a*  in  an  indeter- 
minate manner.  Temperature  changes  will  then  also  develop  lat- 
eral reactions  at  a  and  a'.  Practically,  the  ordinary  truss  is  relatively 
so  narrow  that  a  rigid  fastening  at  both  a  and  a'  are  not  objectionable. 
For  wide  structures,  however,  expansion  and  contraction  need  to  be 
provided  for  by  allowing  free  lateral  movement  of  either  a  or  a'.  At  the 
same  time  both  points  may  be  fixed  as  regards  longitudinal  movement. 

The  lateral  forces  being  relatively  small,  and  the  lateral  trusses 
flexible,  the  indeterminate  character  of  the  stresses  due  to  redundancy 
of  lateral  supports  in  the  ordinary  bridge  truss  is  of  little  importance 
and  will  not  be  further  considered.  The  redundancy  of  vertical 
supports  is  of  more  importance,  especially  with  reference  to  stresses 
caused  by  unequal  settlement  or  other  variation  of  level.  This 
question  will  be  considered  more  fully. 

267.  Stresses  Due  to  Unequal  Settlement  of  Supports. — In  the  con- 
struction of  a  large  bridge,  the  ordinary  procedure  is  such  that  the 
structure  is  fitted  to  its  supports  in  the  riveting  of  the  lateral  systenas, 
so  that  slight  irregularities  in  level  of  supports  are  taken  care  of. 
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Any  subsequent  settlement  of  one  of  the  four  supports,  with  respect 
to  the  plane  of  the  other  three,  will  cause  stresses  throughout  the 
entire  structure  which  will  be  now  considered. 

A  deck  structure  will  be  considered  with  full  end  bracing,  Fig.  24. 
The  problem  is  solved  by  calculating  the  deflection  of  one  point, 
as  a,  with  respect  to  the  plane  of  the  other  three,  due  to  a  force  of  unity 


S'-< 


--A  ^-*'" 


Fig.  24. 


acting  upward  at  a.  The  corresponding  reactions  at  the  other  sup- 
ports will  also  be  imity  as  indicated.  The  stresses  u  in  all  the  members, 
due  to  these  forces,  are  determined  and  then  the  desired  deflection  of 

a  is  found  from  the  usual  equation  J  =  I  -^-r. 

In  finding  the  stresses  u  it  is  convenient  to  first  pass  a  plane  m  n, 
cutting  all  the  lateral  members.  Since  there  is  no  external  load  acting 
at  any  joint  excepting  at  the  four  points,  a,  a',  6',  and  b,  the  lateral 
or  Z-components  of  all  the  lateral  members  are  equal  to  each  other, 
as  shown  by  considering  the  lateral  forces  acting  at  any  joint.  Let 
U  be  this  lateral  component.  Then  let  the  stresses  in  all  the  upper 
and  lower  diagonals  be  resolved  into  Z-  and  X-components,  and  the 
stresses  in  the  end  diagonals  into  Z-  and  K-components.  The  X- 
components  of  the  upper  and  lower  lateral  diagonals  will  be  equal  to 

d  .  h 

U  X  J-,  and  the  F-components  of  the  end  diagonals  will  be  U  7-. 

Consider  now  the  forces  acting  on  one  of  the  vertical  trusses  (Fig. 
25).     At  each  joint  where  a  lateral  diagonal  is  connected  there  will 


be  a  horizontal  force  equal  to  U  7-,  and  at  the  end  joints  A  and  b  there 
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will  be  vertical  forces  of  U  -r.  The  Z-components  of  the  lateral  diag- 
onals and  struts  act  at  right  angles  to  the  plane  of  the  main  truss  and 
balance  each  other.    The  various  forces  shown  in  Fig.  25  are  therefore 


in  equilibrium;  Hence  we  have,  from  moments  about  6,  if  n  =  number 
of  panels, 

I  Xnd  =-  U^.nh  +  U^.nd, 

0  0 

whence 

^  =  ^ (5) 

The  value  of  U  being  found  from  (5),  the  remaining  stresses  are 
readily  found,  and  thence  the  value  of  I  -=-t. 


Fig.  26. 


In  the  case  of  inclined  end  posts  and  full  diagonal  bracing.  Fig. 
?6,  the  equatioij  of  moments  glvc§ 
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V  = 


n  —  I 


2h' 


(6) 


In  the  case  of  curved-chord  trusses  the  lateral  or  Z-components  will 
still  be  equal,  but  the  diagonals  of  the  laterals  of  the  curved  chord  will 
have  both  vertical  and  horizontal  components,  as  in  Art.  264. 
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Example. — ^Take  a  Pratt  truss  of  six  panels,  with  dimensions  and  cross- 
sections  as  given  in  Fig.  27.  The  lateral  diagonals  which  are  shown  are 
those  that  will  be  in  tension,  with  reactions  at  a  and  g  as  indicated. 

The  value  of    IJ  is,  from  eq.  (6),  equal  to   "*  X  -^  =  0-343-      Then 

f/  -  =  0.450  and  ^  T-  =  0.600.    The  horizontal  force  acting  at  each  joint 

of  the  main  truss  is  therefore  0.450,  and  the  vertical  forces  at  B  and  g  are 
0.600.    These  being  known,  the  stresses  in  all  the  members  are  readily  found. 

The  value  of  1  •^—:  =  0.0000156,  which  is  the  deflection  in  inches  for  a 

one-pound  reaction.  A  settlement  of  one-tenth  inch  therefore  causes  a 
change  in  reaction  of  0.1/0.0000156  ot  6,400  lbs.  Such  a  reaction  produces 
stresses  in  all  members  of  6,400  X  u.  For  all  laterals  the  lateral  component 
of  such  stress  will  be  .343  X  6,400  or  2,200  lbs.  This  example  indicates  the 
relative  importance  of  stresses  due  to  settlement  of  supports. 

In  the  case  of  a  through  bridge  the  end  bracing  consists  of  portals 
instead  of  full  diagonal  bracing.  The  stresses  in  all  members  of  the 
structure,  except  the  roember$  of  the  portals,  due  to  the  one-pound 
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reaction  will  be  the  same  as  in  the  case  already  considered.    In  the 
portal  there  will  be  bending  moments  as  well  as  direct  stress.     The 

quantity  =rj  will  then  be  calculated  for    all    direct    stresses    and 

/    yy -.    for  all  members  acting  as  beams.     In  the  latter  expression 
m  is  the  bending  moment  at  any  section  due  to  the  one-pound  re- 
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■"  action.       The   sum   of    all    terms  ^ 
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will  give  the  desired  deflection. 


In  the  example  given  suppose  the  end  bracing 
consists  of  a  portal  of  the  dimensions  shown  in 
Fig.  28;  c  =420  in.,  h  =  192  in.,  /j  =  4,000,  /,  = 
2,000.     Assuming   fixed    ends,  the   value    of    m 

for  the  posts    is  approximately  —  ( x),  and 

for  the  beam  CC'it  is  —  ^-  V  —zx  ^  —V, 

4  20  2 

f  i  —  r  j.      Integrating  the  value  of    _        for  the  post  from  o  to  c,  and 
for  the  beam  from  o  to  6,  we  have  the  following: 


^ 


Fig.  28. 


The  total  value  of  I 
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m^dx  , 


is  therefore  IP 
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EI  \24£/,    '     48  F 

Substituting  numerical  values,  this  is  f oUnd  to  be  equal  to  IP  X  -—^  =  ^^. 

E  E 

In  the  case  of  the  full  diagonal  bracing,  instead  of  this  term  we  had  the  value 
for  the  diagonal  member.    This  amounted  to  ^^.    Thus  the  portal 


of 


EA 


frame  lends  to  the  distortion  or  deflection  about  four  times  as  much  as  the 
full  diagonal  bracing.  The  total  deflection  is  in  this  case  0.000026  in.  in 
place  of  0.0000156  for  the  fully  braced  ends,  or  almost  double.     This 
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illustrates  very  well  the  flexibility  of  portals  as  compared  to  full  diagonal 
bracing. 

268.  Stresses  in  Lateral  Trusses  Due  to  Vertical  Loads. — ^The  usual 
form  of  lateral  bracing,  arranged  symmetrically  with  respect  to  the 
centre  of  the  structure,  receives  no  stress  from  vertical  loads  excepting 
that  due  to  the  distortions  of  the  chords  of  the  main  trusses  as  explained 
in  Art.  263,  In  the  lateral  system  shown  in  Fig.  27,  the  membiers  are 
not  arranged  symmetrically  and  it  will  be  found  that  vertical  loads  on 
the  main  trusses  will  cause  slight  stresses  in  the  laterals,  for  the  sum- 
mation 2*  -,  .    will  not  be  zero. 

In  the  solution  of  such  a  problem  one  of  the  laterals  may  be  taken 
as  the  redundant  member.  .  The  stresses  S'  are  then  simply  the  stresses 


(a) 


--^ 


in  the  main  trusses  due  to  the  vertical  loads.  The  stresses  u  will  be 
the  stresses  in  all  the  members  due  to  a  one-pound  tension  in  the 
lateral.  These  are  readily  found.  The  forces  acting  on  the  main 
truss  will  be  similar  to  those  shown  in  Fig.  26,  but  here  the  value  of 
U  is  unity,  and  the  end  reactions  are  to  be  determined. 

In  the  case  of  a  skew  bridge  the  lateral  stresses  due  to  vertical 
loads  are  considerable,  especially  in  a  double-track  structure  where 
the  skew  is  large.  As  an  example  of  such  a  case  assume  a  truss  of  the 
general  dimensions  and  sectional  areas  given  in  Fig.  27,  but  built  in 
the  form  shown  in  Fig.  29,  the  skew  being  one  panel.    Suppose  one  of 
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the  trusses  ipCGh)  be  loaded  with  a  unit  load  at  each  upper  joint. 
Let  it  be  required  to  determine  the  resulting  stresses  in  the  laterals. 
Assume  any  one  of  the  laterals,  asC  C,  to  be  the  redundant  member. 
The  stresses  u  will  be  the  stresses  throughout  the  structure  due  to 
a  one-pound  tension  in  this  member.  They  are  found  as  explained 
in  Art.  267.  The  lateral  component  of  all  lateral  members  will 
be  unity,  tension  in  some  and  compression  in  others.  The  stresses 
S'  will  be  those  in  truss  b  C  G  h,  due  to  the  vertical  loads  only. 

S'ul  u^l 

Calculating  the  summations  i"  — ^ —  and  I  -j-,  we  find  the  stress  in 

S'ul    /     u^l 
CC,  from  the  formula  S^  —  —  I  —z —  /  2'  -j-,  to  be  —  0.129  "^ 

The  relation  of  the  skew  to  the  lateral  arrangement  being  the 
same,  when  viewed  from  either  side,  it  is  evident  that  unit  joint  loads 
on  the  truss  of  B'  F'  ^  will  cause  a  stress  in  F  F',  and  the  lateral 
struts  in  general,  of  o.i  29  lbs.  compression.  If  the  load  per  lineal  foot  is 
5,000  lbs.,  the  total  floor-beam  load  is  5,000  X  2t  =  105,000  lbs.,  and 
the  stress  in  each  lateral  strut,  due  to  such  load,  will  be  105,000  X  o.  i2q 
=  13,500  lbs.  compression,  and  in  each  diagonal  it  will  be  13,500  X 

^^— ^  =  22, •too  lbs.  tension.     The  unit  stresses  for  the  areas  assumed 
192 

will  be  270,  1,700,  and  4,460  lbs.  per  sq.  in.  respectively. 

The  use  of  smaller  laterals  will  result  in  a  greater  flexibility  and  a 
smaller  stress  in  each  member,  but  the  unit  stress  will  be  slightly  larger. 

269.  Transverse  Bracing. — ^As  shown  in  Art.  265,  a  bridge  may  be 
considered  as  fully  braced  when  provided  with  an  upper  and  a  lower 
lateral  system  and  end  bracing.  For  sake  of  additional  rigidity  against 
lateral  vibration  under  moving  loads,  transverse  bracing  is  generally 
inserted  at  each  panel  point.  In  through  bridges  this  is  made  of 
portal  form  and  as  deep  as  the  head  room  will  permit;  in  deck  bridges 
it  consists  of  full  diagonal  bracing.  This  intermediate  transverse 
bracing  may  be  considered  as  redundant,  and  an  exact  analysis  of  its 
stresses  can  be  made  only  on  that  theory.  However,  it  is  not  important 
that  an  exact  analysis  be  made,  as  the  stresses  are  small  under  any 
reasonable  assumption,  and  minimum  sections  are  generally  sufficient. 

The  stresses  in  the  transverse  bracing  will  be  considered  in  two 
parts:  (a),  the  stresses  due  to  lateral  forces  such  as  wind  pressure,  and 
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(J),  the  stresses  due  to  vertical  loads  applied  unequally  upon  the  main 
trusses. 

270.  (a)  Stresses  Due  to   Lateral   Forces. — Consider   any   panel, 
D  dj  of  SL  through  bridge,  Fig.  30.     Lateral  forces  applied  at  the  panel 


Fig.  30. 


are  P  and  P\  Were  the  transverse  bracing  not  present,  the  load  P 
would  be  carried  wholly  by  the  upper  laterals  to  the  portal  and  thence 
to  the  supports;  and  the  load  P'  would  be  carried  wholly  by  the 
lower  laterals  to  these  same  points.  The  transverse  bracing,  how- 
ever, connects  the  two  lateral  systems  at  each  panel  point  and  modi- 
fies more  or  less  this  distribution  of  the  load. 

The  relative  amount  of  stress  in  the  transverse  frame  may  be 
estimated  by  considering  the  deflections  of  the  lateral  systems  at  D 
and  d.  The  joint  load  P  is  much  smaller  than  P%  and,  likewise,  the 
sections  of  the  upper  lateral  members  are  smaller  than  those  of  the 
lower  system.  On  the  whole,  the  sections  are  in  proportion  to  the 
loads,  and  hence  the  unit  stresses  and  deflections  in  the  two  lateral 
systems  will  be  approximately  the  same  under  full  load.  If  the  upper 
lateral  system  were  of  the  same  length  and  was  supported  at  the  ends 
in  the  same  manner  as  the  lower  system,  the  deflections  would  be  equal 
and  therefore  the  transverse  bracing  would  remain  practically  un- 
stressed. Instead  of  this  being  the  case,  however,  the  upper  laterals 
transmit  their  load  down  the  portals,  which  are  much  more  flexible  than 
full  diagonal  bracing.  Hence  the  upper  laterals,  with  the  portals,  con- 
stituie  a  more  flexible  path  than  the  lower  laterals.    The  point  D  will, 
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therefore,  tend  to  deflect  more  than  d,  and  to  throw  some  stress  on  tk 
transverse  bracing,  with  a  corresponding  additional  load  upon  the 
lower  laterals.  Inasmuch,  however,  as  the  intermediate  transverse 
bracing  is  more  flexible  than  the  end  portals,  the  proportion  of  the 
load  P  which  will  be  transferred  to  the  lower  laterals  by  means  of  the 
transverse  bracing  will  be  small.  *  An  assumption  commonly  made  is 
that  the  transverse  bracing  may  transmit  as  much  as  one-half  the  upper 
load,  P.  The  upper  laterals  are,  at  the  same  time,  designed  to  carrj* 
all  the  upper  loads  and  the  lower  laterals  the  lower  load.  These 
assumptions  are  sufficient  for  all  ordinary  cases  of  simple  truss  spans. 

If  the  bridge  is  a  deck  structure  the  end  bracing  will  be  full  diagonal 
bracing,  and  each  lateral  system  will  be  more  nearly  equal  in  flexibility. 
In  this  case  the  transverse  bracing  will  be  but  slightly  stressed. 

»  In  general,  the  distribution  of  loads  in  the  case  of  redundant  lateral 
systems  can  be  estimated  with  sufficient  accuracy  by  considering  the 
relative  rigidities  of  the  several  systems.  If  one  complete  system 
(preferably  the  most  rigid  one)  is  made  suflScient  to  carry  the  entire 
load,  the  auxiliary  systems  may,  with  entire  safety,  be  designed  arbi- 
trarily. Their  object  is  usually  to  increase  the  general  stiffness  of  the 
structure,  and  minimum  sections  consistent  with  this  end  are  suitable 
for  the  purpose. 

271.  (b)  Stresses  Due  to  Unequally  Loaded  Main  Trusses. — WTien 
the  vertical  trusses  are  unequally  loaded,  as  in  the  case  of  a  double- 
track  bridge,  their  deflections  will  be  unequal  and  the  transverse 
frame  will  tend  to  throw  the  trusses  out  of  a  vertical  position.  If  it 
were  not  for  the  lateral  bracing  there  would  be  very  little  resistance 
to  such  warping  of  the  main  trusses,  and  the  stresses  in  the  tfansver^* 
bracing  would  be  very  slight.  Where,  however,  an  upper  and  a  lower 
lateral  system  exist,  such  warping  is  resisted,  and  to  that  extent  throws 
stress  upon  the  transverse  frame.  Under  unsynmietrical  loads,  there- 
fore, the  transverse  bracing  receives  some  stress,  the  amount  depending 
upon  its  rigidity  and  the  rigidity  of  the  lateral  trusses.  The  maximum 
effect  will  occur  in  the  case  of  a  deck  bridge  where  the  transverse 
frames  and  end  bracing  are  composed  of  diagonals  under  direct  stress. 
Such  a  structure  will  be  considered  in  detail. 

Let  Fig.  31  represent  the  transverse  section  of  a  deck  bridge,  and 
P  an  eccentric  load.     The  load  transferred  to  the  truss  D  d  will  be 
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i'  f  K  +  -|),  and  to  the  truss  D'  d'  will  be  P  ^K  -  4).    The  excess 

2  P  e        , 
on  D  d  over  Z>'  d'  will  be  — 7 — ,  v/hich  is  the  only  portion  of  the  load 

which  need  be  here  considered.     A  similar  condition  will  exist  at  all 
the  other  panel  points. 

An  exact  solution  of  this  problem  would  require  the  simultaneous 
consideration  of  all  the  transverse  frames,  each  one  furnishing  one 
redundant  member.      However,  for  the  purposes 
of   this   discussion,  it  will  be  Sufficient  to  con-  j^^p 

sider  a  single  panel,  such  2ls  D  d,  with  its  trans- 
verse bracing,  and  determine  the  stresses  in  the 
diagonal  of  such  bracing  due  to  a  load  of  one 
pound  applied  at  D. 

We  will  assume  a   truss  of  the  dimensions 

shown  in  Fig.  27.    Transverse  diagonal  bracing    11^  -2iL i.- 

will  be  assumed  in  panel  D  d,  consisting  of  two  Pio^  ,1^ 

bars  of  2  sq.  in.  each.  If  a  considerable  initial 
tension  is  applied  these  may  be  considered  equivalent  to  a  single 
member  of  4  sq.  in.  in  area,  arranged  as  shown  in  Fig.  31.  A 
load  of  I  pound  is  applied  at  D  and  the  problem  is  to  deter- 
mine the  tensile  stress  in  the  transverse  diagonal  due  to  this 
one-pound  load.  It  is  solved  in  the  usual  way  by  the  theory 
cf  redundant  members.  The  diagonal  D^  d  is  taken  as  redundant, 
anl  the  stresses  u  determined  throughout  the  entire  structure 
cl-ij  to  a  one-pound  tension  in  this  member  (including  the  value 
u  -  I  for  this  member  itself);  also  the  stresses  5'  in  the  truss 
aDF g,  due  to  the  vertical    load  of   one  pound    at  £>.      Then  the 

S'ul  /     u^l 
stress  in  X>'  d  «  -T  — -r—  /  I  -j-.     The  result  of  this  calculation  is 

a  tension  in  2?'  d  of  0.20  lb.  The  vertical  component  of  this  is  0.175 
lb.  That  is,  the  transverse  bracing  transfers  17  per  cent  of  the  load 
at  D  to  the  opposite  truss. 

In  this  calculation  it  is  found  that  the  deformation  of  the  member 
D'J,  itself,  has  a  large  influence  on  its  stress.  If,  for  example,  it  is 
made  2  sq.  in.  in  area  insteadof4sq.  in.,  its  resulting  stress  will  be  0.166 
lb.,  with  a  vertical  component  of  0.144  lb.,  a  decrease  of  17  per  cent. 
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Again,  if  the  bridge  were  a  through  bridge  instead  of  a  deck  struc- 
ture, with  the  portal  form  of  end  and  transverse  bracing,  the  flexibQiiy 
of  the  lateral  systems  would  be  more  than  doubled,  reducing  the 
possible  load  transferred  to  less  than  half  of  the  above  values.  In 
such  a  case  it  is  a  very  liberal  estimate  to  assume  that  10  per  cent  of  the 
excess  vertical  load  may  be  transferred  to  the  opposite  truss. 

In  double-track  bridges  the  excess  load  on  the  near  truss  is  approxi- 
mately one-half  the  total  load  on  one  track.  Ten  per  cent  of  this  will 
equal  250  to  300  lbs.  per  foot,  as  the  amount  transferred.  The 
lateral  component  of  this  will  be  only  about  one-half,  or  125  to  150 
lbs.  per  foot  as  the  load  on  the  lateral  trusses  due  to  eccentric  loads. 

We  may  therefore  conclude,  in  general,  that  the  stresses  in  the 
transverse  frame  from  eccentric  loads  will  not  be  greater  than  that 
caused  by  assuming  one-half  the  lateral  load  on  the  unloaded  chord 
to  be  carried  by  the  transverse  frame. 

272.  Proportions  of  Lateral  Bracing  for  Maximiim  Ridigity.— 
In    many  cases  the  question  arises  as   to  the  most  suitable   {)anci 


1 

r 

p 

\ 

Y       \ 

p      p 

• 

\^ 

\ 

y^ 

^ 

^^^ 

y^^ 

i^ 

l^ 

^ r— -^ 

%^ 

Fig.  32. 

length  for  the  lateral  system.  Thus,  for  example,  where  the  panel 
length  of  the  main  truss  is  long,  either  one  or  two  panels  of  the 
lateral  system  may  be  made  to  correspond  with  one  panel  of  the 
main  truss;  or,  on  the  other  hand,  in  double  track  bridges  of  short 
panel,  the  panel  length  of  the  lateral  truss  may  be  made  equal  to 
cither  one  or  two  panels  of  the  main  truss.  In  general,  the  panel 
length  selected  should  be  such  as  to  give  the  maximum  ridigity  to  the 
lateral  system  for  the  given  working  stresses.  An  approximate  theo- 
retical analysis  of  this  problem  will  be  of  some  assistance  in  selecting 
the  best  proportions. 

Let  Fig.  32  represent  any  lateral  truss  of  n  panels.     Under  a  load 

c*    7 
P  the  truss  will  deflect  a  distance  determined  by  the  formula  I  -^rr- 

It  will  be  assumed  that  the  chord  members  are  large  as  compared  to 
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the  web  members  so  that  their  influence  upon  the  deflection  may  be 
neglected. 

Let/i  =  working  stress  in  the  diagonal  members  and/.  =  working 
stress  in  the  struts.  Under  full  load  the  stress  S  in  any  member  will 
be  approximately  equal  to  f^A,  or  f^A,  as  the  case  may  be.     The 

stress  u,  for  deflection  at  the  centre,  will  be  yi  for  each  strut  and  — 7 

2  0 

for  each  diagonal.     Hence,  summing  the  products  -^r-p  we  get,  for 

iL  A 

the  struts,  I  -=-7-  =  — ~,  and  for  the  diagonals,  i"  ~^=r-r  =     .  i!- 

EA         2E  °  EA        2bE 


The  deflection  is  therefore 

n 


J 


2 


^(b'fc  +  c'/;) (6) 


For  a  variable  panel  length  d,  we  have  n  =  l/d.  Substituting  in  (6), 
and  placing  c*  =  6'  +  d^,  we  get,  in  terms  of  d,  etc., 

Differentiating  this  with  respect  to  d,  equating  to  zero,  etc.,  we  find 
that  for  a  minimum  value  of  J,  or  for  maximum  rigidity,  the  length 
of  panel  is 

d  =  byj^^ (8) 

If,  for  example,/,  is  approximately  equal  to  X/<>  we  have  d  =  1.22  b. 
Where  the  struts  are  very  large,  as  in  the  case  of  floor  beams  used  as 
struts,  then  /.  may  be  placed  equal  to  zero  and  for  maximum 
rigidity,  d  ^  b. 

SXOnOH  in— THX  QUADBANQULAB  OB  POBTAL  FBAMB 

273.  The  Quadrangular  Frame.— Many  problems  arise  in  which 
an  analysis  is  required  of  the  stresses  in  a  framework  of  four  sides 
without  diagonal  bracing,  such  framework  depending  for  its  stability 
upon  the  bending  resistance  of  its  various  members.  An  example 
of  such  framework  is  the  ordinary  bridge  portal,  or  the  viaduct  or 
elevated  railroad  bent  in  which  diagonal  bracing  is  omitted.     Wind 
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Fig.  33. 


bracing  in  tall  buildings  is  frequently  made  of  the  portal  or  quadrangu- 
lar form  and  occasionally  high  trestles  are  made  of  this  tjrpe.  Each 
transverse  panel  of  a  through  bridge  also  forms  such  a  framework,  in 
which  a  correct  determination  of  the  stresses  due  to  the  load  on  the 

floor  beam  as  well  as  lateral  forces  rt- 
quires  a  consideration  of  the  deformations 
of  all  the  members  of  the  frame. 

The  stresses  in  a  quadrangular  frame 
are  not  statically  determinate  as  they  are 
dependent  upon  the  deformations  of  the 
several  members.  A  general  solution  of 
this  problem  will  first  be  given,  aftc 
which  the  analysis  will  be  applied  to  sei 
eral  special  cases. 

274.  General  Solution.— Let  ABED, 
Fig'  33>  ^^  8.  complete  rectangular  frame 
supporting  any  loads,  Pj,  P„  etc.  The 
reactions,  Ri  and  ^2>  ^ire  supposed  to  be  determined  by  consider- 
ing the  structure  as  a  whole,  and  the  conditions  of  its  sup- 
ports.   The  problem  is  to  determine  the  stresses  in  the  frame. 

The  general  method  of  solu- 
tion used  in  the  case  of  the  arch 
with  fixed  ends  can  be  advan- 
tageously applied  here.  The 
frame  is  cut  at  a  convenient 
point,  as  at  the  centre,  C,  and 
the  internal  forces,  M^,  F^,  and 
H^,  acting  at  this  section  treated 
as  the  unknown  quantities. 
They  are  indicated  in  Fig.  34 
in  the  direction  which  will  be 
considered  as  positive.  Then, 
selecting  any  other  convenient 
section,  as  F,  as  the  section  of  reference,  assume  this  section  to  stand 
fast  and  treat  the  right  and  left  half  of  the  frame  exactly  as  the  two 
halves  of  the  arch  in  Art.  154.  In  brief,  express  the  deflections  and 
changes  of  angle  at  C,  of  each  half,  with  respect  to  the  fixed  section 


Fio.  34. 
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at  Ff  by  means  of  the  general  equations  of  Arts.  2  and  3.  Then 
equate  these  functions  for  the  two  halves,  thus  deriving  three  equa- 
tions from  which  the  three  unknowns,  M^,  H^,  and  V^  are  found. 

As  in  Art.  154,  let  M\  and  M'l  represent  the  bending  moment  at 
any  section  in  the  right  and  left  portions  respectively,  due  to  the  given 
external  forces,  M^  and  Af^,  the  total  bending  moments,  and  x  and 
y  the  co-ordinates  of  any  section,  measured  from  C,  as  origin,  x  to 
be  considered  as  positive  toward  the  right  for  the  right  half  and 
toward  the  left  for  the  left  half.  Let  /  =  moment  of  inertia  of  the 
section  in  general.  Then,  since  the  horizontal  and  vertical  components 
of  the  deflection  at  C,  for  the  two  halves  must  be  equal,  and  likewise 
the  angular  change,  we  have,  as  in  Art.  154,  with  due  regard  to  sign, 
and  considering  E  as  constant, 

Mixds  r  Mr  xds 


/Mixds  _^         rMrXds 
I        ^       J  ^    I      : 

/Miy  ds  ^         /•  Mr  yds 
"7        ^  ^  J        I 


Mids  r  Mrds 


(I) 


rMjds rMrd 

For  the  left  side, 

M^  =  M\  +  il/^  +  H^y  -  V^x. 

For  the  right  side, 

M^  =  M\  +  M^  +  H^y  -I-  V^x. 

Substituting  in  (i),  we  have  for  the  general  case,  the  following  three 
equations  between  the  unknowns  M^y  H^,  and  V^, 

In  any  problem  the  numerical  values  of  the  various  coefficients 
of  M^  H^,  and  V^  should  be  first  calculated,  after  which  these  equa- 
tions are  readily  solved, 
n.— as 


386      PROBLEMS   IN   STATICALLY  INDETERMINATE   STRUCTURES 

275.  Symmetrical  Frames. — ^For  a  frame  symmetrical  about  a 
vertical  axis,  equations  (2)  to  (4)  become  much  simplified,  the 
various  functions  of  x  and  y  for  the  left  side  being  equal  to 
similar  functions  for  the  right  side.  The  several  equations  re- 
duce to  the  following: 


M'rxds^ 


fyd 


+  H, 


A  I  ~ 


/■  •     • 


M'ds 


,,    rds       „    fyds  ,.   rM'i 


(5) 


In  this  expression,  J    signifies  the  integration  for  one-half  only.    Soi^ 
ing  for  H^  V^  and  M^  we  derive  as  in  Art.  154, 


H.= 


Jl*ds    rM'yds  _   fydj^    rM'd 


M\xds 


'—J J  —I 


M'ds 


Mo=- 


/^ 


+  2H, 


ryd 
A   I 


yds 


rds 
Jk  I 


.     (6) 


(7) 


(8) 


Inasmuch  as  each  term  contains  a  value  of  /,  the  result  will 
be  the  same  if,  instead  of  using  actual  values,  only  relative  values 
are  employed.  This  is  a  more  convenient  method  in  the  investi- 
gation of  general  problems  in  which  the  relative  proportions  of  the 
various  members  may  be  assumed. 

If  the  dimensions  of  a  symmetrical  frame  be  as  shown  in  Fig.  35, 
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the  values  of  the  several  integrals  of  the  above  equations,  which  do 
not  involve  3/',  are  as  follows  (for  one-half  only) : 


Integral. 

CtoA 
b 

2h 
0 

0 

&» 
24/1 

A  toD 
h 

/a 

h* 
2I2 

h* 

b'h 
4/a 

DtoF 

b 
2/3 

bh 

2h 

bh^ 
2h 

24/3 

/t 

The  integrals  involving  Af'  depend  upon  the  external  loads.      For  a 
single  load  P,  applied  a  distance  a,  less  than  — ,  from  A ,  there  will  be 


2 

**-a — » 


6 


•r-T 


^jllll^^ 


Fio.  35. 


Fig.  36. 


moments  Af' ,  as  shown  in  Fig.  36,  and  the  various  integrals  are  as 
follows: 


Integral. 

CtoA 

AloD 

DtoF 

FtoB 

cr 

Pa* 
2li 

Pah 
It 

Pab 
2/, 

CM'yds 

0 

Pah* 

2h 

Pabh 
2/, 

CM'xds 

Pa^ib      a\ 
2 1^2      z) 

Pabh 

2h 

SPab* 

48/. 

Pab* 
48/, 
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Example. — ^Assume  the  following  data  (Fig.  35):  h  =  150  in.;  b  =  120 
in.;  /i  =  8,000;  I2  =  2,000;  /,  =  4,000;  a  =  b/4  =»  30  in.  It  will  be  con- 
venient, and  lead  to  the  same  results,  to  call  /,  «  i;  /,  »  2;  /j  —  4. 

We  then  have,  for  one-half  of  the  frame, 
ds 


/as 
y  =  15  -f  150  +  30  =  195- 

/yds 
-J-  =  11,250  -f  4,500  =-  15,750. 


y^ds 


/yds 
— J —  =  1,125,000  4-  675,000  =  1,800,000. 

/x*  d  s 
— J —  =  18,000  +  540,000  +  36,000  =  594,000. 


And  for  the  entire  frame, 
I  — —  =  -  P  (112  +  4,500  +  900)  =  -  5,512  P. 

— j —  =  -  ^  (337,500  +  135,000)  —  472,500  P. 

/     -J /     r =    -   ^  (5,625    +    270,000   +    22,500   -  4,500) 

^'  ^  ^'  ^  «-   293,625?. 

Substituting  in  Eqs.  (6),  (7),  and  (8),  we  have, 

rr        195  (-  472,500)  -  15^50  (-  5>5i2)  p  _    .    ^^^«  p 

-"o  =  — n ^2 ^ — o T — ^      ■»■  -0250  /'. 

21(15,750)'  -  195  X  1,800,000] 

2  X  594,000 

-5,512 +  2X  .0258  X  15,750  p  ^ 

2  X    195 

276.  Quadrangular  Frames  with  Brackets.— Figs.  37  and  38  illus- 
trate other  arrangements  with  respect  to  the  manner  of  applying  the 
load.  In  Fig.  38  the  moments  M'  in  i4  C  and  A  G  are  zero,  and  inGD 
it  is  +  P  a.  The  general  formulas  given  in  Art.  274  apply  directly  to 
these  cases,  the  only  feature  requiring  notice  being  the  values  of  the 
moment  M\ 

These  forms  are  often  used  in  highway  bridges  where  sidewalks  are 
supported  on  brackets. 
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277.  Frame   with  Posts   Fixed   at  Ends. — ^If  the  posts  A  D  and 
B  E  are  fixed  at  the  lower  end,  Fig.  39,  then  the  formulas  above  de- 


Fig.  38. 


veloped  will  apply  by  making  Z, = 00 .     For  a  single  load  P  the  integrals 
given  in  Art.  275  may  be  substituted  directly  in  eqs.  (6),  (7),  and  (8), 


r    1  ic 


I     h 


I 

I 
I 

Lll 


B 


Ho    \A^ 


t>Ho 


Fio.  39. 


omitting  values  for  member  D  E.    By  such  substitution  and  reduction, 
there  result  the  following  values: 

3  Pa  (6  -  a)  /, 


'      2A'/i+46A/, 


3/,= 


0- 


(b-a)  (b-2a)I, 


b'l^  +  ebhl 


r)-  • 


2  (6  -  fl)  7 
2    \         hi.  +  26 
The  value  of  a  is  taken  less  than  6/2. 


(9) 


(10) 


(") 
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Having  the  values  of  H^,  7^,  and  M^  for  section  C,  the  vjdues  of 
the  moments  and  stresses  at  any  section  are  readily  found.    Thus 

at  A  we  have  M^  =  If ^  -  V^ P a\  at  2?,  Mp  «  Af  ^-  7^-- 

2  2 

P  a  +  il^  A;  etc. 

For  two  loads  P,  symmetrically  placed,  7^  =  o,  and  H^  and  M^ 

are  twice  the  values  given  by  (9)  and  (11).     Moments  at  A  and  D  are 

then 

2Pa{b-a)I^ 


M 


3/p=  + 


A/i  +  2  67, 

Pa(b-  a)I^ 
hl^  +  2bl^ 


(12) 


(13) 


The  point  of  inflection,  O,  is  located  a  distance  above  the  base  equal  to 


"       3 


(14) 


278.  Frame  with  Posts  Hinged  at  One  End. — This  case  is  solved 
by  placing,  the  horizontal  deflection  of  £  with  respect  to  D  equal  to 


H 


K- 


-A 


4t 


't *- 


I 


B 

— r' 


r 


Fig.  40. 


zero,  or,  what  is  the  same  thing,  treating  the  forces  H  as  redundant 

T     .,                 ,         rM'mds     ^^  rm^ds         ,     , . , 
forces.     In  either  case  we  have  /    — ■=rj ^  ^  I     p  j   =  o>  "^  which 

M'  is  the  moment  due  to  the  load  P,  and  tn  is  the  moment  due  to  a 
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value  of  H  equal  to  one  unit.      This  reduces  to  the  same  general 
expression  developed  for  the  two-hinged  arch: 

M'yds 


H  = 


The  integrals  are  as  follows: 


/y^ds 


(15) 


Integral. 

DtoA 

AtoB 

BXoE 

r  M'yds 

0 

Pa(h-a)h 

0 

2/1 

Substituting  in  (15),  we  have 

The  value  of  H  being  known,  the  bending  moment  at  any  section 
is  easily  found. 

Example. — ^Let  Fig.  41  represent  an  elevated  railway  bent  with  the 
dimensions  as  shown.    Let  /j  =  50,000;  /,  =  640;  area  of  column  =^  A^  =^ 


^ 18-'— #H-Hi-'-^*-0-'-^-e^*H— -18^ M 

!  I  I  I  I  ! 


D 


t  t  t  f    } 


It  's 


■Mf* 


I" 


lUJL 


h 


Fig.  41. 


20  sq.  in.;  width  of  column  =  15  in.    Calculate  the  bending  moments  and 
fibre  stresses  at  A  and  Z>,  due  to  four  loads  of  60,000  lbs.  applied  as  shown, 
(a)  Fixed  Ends, — ^Eq.  (12)  may  be  used,  calculating  the  term  a  (6  —  a) 
for  the  two  symmetrical  pairs  of  loads.     There  results: 

Ma  =  —  846,600  in.  lbs.;  /^  =  9,960  lbs.  per  sq.  in. 
Md  =  -h  423,300  in.  lbs.;  jd  =  4,980  lbs.  per  sq.  in. 
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The  direct  stress  in  the  columns  is  equal  to  120,000/20  =  6,000  lbs.  per  sq.  in. 
In  this  case  therefore  the  bending  stress  is  greater  than  the  direct  stress. 

(b)  Hinged  Ends. — ^Use  eq.  (16),  giving  H  =  1,500  lbs.    Then  M^  = 
1,500  X  18  X  12  =  324,000  in.  lbs.;  and  fa  =  3,850  lbs.  per  sq.  in. 


^ — ^ — > 


.±-. 


It  is  to  be  noted  that  in  both  cases  the  bending  moments  are  nearly 
proportional  to  the  value  of  Jj,  and  that  having  the  bending  moment> 
the  value  of  /  is  proportional  to  the  width  of  the  member.  Hence  it 
may  be  said  that  the  fibre  stress  in  such  a  case  is  approximately  pro 
portional  to  /,  c,  or  the  moment  of  inertia  times  the  width.     For  low 

stresses,  therefore,  a  relatively  narrow  column 

is  very  advantageous. 

279.    Temperature    Stresses. — WTiere    one 

side  of  the  frame  is  fixed  in  length,  as  in  thi^ 

preceding  two  cases,  changes  of    temperature 

—  will  cause  stresses  in  the    structure.       Thcx 

t.. 

are  found  by  placing  the  deflection  of  E  with 
respect  to  D  equal  to  the  change  of  length  of 
A  B  due  to  change  of  temperature.     For  hinged  ends,  Fig.  42,  the 

deflection  is  A^  =    /      ^       =  H  j  '-^  j  -     This  reduces  to 

Hh^  f2h        h\ 

Let  <o  =  coefficient  of  expansion.     Then  \  ^  wtb  and  we  have 
for  temperature  changes, 

H^  = -J i:^- (18) 


Fig.  42. 


3^2 


'a 


For  fixed  ends  at  Z>  and  £,  Fig.  43,  we 
may  determine  the  total  angular  change  A  tp 
from  D  to  JB,  and  the  total  horizontal  move- 
ment A  X,  and  write  A  ^  =  o  and  A  :v  « 
—  A^  =  —  ^<>  /  6.     As  in  Art.  154,  we  have 


"hJw 


V —  6  — + -^ 

Is 

P    t  .JL. 


B 


H, 


M, 


.  rMds       ,  ^  PMyds 


Fig.  43. 
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Let  My  =  moment  at  D  and  E.     Then  M  =  M,  —  H^  y.     Substitut- 
ing this  value  of  M  in  the  above  integrals,  we  have 


M 


r  is  fyds 


yds 


'f  ds 


"'fn-M'-n 


A, 


Solving  for  H^  and  3/„  we  derive 


H, 


/ds 
El 


/ds     t'fds       (  ryds"^ 
El  J  'et  "  \J  in) 

yds 


(19) 


u. 


It 


(20) 


Expressing  the  several  integrals  in  terms  of  the  dimensions  of  the 
frame  as  given  in  Fig.  43,  we  have 


Integral. 

DtoA 

k 

AtoB 
b 

BioE 

h 
/a 

/t 

/4' 

2I2 

bh 

h* 

2/, 

/^' 

3/. 

bh* 

h* 

Substituting  and  reducing,  we  have, 

•"'  ■         AH26/, +  fe/J       '  •     •     •     •     ("} 
sEI,(bI^  +  hIy)(otb 


M 


M, 


M,  -  H,h  ^  -  -. 


3EItIj(otb^ 
h{2blj  +  hl7)' 


(22) 


(23) 
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The  distance  of  the  point  of  inflection  above  the  base  is 


»"  Ht         bit +  2 hi; 


(»4) 


Example. — ^Let  it  be  required  to  calculate  the  temperature  stresses  in 
the  bent  of  Art.  278  for  an  increase  of  temperature  of  50  degrees,  the  coeflScient 
of  expansion  being  .0000065. 

a.  Fixed  Ends. — ^The  value  of  ^  /  6  =  .0000065  X  50  X  44  X  12  = 
0.1716  in.  Then  by  Eq.  (22)  Md  =  206,000  in.  lbs.;  and  fd  =  2,410  lbs.  per 
sq.  in.     From  (23)  Afa  =  ""  199,000  in.  lbs.,  and  fa  =  2,330  lbs.  per  sq.  in. 

b.  Hinged  ILnds, — Eq.  (18)  gives  Hi  =  467  lbs.,  and  hence  Ma  =  467  X 
18  X  12  =  101,400  in.  lbs.,  and /o  =»  1,182  lbs.  per  sq.  in. 

Temperature  stresses  are  about  double  for  fixed  ends  as  for  hinged  ends. 
The  values  would  be  exactly  double  if  I^  were  indefinitely  large. 

280.  Effect  of  Lateral  Forces. — ^Fig.  44  represents  a  quadrangular 
frame,  symmetrical  about  a  vertical  axis  and  acted  upon  by  the  hor- 
izontal force  P,  applied  at  B.  The  reactions  are  assumed  to  be  applied 
as  shown.     It  is  required  to  determine  the  stresses  in  the  frame.    The 


(a) 


W 


Fig.  44. 


general  solution  of  the  problem  is  the  same  as  given  in  Art  274.  A 
section  is  taken  at  C  and  the  values  of  iJ^,  V^,  and  M^  determined  by 
the  general  formulas  of  Art.  274.  The  moment  diagram  for  the 
moments  M'  are  shown  in  Fig.  44  (b).  The  values  of  the  several 
integrals  involving  M'  are  as  follows: 
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Integrals. 


PM'yds 
r  M'xds 


CtoB 


B'toE 


2/, 

Ph* 
31, 

PhH 

Ah 


EtoF 


FioD 


Pbh 
2h 


PhH 

2h 


48/, 


Pb*h 
48/, 


Substituting  in  eqs.  (6),  (7),  and  (8),  we  derive  the  following: 


Af,«o. 


(25) 


F.  «  - 


\4l^       12  V 


L24  /i    4  /,    24  /, J 


(26) 


H  -- 


P 

2 


(27) 


rhe  imjxjrtant  results  are,  that,  where  the  members  A  D  and  B  E  are 

p 

dike,  M^  =  o  and  fl"  ^^  — ,  that  is,  the  point  C  is  a  point  of  inflection- 

St 

p 

ind  the  value  of  H^  is  — ,  which  signifies  that  the  lateral  pressure,  P, 

s  carried  equally  by  the  two  sides  of  the  frame.  It  also  follows  that 
he  point  of  inflection  in  Z>  £  is  at  the  centre,  F,  and  the  value  of  the 
hear  at  this  point  is  found  by  interchanging  I^  and  /^  in  eq.  (26). 
[tis 


V4/,      12/1/ 


L24  ij       4 /j      24  /j J 


J— .      .      .      .     (28) 


Ph 


rhe  sum  of  F©  +  F^.  must   equal  7?i  =  -7-,   as  will  be  found  by 
idding  (27)  and  (28). 
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If  A  = /3,  then  7>  F^  =  ^. 

The  forces  acting  on  one-half  the  frame  are  clearly  shown  in  Fig.  45. 
If  the  posts  are  fixed  at  the  base,  then  /s  =  «  ,  and  we  have 

3  A' A 


F    =   —  P  — 


{2. 


The  point  of  inflection  in  the  vertical  post   u 

found  by  placing  —^ — I =  o,  where 

2  2 

h^  is  the  distance  of  this  point  above  the  bast*. 
281.    Partially    Trussed    Portal    Frames.— 

Frames  of  the  type  shown  in  Fig.  46  are  partly 
trussed  and  partly  a  framework  of  beamx 
Members  FG  and  H  K  are  hinged  at  thti: 
ends,  and  hinges  exist  at  A  and  By  and  miiT 
or  may  not  exist  at  D  and  £.  As  in  Art.  280,  there  will  be  a 
point  of  inflection  at  the  centre  C,  and   the  compression  at  C  wl 

P  P 

be  — .    The  horizontal  reactions  at  D  and  E  will  each  be  — .     If  the 
2  2 


Fig.  45- 


c    H 


B 


5—4- 


O^—f— 

I 


_i-. 


Fig.  46. 


-e 


•"■^ 


posts  are  fixed  at  D  and  £,  there  remain  to  be  determined  the  momcnti 
Ml  at  these  points,  or  the  distance  h^  of  the  point  of  inflection  above 
D.  If  the  posts  are  hinged,  all  external  forces  become  known  and  ih« 
problem  is  solved  as  explained  in  Part  I.  The  influence  of  the  dci 
formations  due  to  direct  stresses  will  be  neglected  as  it  is  very  sma! 
in  any  case. 
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In  the  solution  of  this  problem  it  is  sufficient  to  consider  one-half 
only,  as  shown  in  Fig.  47.  The  problem  is  solved  by  the  application 
of  the  theory  of  redundant  members.     A  convenient  form  of  solution 


(4-«) 


A.      ^1  Ci  .T 


-A. 


06-:p- 


k 


p-i_ 


^ 

_  ^\ 

-      ^ 

D 

^  ^-^ 

^■< 

1/  PAo 

Moments  M         Moments  m. 
Fig.  47.  Fig.  48. 

is  to  place  the  deflection  of  the  point  C  equal  to  zero,  as  is  evident  from 
the  symmetry  of  conditions.     The  general  expression  for  this  deflection, 

neglecting  the  effect  of  direct  stress,  is  A  =  i*  /^  — =-j — ,  in  which 

3/  is  the  actual  moment  at  any  section  and  m  is  the  moment  due  to 
unit  load  acting  at  C.  Fig.  48  shows  the  moment  diagrams  for 
moments  M  and  m.  The  values  of  M  and  w,  and  of  the  several  inte- 
grals, are  as  follows,  origins  taken  at  C,  i4,  and  D: 


Quantity. 

CtoF 

i4  toF 

A  toG 

GtoD 

M 

-Vox 

a 

Pic  -ho)x 

2(A-C) 

P{ho  -  X) 

2 

m 

-^  X 

b 
a 

2         r 

bx 

h 

2(h-c) 

a 

2 

Mm 

VoO(^ 

A-.  J- 

P6(c-^o)«* 
4(h-cr 

Pb  (ho  -  x) 
4 

rMmds 

3/. 

Pb(c-ho)  (h^c) 

• 
■    Pbc{c-2ho) 

12/, 

8/, 
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Adding    the    several    integrals,    substituting    V^  == 7 — —    and 


solving  for  A^,  we  derive 


_  h(b-  2a)'Ja4-  2bc{c-\-  2h)I^ 
^-^     {b''2ayi^  +  4b{2C  +  k)I^   '     • 


•     (30' 


The  value  of  h^  being  known,  the  stresses  in  the  portal  are  found  as 
for  the  case  of  hinged  ends,  the  point  of  inflection  O  being  taken  as 
the  hinge.    For  such  cases  as  shown  in  Fig.  49,  the  solution  will  be 


(a) 


(b) 

Fig.  49. 


fe^ 


w 


reached  from  eq.  (30),  by  placing  Ji  ==«;  or,  what  is  the  same 
thing,  by  placing  the  lateral  deflection  of  the  two  points  A  and  G  equal. 
Dividing  both  numerator  and  denominator  of  (30)  by  /j,  and  then 
placing  1 1  =  (X  ,  we  derive 

c  (c  +  2  h) 


h. 


2  {2  c  +  h) 


(31) 


which  is  the  same  value  as  deduced  in  Art.  199,  Part  I,  eq.  (29). 

282.  Frames  with  Inclined  Posts. — ^The  general  methods  of  Art. 
274  are  obviously  applicable  to  such  frames  as  illustrated  in  Fig.  50. 
If  the  frame  is  symmetrical  about  a  vertical  axis  the  effect  of  a  horizon- 
tal force  P  is  similar  to  that  in  a  rectangular  frame.  The  centre  points 
of  members  A  B  and  D  E  are  points  of  inflection,  and  the  direct  stress 

P 

in  -4  J5  is  — , 
2 

Placing  the  deflection  of  C  with  respect  to  F  equal  to  zero  (Fig.  51), 
enables  the  values  of  V^  and  Fj  to  be  determined  in  the  same  manner 
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as  in  Art.  280.     This  deflection  is  most  readily  found  by  the  general 
expression  A  =    /  — =-^: — ,  where  x  is  the  abscissa  measured  from 

Mxds       F,V 


the  origin  C.      For  member  C A,  M  ^  V^x  and  /  — - —  ==     '    ^  ; 

likewise  for  F  D,     /  — = —  = =-^,    writing   this  deflection   as 

•/        /  24/3 


♦  ^ 


TTilnus,  since  it  tends  to  diminish  the  deflection  of  C  relative  to  F. 

J —  is  found   as   follows: 


For  any   point   N,   the   moment   M  =  V^x  — 


Py 


Also  we  have 


ds  =  -r-^. -^7—    -, -  .  d  Xy  and  y  =  \x ^)  cot  0  =  -. ,-(2.r  — fc.). 

sm  0     h^  —  b^  \  2  /  O2  —  0^ 

We  then  have  for  A  Dy 

rMxds            2\\c        r^  2 .               Phc        r^.  ^     ^    .^ 
/       —J —   =  71 ITT    /     xdx  -  7— 7 7--  /    {2X^  —  bix)dx 

V,c{b^^  4-  6i^  +  J,^)       Phc(2b,  +  b,) 


12  /, 


24/3 


We  therefore  have,  after  multiplying  through  by  12, 

3 


F,  c  (b,^  +  b,h,  +  b,')  ^  F.J, 


2/. 


V,  6  '       P  A  c  (2  J,  4-  J.) 

— ^.      (32) 


2  /, 


2/. 


.Also 


v,  +  v,= 


Ph 


(33) 


from  which  Fj  and  7,  are  readily  found. 
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283.  Portal  Frames  of  Multiple  Stories. — In  building  constructioD, 
and  occasionally  in  other  structures,  quadrangular  lateral  bracing  is 
used  consisting  of  several  such  frames  placed  one  above  the  other  or 
side  by  side  (Fig.  52).    The  analysis  of  such  frames  may  be  made  in 
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the  same  manner  as  for  a  single  quadrangle.  A  section  ^  J  is  taken 
through  the  centre,  and  at  each  point  C,  there  are  three  unknowns, 
My  V,  and  H.  The  necessary  equations  are  obtained  by  writing  out 
for  each  story  the  same  relations  as  expressed  in  Art.  274,  thus  giving 
three  equations  for  each  section,  corresponding  to  the  number  of  un- 
knowns. 

If  the  framework  is  symmetrical  about  the  section  ^  9,  as  is  usually 
the  case,  then  the  points  of  inflection  of  the  several  transverse  beams, 
A  By  will  be  at  the  centre  point  C,  and  the  several  values  of  H  will 
be  one-half  the  lateral  force,  P,  applied  at  the  resj)ective  level.  There 
remain  to  be  determined  then  only  the  shears,  V,  at  the. sections  C. 
The  necessary  equations  are  obtained  by  placing  equal  to  zero  the 
deflection  of  Cj  with  respect  to  C2,  also  that  of  C,  with  respect  to  C„ 
etc.  This  gives  five  equations  in  the  structure  shown.  The  sixth 
is  found  by  taking  moments  of  all  the  forces  about  -4,,  giving 
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1-  K-  =  K[P,  (A,  +  A,+A,  +  A,+A,)+P,  (ht+ht  +  K  +  h^) +etc.] 

The  deflections  are  very  easily  expressed  in  terms  of  V  and  P  by  use 

/Af  X  Of  X 
— — — .     The  necessary  equations 

will  be  given  here  for  a  five-story  frame,  using  the  notation  shown 
in  Fig.  53. 

For  the  deflection  of  Cj  relative  to  Cj,  we  need  consider  only  the 
members  C^A^A^Ci,     Using  Cj,  A^,  and  C,  as  origins,  the  moment 

b     r 

in   Cj   A^  =  Fj  x;   that   in  A^  A^  =  F^ ^y,   and    in   A^C^ 

it  is  —  F,  :c,  considering  as  plus  a  moment  which  contributes  to  the 
downward  deflection  of  C^  relative  to  C3.     The  value  of  the  integrals 

I  — J will  be  as  follows: 

F,y 


for  Ci  A  J, 


24  V 


for  A  A       ^^1^  -  ^1^^ 
tor  A,  A,,       ^j^  g^^   , 


V  ft* 
for  ^,C„-— ^; 

24  /, 


whence  we  have 


/,      "^  6/1         6/,        2/, ^^^' 

For   the  deflection  of  C,  with  respect  to  C,,  consider  only  the 
frame  C,  ^,j4,C,.    The  moment  in  C,^,  =  F2a;;  in  A^A^  it   is 

(t^i  +  >^»)  -  -  —  Ai  -  "^'  "*"  ^'  y;  and  in  ^,C,  it  is  -  F,jc.     Ex- 

2  2  2 

cept  for  the  member  A^A^  the  values  are  similar  to  those  in  the  first 

r«i         1        .    /* M xdx  ^      A     A    ' 
story.     The  value  of    /  — j —  for  ilj-As  is 

b'h,      P,h,\b       (P,+P,)K'b 


"'■^•'■>4A  4/. 


tl. 26 
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We  then  derive  the  expression,  corresponding  to  (34), 


7,  b'       (P.  +  P,)  K^  +  2  P,  A,  h, 


h 


6L 


6/, 


2h 


(35) 


For  the  next  section,  with  origin  at  C„  the  moment  in  A^A^\i 

equal  to  (K.  +  K.  +  K,)  ^  -  ^'  ^^'  +  "'^  +  ^'  '^  -  (^-bP.'±^' -^•. 

We  derive  then,  as  before, 

hK  .  i^«ft'     Viy''     (Pi  +  /*,  +  i'J  /««'  +  2  [P,  (A,  4-  A,)  +  PA]  A, 


(F,+  K,+  7,)-r^  + 


6/,       6/, 


2/« 


.     (3^' 


And  for  the  lower  story  we  derive  in  a  similar  manner: 

(P,  +  P,+  P,4-  P,4-  P,)/t5'  +  2[P,(A,  +  .../tj  +  Pa(^,  +  ...*4)  +  P»(^3  +  A-)  +  PA]A. 


2/ 


(3:) 


U) 


Then  taking  moments  about  A^y  we  have 

(^r  j^    J.v^^      P.(/^i  +  ..  +  /0-HP2(/>.+  ..-f;t,)4-P3(/t3  +  ^4-fe,)  +  P,(;t,  +  ^  +  P3^.c, 

(Kx+..+  »^6^~= ^ l>*' 

These  six  linear  equations  between  the  values  of  V  are  readily 
solved  after  substituting  numerical  coefficients.  The  values  of  F 
being  known,  the  moments  are  readily  found  at  any  section.    For 

more  numerous  stories  additional  equations  are 
easily  written  out  following  the  form  of  eq.  (37). 
If  the  lower  ends  of  the  posts  are  fixed,  then  the 
value  of  /  for  the  lower  strut  is  oc .  If  hinged, 
then  the  value  of  V ^  for  the  lower  strut  is  zero  in 
cq.  (37),  and  equations  of  deflection  arc  wTilten 
out  for  all  stories  above  the  lowest. 

For  a  large  number  of  stories  an  exact 
analysis  becomes  quite  laborious.  Approximate 
results  may  be  reached  by  assuming  that  the 
point  of  inflection  of  the  columns  is  midway  between  the  lateral 
struts.  For  any  particular  joint  the  forces  acting  are  then  as  shown 
in  Fig.  54.     i?i  represents  half  the  sum  of  all  the  lateral  forces  above 

P 

this  story,  and  —  the  lateral  force  applied  at  this  section.    Taking 


Fig.  54. 


\   * 
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moments  about  E,  we  have  F  —  = 

2 


■\ ,  whence 


V  = 


2g,  (fe,  +  fe,)  +Pfe, 

2i 


(39) 


284.  Portal-Braced    Towers    with    Inclined    Posts. — ^The    Kinzua 
Viaduct,  constructed  in  1900,  is  of  the  type  shown  in  Fig.  55.     The 


f — h\ ^ 


9 

Fig.  55. 


Fig.  56. 


lateral  rigidity  is  secured  by  relatively  deep  struts  riveted  to  the  main 
columns  of  the  towers.  The  analysis  of  such  a  structure  may  be  made 
in  the  manner  explained  in  the  preceding  article.  Points  Cp  Cj,  etc., 
are  points  of  inflection,  and  their  deflection  with  respect  to  each  other 
will  be  zero.  Fig.  56  represents  one-half  the  structure.  The  equations 
will  vary  from  those  of  the  preceding  article  on  account  of  the  inclined 
posts,  in  the  same  manner  as  those  of  Art.  282  differ  from  those  cf 
Art.  275.  For  the  struts,  the  integrals  are  of  the  same  form  as  in  Art. 
275.    For  the  posts  they  are  different. 

/*  A^  ^  d  X 
As  deduced  in  Art.  282  the  integr-al   /  — — —  for  ^^yl  2  is 

F,  c,  {b,'  4-  61  62  +  b,')       P,  h,  c,  (2  62  -f  b,) 


12  /. 


24  /. 
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and  for  the  top  story  the  equation  is  the  same  as  eq.  (32)  of  Art.  282. 
For  the  second  story  the  integrals  for  C^A^  and  C^A^  are  equal  to 

'  I  and ^  respectively.    For  i4 ,  -Aj  the  eflfect  of  V^  and  F,  is  the 

24  i,  24  ij 

same  as  that  of  a  force  Fj  +  F,  acting  at  C,,  and  is  found  by  substitut- 
ing Fj  -f  Fj  for  Fj  in  the  expression  above,  and  changing  subscripts. 

12/4  2 

p  p  +  p 

— ,  their  efiect  on  -4,^4  3  is  the  same  as  a  single  force  — ^ ^  applied 

2  2 

at  Ca,  together  with  a  constant  moment  equal  to  — ^— ^.    The  former 

2 

is  equal  to   (^- +  ^»)  ^»^»  (^^»  +  ^»).      The  constant  moment  ^^ 

24/4  2 

applied  in  il^il,  is  at  an  average  distance  x  from  C2  equal  to    '        ' 


Mxdx      PiKc^(b^-{-bj) 


4 


hence  for  this  part    /  — j —  =  — ^ —    *  , .    After  multiplymg 

through  by  12  the  equation  for  the  second  story  becomes  then 

/<  2/32  /j 

(P,  +  P,)  A3C,  (2 63  +  63)  +  3P,  A,C3  (ft,  +  W 


2/4 

For  the  third  story  the  equation  is 

{V,  +  V,+  F.)  c,  (V  +  i.  6,  +  V)  ^  F,  V       V,  hi 


•     (40) 


/,  2/52  /, 


.   (41) 


2/c 
etc.  etc.  etc. 

Then  from  moments  about  A^y  we  have 

1        2        s        4       5  ^^ 

Example. — ^The  Kinzua  Viaduct.     (Trans.  Am.  Soc.  C.  E.,  Vol.  46, 1901.) 
Fig.  57  represents  a  section  of  the  Kinzua  Viaduct,  at  a  point  of  maximum 
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beight,  where  five  stories  are  employed.    The  dimensions  c.  to  c,  are  as  shown 
atnd  also  the  values  of  the  several  moments  of  inertia. 

The  posts  are  assumed  as  fixed  at  the  base,  which  is  equivalent  to  assuming 


r^i-oo 


Fig.  57. 


or 


For  the  top  story  we  have,  by  substituting  in  (32), 

Vx  X  3'»fe(9  5'  +  9-5  X  '9-9  -*-  iQ-9')  ^     ^1  X  9-5*    _  V-i  X  19-9' 

10,750  2  X  107,500       2  X  5,500 

^  g6.8oo  X  31. 1  X  31.6(2  X  19.9  +  9.5) 

a  X  10,750 

1.989  Vj  —  0.716  7j  =  60,500 (a) 
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Then  from  (40)  we  have 

16.68  V^  +  17.40  Fj  —  2.005  V^  =  1,021,000.      .     .     .    (t) 

In  a  similar  manner,  for  the  3d,  4th,  and  5th  stories  we  have 

46.1  Vj  +  46.1  V2  +  48.11  K,  -  3.54  F4  =  3,602,000.  (r 
78.65  Fj  +  7865  Vj  +  78.65  ^3  +  82.19  V4  -  6.26  V^  =  7.163,000.  (d, 
126.0  Vi  +  126.0  Fj  +  126.0  F3  4-  126.0  V^  +  132.26  Fj  =  12,785,000.    (tf; 

(F3  does  not  appear  here  as  /^  =  00  ). 

In  eliminating,  note  that  F5  may  be  eliminated  from  the  last  two  equation^, 
then  F4  from  the  resulting  equation  combined  with  (c),  then  Fj  and  1';, 
getting  finally  the  value  of  F,.  Then  by  substitution  the  other  values  are 
readily  found.    The  results  are, 

Fj  =  38,900  lbs.,  F4  =  12,400  lbs., 

V2  =  23,400  lbs.,  Fj  =    9,900  lbs. 

F,  =  16,300  lbs.. 

These  agree  very  closely  with  those  given  by  Grimm  in  Trans.  Am. 
Soc.  C.  E.,  Vol.  46,  p.  32,  calculated  from  the  theory  of  least  work. 

If  the  posts  were  hinged  at  the  base,  then  eq.  (e)  would  no  longer  hold  gt)o(l 
In  its  place  we  would  make  use  of  eq.  (42),  taking  moments  about  the  foi)t 
of  the  post. 

285.  Deflection  of  Quadrangular  Frames. — ^The  relative  rigidity 
of  quadrangular  frames,  or  portals,  as  compared  with  full  diagonal 
bracing  is  a  matter  of  some  importance.  In  any  given  case  the  de- 
flection of  such  a  frame  is  readily  found  from  the  general  formula, 

A  =  J  /  — =rj — ,  where  m  is  the  moment  due  to  a  one-pound  load 

acting  at  the  point  whose  defluclion  is  desired.  General  formula> 
arc  unwieldy  except  in  simple  cases.  Such  a  case  is  that  of  the 
symmetrical  frame  subjected  to  a  lateral  force  as  discussed  in  Art. 
280.  A  comparison  of  its  deflection  with  that  of  a  fully  braced  frame 
will  be  instructive. 

The  lateral  deflection  of  the  frame  of  Art.  280  can  be  calculated 
by  considering  the  lateral  deflection  of  point  C  with  respect  to  F,  of 
the  half -frame  as  shown  in  Fig.  58.  Let  M 1  =  moment  at  A  due  to 
the  lateral  force,  and  M^  =  moment  at  D.     The   moment   m  AD, 

at  any  point  distant  x  from  A,  will  be  Jf  =  3/i  +  (3/,  —  i/J  t  I 
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I  —  t)  +  -J^a  T-    The  moment  in  D  F  at  any  point  distant  x 


2X 


from  F  =  Jf ,  — .    For  a  one-pound  load  applied  horizontally  at  C, 


Ml 


1 


b 
%' 


y,    ! 


I      I 


p 


* 


Mt 


I 

I 

I  I 

•  F      I 


I' 


Fig.  58. 


Fio.  59. 


the  moment  in  i4  C  —  o,  that  in  A  D  ^  m  ^  x\  and  that   in  Z>  F 
s  m  »  ^-- — .     ine  mieerais   #  = —  are  then  as  follows: 


2hx     ^v    .  ,       ,      r Mmdx 
—j—.     The  mtegrals   /  — j— 


For  AD,     M,i^  +  M^ 

6/, 

For  D  F,      M ,  -f4- 

6  /, 


3/; 


The  deflection  is,  therefore, 

h 


A.= 


6£ 


[(M. +  2M,)A  +  3f,0  . 


(43) 


For  a  fully  braced  rectangular  frame  (Fig.  59),  the  deflection  is 

Sul 

Assuming  approximately  that 


found  from  the  formula   A  =  J 


EA' 


the  section  of  the  diagonal  is  small  as  compared  to  the  other  members 
of  the  frame,  we  derive  the  value 


A,  =  : 


S  {h?  -h  V) 


EAb 


(44) 


in  which  S  is  the  total  stress  in  the  diagonal  due  to  the  load  P. 

To  compare  the  relative  values  of  A  in  (43)    and  (44),  suppose 
that  6  =  A,  and  /,  =  /,,    Then  M^  =  Af^.     Also  let  S/A  =  5  = 
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working  stress  in  the  diagonal  of  Fig.  59,  and  let  /  =  maximum  fibre 
stress  in  the  members  of  Fig.  58,  due  to  the  moment  Af„  and  let  c  = 
the  half  width  of  members  of  Fig.  58  =  distance  from  neutral  axis  to 

M  2W  f 

extreme  fibre.    Then  in  eq.  (43),  -=-  =//c,  and  hence  A.=  — =-^. 

o  ft  S 

And  in  (44)  A,  «=  -=--.    The  ratio  of  the  two  values  is 

r,-^ ws) 

Generally  the  adopted  working  stress/,  for  lateral  forces,  will  be  much 
less  than  s.    Suppose //*  =  X>  then 

In  this  case,  therefore,  the  deflections  of  the  two  forms  will  be  equal 
if  the  half  width,  c,  of  the  members,  is  equal  to  1/12  the  height  of  the 
panel.  Generally  the  members  are  of  much  more  slender  proportions. 
The  preceding  analysis  shows  that  the  quadrangular  frame  will  be 
relatively  flexible  as  compared  to  a  diagonal  bracing  unless  the  working 
stresses  for  the  lateral  forces  are  small  and  the  width  of  members  large. 
The  analysis  also  shows  that  for  given  working  stresses  the  flexibility 
is  inversed  proportional  to  the  widths  of  the  members  (not  to  the 
moments  of  inertia). 

SXOTION  IV.— TBUSSKD  BKAM8 

286.  The  King  Post  Truss. — A  combination  form  of  beam  and 
truss  often  employed  is  that  shown  in  Fig.  60.    The  member  A  B 

is  a  relatively  large  beam,  supported  by 

k . ^ ^      the  trussing  at  C    Loads  may  be  ap- 

p— <ir-»^p       c        I I      plied  at  any  point.    The  beam  ACBj 

~^  JP^%    therefore,  acts  as  a  strut  in  the  truss 

kx<]^^'     r«  A  D  B  as  well  as  a  beam  carrying  the 
'"'  applied   loads  directly.      The  stresses 

Pjq  gQ  may  be  solved  by  the  general  method 

of  redundant  members,  assuming  the 
stress  in  C  i?  as  redundant.  This  member  is  cut  at  C  and  the  de- 
flections of  the  beam  above,  and  the  truss  below,  are  placed  equal. 
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Let  S^  =  stress  in  C  D.    The  deflection  of  the  beam  is  that  due 
to  the  load  P  and  the  force  S^.     By  Table  i,  p.  10,  this  is  equal  to 

— =r7  ( fl' ) TTT^'    The  deflection  of  the  truss  is  found  by 

12  EI  \  4  /       48  EI  ^ 

Sul 
calculating  the  value  of  J  •^rj-,  for  a  load  of  S^  at  C,     The  calcula- 
tions are  as  follows: 


5 

U 

ul 
A 

Sul 
A 

z 

Sri 

4h 

I 

4h 

Sri" 

2 

-Sr 

—   I 

h 
A, 

Srh 

A, 

3 

,Sre 

^    2h 

*7n 

"*■  2hA^ 

Sr(^ 

Adding,  and  taking  twice  the  given  values  for  men^bers  i  and  3,  we 
have  for  the  truss  = 


-  ^-  Q; 


+ 


+ 


-.] 


eh^E^A^     E^A^       2  k^B^A, 

whence,  writing  the  deflections  equal  and  solving  for  5^,  we  have 

Pa      /3_P 
4 


5.= 


i2EJ,\  4  / 


+ 


+ 


(^ 


H- 


P 


(47) 


16  K'E^Aj,      E^A^      2h^E^A^      A&EJi 

Frequently  the  beam  is  of  wood  and  the  trussing  iron  or  steel,  in  which 
case  the  values  of  the  various  moduli  must  be  used.  Generally  the 
terms  in  the  denominator  of  (47)  involving  direct  stress  are  small  as 
compared  to  those  involving  moment,  and  may  be  neglected,  giving 


APa(i± 
4 


---^°( 


«■) 


(48) 


^hich  is  the  centre  reaction  for  a  beam  continuous  over  three  supports. 

For  a  imiform  load  Wy  extending    from  a  distance  a  =  Xy^  io  ^, 

distance  a  «  jc,,  the  numerator  of  (47)  is  changed  by  placing  P  = 
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wdx  and  a  =  x,  and  integrating  P  a  {j/^P  —  a^)  from  x^  to  x^    For 
a  full  uniform  load  the  numerator  is  the  central  deflection  of  a  beam 

uniformly  loaded  =  -| — ^. 

287.  The  Queen  Post  Truss  Without  Diagonals.— Trussed  beams 
are  sometimes  made  of  the  form  shown  in  Fig.  61,  the  member  A  D 


Fig.  61. 

being  a  continuous  beam.  No  diagonals  being  used  in  the  middle 
panel,  the  rigidity  of  the  construction  depends  upon  the  strength  of 
the  beam,  the  trussing  furnishing  equal  reactions  at  B  and  C 

Let  S^  =  stress  in  S  £  and  C  F,  assumed  as  equal.  This  is  very 
nearly  true,  as  the  small  deflections  of  £  and  F  do  not  appreciably 
change  the  inclinations  of  ^4  E,  £  £,  and  F  D.  The  horizontal  com- 
ponents of  i4  £  and  F  D  being  equal  (equal  to  the  stress  in  £  F)>  their 
vertical  components  are  equal  and  hence  the  stresses  in  5  £  and  C  F. 

The  problem  is  solved  by  determining  the  sum  of  the  deflections 
of  points  B  and  C  as  regards  the  beam,  and  placing  this  equal  to  the 
same  sum  as  calculated  from  the  truss.  Since  the  truss  alone  is 
unstable,  the  deflection  of  one  of  the  points  depends  upon  the  other, 
but  the  sum  of  the  two  is  a  definite  quantity. 

For  a  load  P,  placed  between  A  and  B,  the  deflections  of  JB  and  C 
axe  given  by  the  table  p.  10.    They  are 

*        gEI\g  J 


J,  Pa    /8P        A 

Then 


^^  +  ^«=llf/(^^-3«')- 


TRUSSED   BEAMS  41I 

For  two  upward  forces  5^,  applied  at  B  and  C,  the  deflection  of  each 
point  is  equal  to 

^      162  EI 

c  S  P 
and  the  sum  of  the  deflections  for  the  two  points  is  ^ — —7.    The 

downward  deflection  of  the  truss  at  B  and  C,  due  to  two  forces  5^, 
is  calculated,  as  before.     It  is 

» 

Placing  Aj^  4-  Ag  —  2  A'^^  =  A'^,  and  solving  for  5^,  we  have, 

P  a 


18  E  J, 


(2?   -3^') 


.       2  fe  /3  2  C^  5  P      '     ' 


(49) 


9A'£|i4i       £2^3       27/1=  £3^4,      fe^fi.il^      Si  £i/i 
For  a  load  between  J5  and  C 


^^^i^2EJ, ^^^^ 

A/49 

in  which  D^^  is  the  denominator  in  eq.  (49).  For  a  full  uniform  load 
of  w  per  unit  length,  the  value  of  5^  is 

II  wl^ 
^        4&6  EI  ,    , 

If  the  direct  stresses  are  neglected  in  (49),  the  value  of  the  denomi- 

nator  becomes  equal  to  ^    ^   .    For  a  load  at  B  or  C,  a  =  //3,  and 

we  have  S^  =  P/2,  that  is,  the  truss  carries  one-half  the  load  and 
the  beam  one-half.  The  upward  pressure  at  C  is  also  P/2,  thus 
giving  a  point  of  inflection  in  the  beam  at  the  centre. 

For  trussed  beams  of  three  or  more  panels,  with  full  diagonal 
bracing,  the  case  becomes  similar  to  the  calculation  of  secondary 
stresses  in  trusses  with  rigid  joints.  This  case  is  fully  treated  in  the 
following  chapter. 
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288.  Truss  of  Several  Panels  with  Diagonals  Omitted  in  One 
Panel. — ^It  is  sometimes  desired  to  estimate  the  supporting  power  of 
a  truss  from  which  one  of  the  web  members  has  been  removed,  the 
chords  being  continuous  and  the  joints  riveted.  The  strength  of 
such  a  truss  is  dependent  upon  the  bending  resistance  of  the  chord 
members  C  D  and  E  F,  but  the  exact  stresses  therein,  due  to  a  given 
loading,  can  be  calculated  only  by  considering  all  the  joints  of  the 
structure.  Generally  a  sufficiently  exact  result  can  be  obtained  by 
assuming  the  points  of  inflection  oiC  D  and  £  F  to  be  at  their  centres, 


C  Mi   9 


Fig.  62. 


G  and  H.    Let  V  =  shear  in  panel  E  F,  caused  by  any  load,  Fig.  62. 
The  sum  of  the  moments  at  C  and  E,  in  C  D  and  EF,  is  then 

d 
V  X  —,  and  the  relative  moments  carried  by  the  two  members  will 
2 

be  in  proportion  to  their  moments  of  inertia  (their  deflections  being 
equal).     Hence  we  have  M^  +  Mj  =  F-,  and  — *  =  -jr,  whence 


3f.  = 


vir. 


and    Af ,  = 


Vdlj 


(52) 


2(7,+/,)  "'  2(/.  +  /J'         •        • 

For  a  more  exact  solution  recourse  must  be  had  to  the  methods  used 
in  calculating  secondary  stresses  (Chapter  VII). 


SioTiON  V. — Beams  on  Mtiltiplk  Elastic  Suppobts 

289.  The  General  Problem. — ^The  problem  of  determining  the 
distribution  of  loads  upon  elastic  supports,  transferred  thereto  by 
means  of  an  intermediate  beam,  is  one  which  frequently  arises  in 
practice,  particularly  in  connection  with  bridge  floors  of  various  types. 
The  maximum  load  supported  by  a  single  cross-tie,  or  one  element  of 
a  steel  floor  system,  consisting  of  closely  spaced  transverse  members, 
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such  as  /-beams,  or  trough-shaped  sections,  are  problems  of  this 
kind.  Usually  a  solution  is  reached  by  making  an  approximate 
estimate  which  will  be  certain  to  be  on  the  safe  side.  It  is  not  difficult, 
however,  to  arrive  at  a  reasonably  exact  solution  by  methods  used  in 
solving  other  statically  indeterminate  combinations.  In  the  following 
articles  a  general  solution  will  be  given,  and  a  diagram  from  which 
numerical  results  may  readily  be  obtained  for  a  variety  of  conditions, 
2go.  General  Method  of  Solution. — Fig.  63  represents  an  arrange- 
ment such  as  here  considered,    A  B  isei  longitudinal  beam  supporting 

u 


1  i  i  1  i!i  1 1  iTT- 


.6.6         4         6         S|l         8         8         4         5         6 


aTb  AlB 


I- 


SEC.  q 

Fig.  63. 

a  concentrated  load,  P.  The  beam,  A  B,  rests  upon  numerous  trans- 
verse beams,  i,  2,  3,  4,  etc.,  which  in  turn  are  supported  at  their  ends 
by  relatively  deep  and  rigid  girders  or  other  rigid  supports.  Fig.  (b) 
shows  one  of  the  transverse  beams  M  N,  supporting  two  longitudinal 
beams,  A  5,  symmetrically  placed,  as  in  the  case  of  the  usual  single- 
track  railway  bridge-floor.  The  beams  M  N  may  be  ties  resting  upon 
stringers,  or  units  of  a  steel  floor  system  riveted  into  longitudinal 
girders;  and  the  beam,  A  B,  may  be  merely  the  rail,  or  a  rail  together 
with  channel,  /-beam,  or  other  supplementary  support.  In  any  case 
the  beam,  A  B,  as  here  considered,  includes  all  of  the  elements  acting 
together  to  support  the  load  P.  In  determining  the  moment  of  inertia 
of  this  combination  the  moment  of  inertia  of  each  independent  part 
is  to  be  taken  about  its  own  gravity  axis  and  the  results  added.  If 
one  element  is  of  wood  and  another  of  steel,  then,  as  will  later  appear, 
the  product  E  I  ot  each  element  is  to  be  taken  and  the  results 
added. 
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In  the  solution  of  this  problem  it  is  assumed  that  the  supports  of 
the  transverse  beam  M  N  are  so  rigid,  compared  to  the  beam  A  5, 
that  they  may  be  assumed  as  absolutely  so.  The  various  transverse 
beams,  i,  2,  3,  etc.,  will,  therefore,  deflect  in  proportion  to  the  load 
brought  upon  them,  or  in  proportion  to  the  reaction  which  they  supply 
to  the  beam  A  B.  Generally  the  beam  ABis  continuous  over  a 
large  number  of  transverse  supports,  and,  in  turn,  it  supports  several 
loads  P,  of  various  weights  and  spacing. 

In  arriving  at  a  solution  it  will  be  sufiiciently  exact  to  consider  not 
more  than  nine  supports,  symmetrically  spaced  with  respect  to  the 
load  P,  and  to  assume  that  the  beam  A  B  ends  at  the  last  support  at 
either  end.  The  principal  problem  is  to  determine  the  load  carried 
by  beam  No.  i,  immediately  beneath  the  load  P,  but  at  the  same  time 
the  loads  carried  by  the  other  beams  should  be  found.  The  error 
involved  by  neglecting  the  supports  beyond  the  nine  here  considered 
is  very  small,  and  in  most  cases  the  results  are  accurate  enough  if  only 
seven  supports  are  considered. 

If  additional  loads  are  applied  to  the  beam  A  5,  within  the  length 
considered,  their  effect  upon  the  load  carried  by  No.  i,  can  be  found 
from  the  results  obtained  for  the  load  P.  Thus  if  a  load  P'  is  placed 
over  beam  No.  3,  the  proportion  of  P'  transferred  to  No.  i  may  be 
taken  as  the  same  as  the  proportion  of  P  carried  by  No.  3,  etc.  I^oads 
beyond  the  last  support  considered  do  not  appreciably  affect  the  load 
on  No.  I. 

291.  Deflection  of  the  Transverse  Beam. — ^Fig.  64  represents  a 
transverse  beam  of  length  ft,  loaded  with  two  equal  loads,  Qy  symmetri- 


K— ----- -----H 

Fig.  64. 

cally  spaced  a  distance  z  from  the  ends.  The  deflection  of  points  0, 
where  the  loads  are  applied,  is  given  by  the  formula  of  Table  i,  p. 
12.     In  terms  of  the  load  Q,  it  is 

^  =  6^(3^-4.) 0) 
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It  will  also  be  desirable  to  express  this  deflection  in  terms  of  the  maxi- 
mum fibre  stress  due  to  the  load  Q.    The  bending  moment  =  Q  2 

and  the  fibre  stress  =/  =  — -  =  ^—7-;  whence  O  z  =  — r^.    Sub- 

stituting  in  (i),  we  then  have  also 

^-34*^36-4.) (.) 

in  which  h  is  the  depth  of  the  beam,  assumed  as  symmetrical  about 

its  neutral  axis. 

In  the  subsequent  analysis  it  is  necessary  to  have  a  measure  of 

the  flexibility  of  the  transverse  beams.    A  convenient  measure  or 

coeflScient  of  this  flexibility  is  the  amount  of  deflection  at  the  points 

0,  due  to  a  load  of  one  pound  placed  at  each  point.    If  k  represents 

this  coefficient  of  flexibility,  then 

A  ;s* 

Q^  TeI  (3 * "  ^ ^)'      •     •     •     •    (3) 

also 

*-34fQ(36-4.) (4) 

GeneraDy  the  problem  relates  to  a  specific  design  already  deter- 
mined by  approximate  methods.  In  this  case  k  is  determined  from 
(3),  as  the  value  of  /  is  already  known.     In  making  a  new  design, 


""  """     "*        ""•  ■'"""lb        -     —     —  **"*♦? 


t"7' 


^1  F  E  D  4c  D*  E^  F^ 


B 
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Fig.  65. 

however,  it  is  considerably  more  expeditious  to  fix  only  upon  the  depth 
h  of  the  floor  or  beam.  Then,  using  an  estimated  value  of  Q,  the 
value  of  k  is  at  once  found  from  (4),  without  fully  working  out  the 
cross-section  of  the  floor  element.  Having  k,  the  true  value  of  Q  is 
found  as  described  later,  and  then  if  desired  a  corrected  value  of  k. 
A  considerable  variation  in  k  will  affect  the  value  of  Q  but  little. 

292.  The  Longitudinal  Beam.— Fig.  65  represents  the  longitudinal 
beam,  A  B,  and  the  several  reactions,  Rj R^,  spaced  a  distance, 
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d,  apart.  The  total  moment  of  inertia  of  the  beam  A  B  is  I,  and 
its  modulus  of  elasticity  is  E.  These  enter  into  the  calculation  only 
as  the  product  E  I,  and  if  two  kinds  of  material  are  used,  the  total 
value  of  £  7  is  to  be  obtained  by  adding  these  products  for  the  several 
elements. 

The  forces  being  vertical,  only  two  reactions  can  be  determined 
by  statics.    There  are,  therefore,  seven  redundant  reactions.    These 

may  be  taken  as  reactions  Ri R^,  the  end  reactions,  R^j  being 

considered  as  the  two  "necessary"  reactions.  By  reason  of  symmetry 
of  arrangement  the  reactions  on  one  side  are  equal  to  those  on 
the  other  side,  symmetrically  located;    hence  there  are   practically 

only  four  unknowns,  R^ R^y  which  requires  for  solution  four 

condition  equations.  These  condition  equations  may  be  obtained 
by  the  method  of  least  work,  expressing  the  total  work  performed 
in  the  deflection  of  the  beam  and  its  supports,  then  differentiating 
with  respect  to  each  support  and  placing  such  derivative  equal 
to  zero;  or  they  may  be  obtained  by  the  method  of  redundant 
members,  placing  the  deflection  of  the  beam  at  each  support  equal 
to  the  settlement  of  that  support.  The  latter  method  is  the  simyJcr, 
and  in  its  application  the  deflection  formula  given  in  the  Table  on  p. 
ID  will  be  made  use  of  directly,  instead  of  using  the  fundamental 
expressions  of  Art.  243. 

The  four  condition  equations  will  then  be  obtained  by  placing  the 
deflection  of  the  beam  at  points  C,  D,  E,  and  F,  equal  to  the  deflection 
of  the  respective  support,  which  in  general  is  equal  to  R  k,  where  R 
is  the  reaction  at  any  point.  If  A^,  A^,  etc.,  are  the  deflections  at 
the  several  points,  then  the  equations  are,  in  general  terms: 


A,  =  /e,*l 


(5) 


A,  =  2?,4 
Af^R.k  j 

In  calculating  the  deflections  J,  the  eflfect  of  the  load  P,  and  of 

ihe  several  reactions,  /?i R^,  may  be  expressed  separately, 

and  the  several  results  added. 

293.  Deflections  Due  to  Load  P. — In  calculating  the  deflection  due 
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to  the  load  P,  it  is  assumed  that  the  forces,  R^ R^,  are  removed. 

The  deflection  of  any  point  will  then  be  that  due  to:  (i)  the  bending 

of  the  beam  under  load  P,  with  reactions  at  A  and  B,  and  (2)  the 

p 
settlement  of  the  supports  at  A  and  B,  which  will  be  -  k.    The  deflec- 
tion of  any  point  of  a  beam,  supporting  a  single  load    P,  at  the 
centre,     is    given    by    the    general,    formula     (Table    i,    p.    jo) 

Px 

y  =  (3  /'  —4  x^),  in  which  x  is  the  distance  of  the  point  from 

48  xt  / 

the  near  end  of  the  beam.     Applying  this  formula  to  the  several 
points,  C,  Dj  Ey  and  F,  the  value  of  x  will  be  equal  to  4  d,  3  rf,  2  d, 

and  d.    We  have  also,  I  ==  &d.     Adding  in  each  case  the  quantity 

p 

-  k,  we  obtain  the  following  values  for  the  deflections  due  to  P: 
2 


K  -  fC 


=  P( 


d 


.-P{ 


32  d^ 

39  <P 
22  <P 


*/  =  ^(1 


47  d? 


+  2) 
+  2) 

k 


2  EI 


+ 


i) 


(6) 


2g4«  Deflections  Dae  to  R^, — ^These  deflections  will  be  given  by 
the  same  equations  as  for  P,  the  deflections  being  upward. 

295.  Deflections  Due  to  P,. — ^The  deflections  due  to  the  two  sym- 
metrical loads,  P3,  are  obtained  by  the  general  formulas  from  Table 
I.    They  are: 


for  X  <  z,  y^T-^ry  (3^2  -32'-^') 


tor  X  >  z,  y  = 


6EI 


(7) 


In  this  case,  since  there  are  two  equal  forces,  Pj,  the  end  reactions 
due  to  these  loads  are  each  equal  to  Pj,  and  the  movement  of  end 
supports  due  to  their  elasticity,  will  be  P,  k.  In  applying  eq.  (7), 
/  =  8  rf,  and  2  =  3  d.  For  point  C,  x  =  4d,  and  the  second  equation 
(7)  is  used. 
II.— 27 
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The  several  deflections  are: 


-/?,( 


*«,  -  R.{ 


d. 


'•  -  R2{ 


9,  =  R.{ 


39  <^ 
2  EI 

iStP 

EI 

41  cP 

22  d* 
jEl 


+  k 


+  k 


+  k 


) 
) 
) 

)J 


(8) 


By  the  principle  of  reciprocal  deflections  explained  in  Art.  220 
Part  I,  it  is  observed  that  the  deflection  at  C,  due  to  a  single  force 
applied  at  D,  is  equal  to  the  deflection  at  D  due  to  a  like  force  applied 
at  C.  Hence  the  value  of  d^  of  eq.  (8)  is  double  the  value  of  0^  ol 
eq.  (6). 

296.  Deflections  Due  to  R^. — In  this  case  z  =  2  d  in  eq.  (7).  The 
only  values  requiring  calculation  are  d^  and  3^  as  the  value  of  d^  is 
twice  d^  of  eq.  (6),  and  d^  =  d^  of  eq.  (8).     The  results  are: 


*„  =  R^{ 


^  =  R^{ 


3  EI 

41  (p 

3  EI 

32  <P 
iEI 

Ml. 

6EI 


+  k\ 

+  k\ 


+  k 


) 

)J 


(9) 


297.  Deflections  Due  to  if 4. — ^The  values  of  d^,  3^  and  d,  are 
obtained  from  the  values  of  3f  of  eqs.  (6),  (8),  and  (9).  The  value 
of  8f  is  calculated  from  eq.  (7).     The  results  are: 

-HTei 


+  k 


-..( 


.  =  R*{ 


22  (P 

JeT 

35  <P 

6£/ 
10  (P 

3^/ 


+  * 


+  k 


+  * 


) 
) 

) 
) 


(10) 


BEAMS   ON   MULnPLE   ELASTIC   SUPPORTS  419 

298,  Resulting  Equalions.—PlaLcing  the  total  deflection  at  C,  for 
all  loads  and  forces,  equal  to  R^  k,  vr'?  have  the  following  equation: 

Similar  equations  are  derived  by  placing  the  total  deflection  at  D  equal 
to  i?j  k,  that  at  E  equal  to  R^  ky  and  that  at  F  equal  to  if 4  k, 

cP  kEI 

Simplifying  these  equations  by  dividing  by  -^r-v  and  placing  — ^- 

=  fl,  we  derive  the  four  simple  equations: 


/f,(  64+9a)+^(ii7+  6a)+i2,(  88+  6a)  +  /?4(47+  6<i)=P(  64+3(1) 
i?,(ii7+6fl)  +  -R2(2i6+24a)  +  2?,(i64+i2a)  +  2?4(88+i2a)=P(ii7  +  6a) 
>?i(  44+3«)+^(  »2+  6a)+;2,(  64+ 12 a) +1^,(35+  6a)-P(  44+3«) 
/?,(  47+6a)+ie2(  88+i2a)+i?a(  7o+i2a)  +  ie4(4o+24a)«P(  47+6a) 


1 


.   .   (II) 


The   algebraic   solution   need   not   be   carried   further.     In   any 

JtEI 
problem  the  numerical  value  of  ^  =     ^     should  be  calculated,  then 

substituted  in  eq.  (11),  and  the  values  of  i?i,  R^y  R^y  and  R^  determined 
by  elimination. 

299.  Equations  for  Seven  and  Five  Supports, — ^As  it  may  be  desired 
to  analyze  a  case  where  a  less  number  of  supports  are  involved,  there 
are  given  here  the  necessary  equations  for  the  case  of  seven  supports 
and  five  supports,  calculated  in  the  same  manner  as  above  described. 
For  fairly  rigid  supports  the  equations  for  seven  or  even  uve  supports 
will  give  sufficiently  accurate  results  for  R^, 

For  seven  supports: 


>  • 


(12) 


i?,  (27  +  90)+/?,  (46+  6  a) +2?,  (26+  6  a)  =P  (27+30) 
*.  (23  +  3  a)  +-^2  (40  +  12  a)  +/?,  (23+  6  a)  =P  (23+3  a) 
*i  (13  +  3  a) +^2(23+  6o)+ie,  (i4  +  i2a)=P(i3  +  3a) 
For  five  supports: 

■Ri  (  8  +  9  o)  +  ^,  (11  +    6  a)  =  P  (  8  +  3  a)  )  ,    ^ 

r  •      •      (13) 
R^  (11  +  6  a)  +2?,  (16  +  24  a)  =  P  (ii  +  6  a)) 

300.  Diagram  for  Values  of  Reactions. — In  the  usual  problem  of 
bridge-floor  design  the  value  of  a  wiU  rarely  be  less  than  i  nor  more 
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than  lo.  .  The  practical  application  of  this  method  can  therefore  be 
greatly  facilitated  by  constructing  a  diagram  of  the  values  of  the  ratio 
of  maximum  reaction  R^,  to  the  concentrated  load  P.  Such  a  diagram 
is  given  in  Fig.  66,  calculated  from  eq.  (ii),  Art,  298.  In  addition, 
the  values  of  Z?,,  R^,  and  R^  are  also  given  for  use  where  two  concen- 
trations are  spaced  closer  together  than  4  d. 

It  can  be  shown  theoretically  that  where  the  supports  are  ver\' 
closely  spaced  and  the  spacing  of  loads  relatively  great,  the  value  ol 
if,  is  closely  given  by  the  formula 

2,82\/a 

This  formula   is   represented   by  the  dotted  line   in  Fig.  66.    Eq. 

«  -         *lk~EI 
(14)  shows  that  the  value  of  /?i  varies  with  y/a  or  -vl  .     A 

roughly  approximate  estimate  of  k  is  therefore  sufficient  to  determine 
Ri  with  a  good  degree  of  accuracy. 

Examples. — (i)  What  will  be  the  maximum  load  on  one  tie  of  a  bridge 
floor,  the  ties  being  of  oak,  8^x8^  in  section,  spaced  12  in.  apart  and  sup- 
ported by  stringers  spaced  7  ft.  apart.  The  rail  is  a  90-lb.  rail  with  a  naoment 
of  inertia  oif  35.2. 

The  modulus  of  elasticity  of  the  tie  may  be  taken  at  2,000,000.  Its 
moment  of  inertia  is  341.     Then  from  eq.  (3)  the  value  of  the  coefficient  k 

12^ 

is  equal  to  r-r: -; (21  —  4)  X  12  =  .0000072.    The  value  of 

6  X  2,000,000  X  341 

a  of  eq.  (11)  is  then 

k  E I      .0000072  X  30,000,000  X  35.2 
^  =  -^  ^ ^^s *-40. 

From  the  diagram,  Fig.  66,  we  find,  for  a  =  4.4,  i?,/P  =  0.26,  that  is, 
the  maximum  load  on  one  tie  is  26  per  cent  of  the  wheel  concentration.  The 
load  on  the  next  tie  is  about  22  per  cent,  on  the  third  tie  is  about  14  per  cent, 
and  on  the  fourth  it  amounts  to  5  per  cent..  A  second  wheel  spaced  three  ties 
(three  feet)  from  the  first  will  add  about  5  per  cent  of  its  weight  to  the  load 
under  the  wheel  in  question. 

(2)  Suppose  a  single-track  steel  floor  system  is  to  consist  of  elements 
spaced  16  ins.  apart  and  of  a  depth  of  18  in.  Suppose,  further,  that  the  work- 
ing stress  to  be  employed  is  15,000  lbs.  per  sq.  in.,  and  that  the  wheel  con- 
centration is  30,000  lbs.,  plus  100  per  cent  for  impact.  Let  it  be  required  to 
determine  the  maximum  load  on  one  of  the  floor  elements.  The  width  of 
the  floor  between  supports  is  12  ft.,  and  the  rails  are  100  lb.  rails  having  a 
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•         1 

kEI 


4  5  6 

Values  of  a 


I 


=3 


beam  for  a  load  of  one  pound,  W4^4n24n24(^«ft24^H^*f 
d  =  spacing  in  inches  of  transverse  beams,  I  I  I  •  '  '  i  1  i 
R  and  /  refer  to  longitudinal  beam  A  B.    "*    "*   "»    "«   ''^    ""    "^^   "*     ' 

Fig.  66. — ^Diagram  of  Reactions  fok  a  Beau  on  Multiple  Supports. 
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moment  of  inertia  of  44.4.  They  are  supported  in  lo-in.  channels  having  a 
moment  of  inertia  of  4.0.  The  total  value  of  /  for  the  combination  is  therefore 
48.4. 

The  value  of  k  will  be  first  estimated  from  eq.  (4).  Assuming  approxi- 
mately that  Q  —  40  per  cent  of  the  wheel  load,  =  24,000  lbs.,  we  have, 
f or  /  =  12  ft.,  z  =  3.5  ft.,  A  =  18  in., 

k  =  i5>oQO  X  3-5  X  12  X  (^6  —  14)  X  12  ^  128 
3  X  18  X  24,000  X  E  E' 

kEI       128X48.4 
d^  16'  ^ 

AVith  a  =  1.5  we  find  from  Fig.  66,  R^  =  32  per  cent  of  P  or  19,200  lbs. 
We  can  now  correct  the  value  of  k  in  eq.  (4),  finding,  for  Q  =  19,200^ 

160 
k  =  -TT.    Then  a  =  1.9  and  the  diagram  gives  i?i  =  31  per  cent  of  P.    If 

the  transverse  beam  is  now  designed  for  a  load  of  .31  X  60,000  =  18,600  lbs, 
at  a  working  stress  of  15,000  lbs.  per  sq.  in.,  it  will  meet  the  conditions  of  the 
problem. 


CHAPTER  VII 

SECONDARY  STRESSES 

301.  Primary  and  Secondary  Stresses. — It  has  been  assumed 
heretofore  in  the  analysis  of  stresses  that  all  members  of  a  truss  are 
free  to  turn  at  the  joints.  It  has  also  been  assumed  that  all  members 
are  straight,  that  the  joints  lie  in  the  gravity  axes  of  the  members,  and 
that  all  external  loads,  including  the  weight  of  the  members,  are 
applied  at  the  joints  only.  The  stresses  so  calculated  are  the  axial 
or  direct  stresses.  They  may  also  be  called  the  primary  stresses  in  the 
truss. 

These  assumed  conditions  are  not  realized  in  practice.  The  joints 
offer  more  or  less  resistance  to  the  turning  of  the  members;  the  mem- 
bers themselves  are  not  straight;  the  joints  are  often  eccentric;  and, 
finally,  the  weights  of  the  individual  members  must  be  carried  to  the 
joints  by  the  members  themselves  acting  as  beams.  By  reason  of 
these  modifying  causes  the  members  of  the  truss  are  in  general  sub- 
jected not  only  to  axial  or  direct  stresses,  but  also  to  bending  moments, 
involving  bending  and  shearing  stresses.  In  a  complete  analysis  of 
stresses  it  is  convenient  to  calculate,  first,  the  primary  or  axial  stresses 
under  the  usual  assumptions,  and  afterward  to  calculate  separately 
the  eCFects  of  the  modifying  conditions  here  mentioned,  th,-  r'^sulting 
stresses  being  called  secondary  stresses.  It  will  be  found  that  the 
most  important  of  the  secondary  stresses  are  the  bending  stresses;  the 
shearing  stresses,  may,  however,  be  important  in  some  cases.  There 
are  also  small  secondary  axial  stresses,  which  act  to  modify  slightly  the 
primary  stresses  already  found.  These  are  also  very  small  and  need 
not  usually  be  considered, 

302.  Secondary  Stresses  Due  to  Rigidity  of  Joints.  Nature  of  the 
Problem. — ^If  the  members  of  a  truss  were  free  to  tmn  at  the  joints, 
the  longitudinal  deformations  which  are  produced  in  the  various 
members  by  their  axial  stress  would,  in  general,  cause  a  slight  change 
in  angle  between  all  the  members  at  all  the  joints.     In  the  truss  a  k 
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Fig.  I,  for  example,  suppose  the  nature  of  the  stresses  in  the  various 
members  to  be  as  indicated  by  the  signs.  In  the  triangle  abc  the  member 
a  c  will  be  shortened  and  the  members  c  b  and  a  b  will  be  lengthened. 
This  will  cause  a  decrease  in  the  angle  at  b  and  an  increase  or  decrease 
in  the  angles  at  a  and  c,  depending  upon  the  relative  changes  in  a  i 
and  c  b.  If  the  changes  in  the  lengths  of  these  members  are  known, 
it  is  possible  to  calculate  what  the  changes  in  the  several  angles  will 


Fig.  I. 

be.  So,  also,  for  the  other  angles,  it  is  evident  that  if  the  changes 
in  lengths  of  all  the  members  are  known,  the  changes  in  all  the  angles 
can  be  determined. 

Now  suppose  the  members  are  rigidly  connected  at  all  the  joints, 
by  riveting  or  otherwise,  so  that  the  angles  between  the  various  mem- 
bers cannot  change.    The  lengths  of  the  members  will  still  be  changed 


Fig.  2. 

• 

as  before,  from  the  axial  stresses,  and  the  vertices  of  the  triangles  wfll 
move  as  before.  This  movement  will  now  force  the  members  of  a 
triangle  to  bend,  as  represented  diagrammatically  in  Fig.  2,  thus  pro- 
ducing bending  moments  in  the  members  which  are  a  maximum  near 
the  joints.  The  secondary  stresses  arising  from  these  moments  are, 
in  many  cases,  of  large  amount,,  and  require  careful  consideration. 
It  is  generally  possible  and  sufficient  to  so  design  a  structure  as  to 
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keep  these  stresses  within  low  limits,  and  then  to  neglect  them  in 
the  calculations,  but.  in  many  special  cases  and  in  large  and  important 
structures  they  will  require  calculation. 

In  Fig.  2,  let  a,  b,  and  c  represent  the  original  positions  of  the  three 
joints,  and  a',  6,  and  c'  the  positions  after  the  members  are  stressed. 
Let  a,  fiy  and  y  represent  the  original  angles  at  a,  6,  and  c,  and  d  a, 
0  ;9,  and  d  y  the  changes  in  these  angles  if  the  members  were  free  to 
turn  at  the  joints.  The  angles  between  the  dotted  straight  lines 
joining  a',  i,  and  </,  will  then  be  equal  to  a  +  8  a,  fi  +  8  p,  and 
T  -^  dfj  respectively.  In  proceeding  with  a  solution  of  the  problem, 
the  changes  of  angle  d  a,d  p,  and  9  y  are  first  found  from  the  known 
changes  of  lengths  of  the  sides  of  the  triangle  due  to  axial  stresses. 
From  these  changes  of  angle  the  bending  moments  in  the  members 
are  then  calculated.  The  process  requires  the  simultaneous  con- 
sideration of  all  the  members  and  angles  of  the  truss  and  is,  therefore, 
somewhat  tedious,  although  simple  in  application  if  careful  attention 
/s  paid  to  signs  and  the  work  is  well  systematized. 

303.  Calculation  of  the  Changes  of  Angle  in  Any  Triangle  in  Terms 
of  the  Changes  in  the  Lengths  of  the  Members. — Let  ab  Cy  Fig.  3,  be 


the  original  form  of  a  triangle.     Number  the  members  i,  2,  3,  as  shown 
and  let 

^v  ^2}  ^s  =  stress  intensity  in  each  member; 

hi  h)  h  =  length  of  each  member; 

E  =  modulus  of  elasticity. 

si 
Then  the  change  in  length  of  any  member  will  be  in  general  -=. 

hi 
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Consider  the  angl^  a  and  the  change  caused  in  this  angle  by  changes 
of  length  in  the  various  members,  the  joints  being  frictionless  and 
the  members  remaining  straight.  Each  member  may  be  considered 
separately  and  the  results  added  (the  deformations  being  small).  It 
wiU  be  assumed  that  each  member  increases  in  length,  an  increase 
being  considered  as  a  positive  deformation. 

s  I 

Suppose,  first,  that  a  b  is  elongated  by  an  amount  -^,  shown  as 

b  d  in  the  figure.     Assuming  a  and  c  to  stand  fast,  the  point  b  will 
move  to  6',  on  a  line  b  V  drawn  perpendicular  to  6  c  and  intersecting 

V  d 
a  line  dV  perpendicular  to  aft.      Then  da  ^ r-.      But  ft' rf  = 

s  'I  s 

b  d   cot  ^  =  -^  cot  /9.      Hence  ^  cr  =•  —  -^   cot  ^.      In   the    same 

manner  it  is  found  that  for  a  change  of  length  in  member  ac,  d  a  = 
—  -^  cot  y.    For  a  change  in  member  ft  c,  let  point  ft  (Fig.  4)  stand  fast 


Fig.  4. 
and  let  c^  f  =  -^j  represent  the  elongation  of  be.     The  position 
of  c  will  be  at  c',  the  intersection  of  the  perpendiculars  c  d  and  e  if. 

Then   5  a  =  —  =  -. —  =  — — '  -, — .      But   a  <;  sin  r  =  a  *  == 

ac       ac  ^\xi  J       E  ac  sm  f 

be  s 

,  hence  we  derive  by  substitution,  5  a  =  -^  (cot  p  +  cot ;'). 


cot  ^  +  cot  r'  •"  E 

The  total  change  in  or  due  to  changes  of  length  in  all  three  members, 
may  then  be  expressed  by  the  convenient  formula, 
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5  a  =  ^-^^  cot /?  +  ^^-^-^  cot  r.  .      .      .      (l) 


Likewise,  we  have  for  the  other  angles 


and 


SP  ^'-l—^coir  +  '-^-^^oia.        ...     (2) 
hi  h 


dr  =  ^-^-^^cota  +  ^-^-^coiP.         ...     (3) 


Note  that  in  each  case  the  numerator  is  the  value  of  s  for  the  side 
opposite,  minus  that  for  the  side  adjacent,  times  the  cotangent  of  the 
included  angle. 

In  calculations  of  the  changes  of  angles  in  a  triangle,  a  convenient 
check  is  the  relation 

da  +  dr  +  dp  ==  o (4) 

304.  The  Deflection  Angles  of  a  Beam  Subjected  to  Given  Moments 
Applied  at  the  Two  Ends. — Consider  the  bean|  A  B,  Fig.  5,  subjected 


Fig.  5. 

to  the  moments  Af  1  and  M,,  and  shears  Vi  and  F,,  but  sustaining  no 
intermediate  loads.  Assume  a  counter-clockwise  direction  of  moment 
to  be  positive. 

From  I  M  =^  o  aX  A  and  B,  we  have, 

F.  =  F,  =  ^^^ (5) 

At  any  point  C,  distant  x  from  B,  the  bending  moment  is 

M,  =  M,  -  V^x  -  M2  ~  (M,  +  M,)j.   .     .     .     (6) 
The  deflection  A,  at  5,  with  respect  to  the  tangent  at  A,  considered  as 
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J/*     \(  X  d  X 
f     — =r7 —  (see   Art.  3),  or 

A  =  -  ±.jf^[_M,x-  (M,  +  2f^  j]  dx 

-  g-^  (2  JIf .  -  M^ (7) 

The  value  of  the  deflection  angle  x^  is  A//,  or 

Likewise 

^2  =  g-gj  (2  Afa  ~  MO (9) 

Eqs.  (8)  and  (9)  may  be  solved  for  M^  and  M^  in  terms  of  t^  and  x^ 
giving 

,^        2  £/  ,  .  .   . 

-Jf  I   '^  — ^    (2  Ti   +  O (10) 


and 


,-        2  £/  ,  .  ,   . 

Mj   =  —J-    (2  Tj   +   Ti) (11) 


In  a  truss^  distorted  as  indicated  in  Fig.  2,  the  members  are  sub- 
jected to  bending  moments  and  shears  like  the  beam  in  Fig.  5.  In 
addition  to  the  forces  here  considered,  there  exist  also  the  primary  or 
direct  stresses,  which  have  been  omitted  in  Fig.  5.  So  long  as  the 
distortion  is  small  and  the  joints  concentric,  these  direct  stresses 
have  little  efiEect  upon  the  bending  moments^  the  lever  arm  being  small, 
but  where  the  distortion  is  large  they  exert  a  considerable  influence 
therec  n,  especially  in  the  case  of  compression  members.  It  is  possibk* 
to  include  this  effect  in  the  analysis,  but  such  a  solution  is  very  laborious 
and  not  in  general  practicable.  The  methods  of  such  exact  treatment 
are  considered  in  a  subsequent  article.  For  the  present,  the  eflFect  of 
the  direct  stresses  upon  the  bending  moments  will  be  neglected.  WTiere 
the  joints  are  eccentric,  the  direct  stresses  cause  large  bending 
moments  even  though  the  deflection  of  the  member  is  smalL  This 
case  will  be  fully  considered. 

305.  Notation  and  Conventional  Scheme  for  Signs. — ^In  calculations, 
such  as  here  discussed,  it  is  important  that  a  convenient  notation  and 
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a  scheme  for  signs  be  adopted  and  that  it  be  closely  adhered  to  through- 
out. It  will  be  assumed  that  when  the  distortions  of  the  members  of 
a  triangle  are  as  shown  in  Fig.  6,  the  bending  moments  in  the  members 
at  the  ends  are  all  positive.  The  values  of  t  are  also  to  be  considered 
as  all  positive. 

The  joints  being  numbered,  the  various   t's   and  M^s  will   be 


M 


u 


^  .--.-.-g^. 


Fig.  6. 

designated  by  subscripts  as  shown.  The  lengths  and  moments  of 
inertia  of  the  members  will  be  denoted  in  the  same  way,  but  /as  =  /sj, 
'23  =  ht9  etc.  Fig,  7  shows  a  truss  in  which  all  members  are  represent- 
ed as  having  positive  moments  at  their  ends  and  all  values  of  t  arc 
positive. 

306.  Values  of  fhe  Deflection  Angles  t  in  Terms  of  the  Changes 


of  Angle  d  a,  etc. — Consider  any  joint  n  of  any  structure,  Fig.  8,  and 
let  the  straight  lines  »-i,  n-2,  »-3,  etc.,  represent  the  lines  joining  the 
several  joints  after  distortion.  The  full  lines  show  the  bent  forms  of 
the  several  members.  The  angles  t^i,  t„2>  '^ns*  ^^^  ^n4  represent 
the  deflection  angles  of  the  several  members  at  joint  n.  Let  a^,  aj, 
and  a,  be  the  original  angles  between  the  members  i  n  2,  2  n  3,  and 
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3  n  4.  After  distortion,  the  angles  between  the  straight  lines  joining 
the  apexes  will  be  respectively,  a,  +  *«!,  aj  +  8  a2,  and  a,  +  ^a„ 
as  shown.    Then  if  we  select  one  of  the  deflection  angles,  as  r^p  as  a 


Fig.  8. 

reference  angle,  we  may  express  the  other  values  of  t  at  joint  n  in 
terms  of  t^i  and  the  changes  of  angle  8  a^,  etc.,  as  follows: 

^na  =  "^111   +   ^  «l 

and  so  on,  for  any  number  of  members.     Or,  in  general,  we  may  write 
for  any  joint  n 

where  t^^  represents  any  value  of  r,  t^,  is  the  reference  angle  selected, 

and  I  ^  d  a  is  the  sum  of  all  angular  changes  up  to  the  member  n  m 
in  question. 

307.  Selection  of  the  Reference  Deflection  Angle. — It  will  be 
convenient  at  each  joint  of  the  structure  to  select  a  certain  angle  t  as 
the  reference  angle,  and  to  express  all  the  other  deflection  angles  at 
the  joint  in  terms  of  this  reference  angle  and  the  changes  of  angle  d  a, 
as  given  in  eq.  (12).  In  the  following  analysis  the  reference  angle  will 
be  selected  as  indicated  in  Fig.  9,  namely,  as  the  deflection  angle  of 
the  first  member  encountered  in  passing  around  a  joint  toward  the 
righiy  beginning  on  the  outside  of  the  truss.  This  deflection  an^e 
may  b.e  denoted  by  the  use  of  a  single  subscript  number,  the  same  as 
that  of  the  joint,  as  shown  in  Fig.  9.  For  an  interior  joint  any  con- 
venient angle  may  be  taken,  but  it  must  be  definitely  designated  in 
each  case. 
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308.  The  Moments  at  Any  Joint  in  Terms  of  the  Deflection  Angles 
r.— If  the  axes  of  the  several  members  are-  concentric  so  that  the 
primary  stresses  cause  no  bending  moment,  then  we  may  write  2*  Af  =  o 


Fig.  9. 

for  the  bending  moments  at  the  ends  of  the  members  intersecting  at 
any  joint.     Thus  in  Fig.  8,  we  have 

Expressing  these  moments  in  terms  of  the  several  deflection  angles  t, 
as  in  eq.  (10),  we  have 

2  E  /„,    ,  .  2  E  In2    /  .  2  E  I„m    ,  . 

-7 (2  T„,    +   T  J    -h  ~. (2  T„2   -f   T  J    +  —, (2  T^3   +   T  J 

•ni  ^ni  ''nz 


2  rt  i„4    -  . 

+  —J—  (2  Tn4  +  T,„)    =  O. 


(13) 


In  eq.  (13)  each  term  contains  a  quantity  ///.  For  convenience, 
let  this  be  represented  by  A",  using  a  subscript  to  indicate  the  mem- 
ber in  question.     Then  eq.  (13)  becomes  (after  dividing  by  2  E) 

Kni  (2  Tni  +  Tin)  +  Kn2  (2  Tn2  +  T2n)  +  CtC.  =  O   .      .      (14) 

A  similar  equation  may  be  written  out  for  each  of  the  other  joints 
of  a  structure,  thus  giving  as  many  equations  as  there  are  joints. 
Since  the  values  of  t  in  these  equations  are  all  unknown,  and  since 
there  are  twice  as  many  unknowns  as  there  are  members  in  the  truss, 
the  equations  can  not  be  solved  in  their  present  form. 

Now,  as  shown  in  Art.  306,  each  t  can  be  expressed  in  terms  of 
the  reference  angle  t^  for  the  joint  in  question,  and  the  known  values 
of  d  ai,  5  az,  etc.  In  the  several  equations  will  then  appear  as  many 
different  reference  angles  as  there  are  joints,  thus  making  the  niunber 
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of  unknowns  equal  to  the  number  of  equations.  These  equations 
may  then  be  solved  for  the  values  of  the  reference  angles  r„,  whence 
the  values  of  all  the  r's  are  obtained  from  eq.  (12). 

Substituting  for  the  r's  in  eq.  (14)  values  given  by  eq.  (12)  and 
collecting  terms,  we  have, 

2  Tn[Kni+Kni+Kn,  + etc.] +  2  [Knti^i+Kfa  (8Zi+«Z,)  +  etc.] 

In  this  equation  6  Z  represents  the  angular  changes  8ai,  5ai,  etc. 

6Z,  etc.,  represents  the  siun  of  all  angular 

changes  from  member  2n  up  to  ri,  the  reference  angle.  Expressed  in 
general  form,  eq.  (15)  can  be  written, 

2[{LK)xn+^{K^h  Z)] 

+[(*:- .„+^- 2:0 +(tt:rb^')]-  (.« 

£q.  (16)  is  in  convenient  form  for  tabulation,  as  explained  in 
Art.  310. 

If  the  axes  of  the  members  are  eccentric,  so  that  the  primar}- 
stresses  cause  a  turning  moment  at  the  joint,  then  if  Jf n  represents 
this  moment,  we  have  S  Jf  +  -M'n  =  o,  and  eq.  (16)  becomes, 
2[(Sii:)rn  +  2(XS5Z)] 

I  F/'rr  I    rr     'ST^'^e    >\  i  /sinular terms for\ "I  ,  Mn       /   \ 

+  l[K^  x«  +  K^XrJ  ^)  +  (  other  members  )J+rf=°  ^'^^ 

» 

309.  The  Moment  and  Fibre  Stress  in  Terms  of  r. — After  the 
values  of  the  t's  have  been  obtained,  the  bending  moments  can  be 
obtained  from  the  general  equation  (see  eq.  10). 

Mnm  =  2  JB  Knm  (2  r^m  +  rmn) (18) 

From  the  general  expression/  =  M  c/l,  we  have  from  eq.  (i8) 

fnm  =  ^-p  (2  r^m  +  r^)      .....     (l&l) 

In  these  equations  Mnm  and  fnm  are  respectively  the  bending 
moment  and  fibre  stress  at  joint  n  in  member  nw,  and  c  ==  distance 
of  fibre  from  neutral  axis. 

310.  Arrangement  of  the  Calculations. — ^In  calculations  such  as 
here  considered,  it  is  important  to  reduce  the  work  to  as  nearly  a 
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mechanical  basis  as  possible^  and  systematic  and  convenient  methods 
of  tabulation  are  important.  .Assimung  the  primary  stresses  to  be 
already  determined,  the  process  of  calculating  secondary  stresses  may 
be  considered  in  five  steps:  (i)  Calculation  of  the  changes  of  angle 
6  a,  etc.;  (2)  tabulation  of  the  values  of  S  6  a,  etc.,  or  S  5  Z ,  as  here- 
after indicated;  (3)  formulation  of  the  equations,  one  for  each  joint; 
(4)  solution  of  the  equations;  and  (5)  calculation  of  the  several  indi- 
vidual values  of  t  and  of  the  bending  moments  or  fibre  stresses. 

The  most  important  part  of  the  process  is  the  convenient  arrange- 
ment of  the  values  of  t  so  that  equation  (16)  may  be  readily  written 
out  The  solution  of  these  equations  is  not  a  long  process.  The 
method  of  arrangement  here  proposed  is  most  readily  explained  by 
means  of  a  mmierical  example. 

Take  the  truss  of  Fig.  10  and  assim^ie  loads  and  dimensions  such 


Fig.  iz. 

that  the  unit  stress  5,  in  members  1-2  and  2-4  is  8,000  lbs.  per  sq.  in., 
in  1-4, 12,000  lbs.  per  sq.  in.,  and  in  2-3, 15,000  lbs.  per  sq.  in.  Further- 
more, suppose  that  the  members  have  values  of  /  as  shown,  taken 
about  axes  at  right  angles  to  the  plane  of  the  truss. 

3"»  (a)  Calculation  of  Values  ojhL . — ^The  general  formula  for 
angular  change  is  (eq.  i): 

5  a  =  — g —  cot  /3  H -^  cot  r, 

wh?re  Sz  is  the  imit  stress  in  member  opposite,  and  s%  and  ^i  are  imit 
stresses  in  the  members  adjacent.  Tension  is  plus  and  compression 
minus.  The  angles  may  be  taken  in  any  order,  but  where  the  several 
triangles  are  similaj  it  is  desirable  to  give  the  same  letter  to  equal 
angles.  A  separate  sketch  of  the  truss  is  made  (Fig.  11),  on  which  the 
angles  are  lettered  and  the  unit  stresses  written  (shown  here  in  thou- 
sands of  pounds) .    The  triangles  ar«^  conveniently  lettered  i4 ,  B,  C,  etc. 
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The  values  of  the  cotangents  are  as  follows: 

cot  a  =  0.833         cot  P  =  1-20         cot  7  =  0 

Then,  by  triangles,  the  values  of  8  a,  etc.,  are  calculated  as  follows 
taking  E  =  30,000,000: 

^a=[(iS— 12)  XoH-(i5+8)X  1.2] -^ 30,000 =+0.000920 
«^=[(i2-i5)  Xo+(i2+8)X  .833] -J- 30,000= +0.000555 
5r==[(-8-I2)X.833+(-8-I5)XI.2o]-^30,ooo=  -0.001475 

Triangle  B.    Same  as  for  triangle  A . 

312.  (b)  Calcidalian  of  the  Values  of  1^  8  /. . — ^The  reference  angles 
are  shown  in  Fig.  12.  The  values  of  8  a,  etc.,  are  conveniently 
tabulated  as  given  on  p.  435,  arranged  in  groups  by  joints. 
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'bib 
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In  Coliunn  (2)  the  internal  angles  at  the  several  joints  are  stated 
in  regular  order,  beginning  with  the  angle  J&rst  met  with  in  passing 
aroimd  the  joint  as  before  described.    The  first  side  of  the  first  angle 
listed  at  each  joint  is  therefore  the  member  whose  deflection  angle  is 
the  reference  angle  of  that  joint.    Thus  at  joint  2,  member  2-4  is  the 
one  whose  deflection  angle  is  the  reference  angle  tj.    Column  (y 
contains  the  values  of  8  a,  etc.,  as  obtained  in  Art.  303.    These  are 
called  8  Z.    Colunrn  (4)  contains  the  summation  for  each  joint  of 
the  values  of  Colunrn  (3),  up  to  any  given  angle.    Thus  at  joint  2, 
the  value  of  5  Z  for  Z  423,  is  +  0.000555,  ^^^  ^^^  3^1  is  +  0.000555. 
The  sum  of  these  is  +  o.ooiiio.     If  a  third  angle  existed  here  its 
8  Z  would  then  be  added  in  Column  (4)  to  the  value  +  0.001  no  for 
Z  321,  etc. 

In  Colimm  (5)  are  listed  the  several  members  meeting  at  the  joint, 
given  in  the  same  order  as  the  angles,  the  joint  number  being  stated 
first  in  each  case.     In  Column  (6)  are  the  several  values  oiK  =  I/l 
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for  each  member,  and  in  Colim:m  (7)  are  the  products  of  Cohunns 
(4)  and  (6). 

Colimms  (6)  and  (7)  are  important,  as  they  contain,  in  convenient 
form,  the  values  ot  K  t  for  all  members,  in  the  following  manner: 
For  member  1-2  the  value  of  t  is  n,  and  Kn  tu  =2.14  n,  the  co- 
efficient of  which  quantity  is  given  in  Column  (6),  opposite  member 
1-2.  For  member  1-3  the  value  of  r  is  tu,  which  is  equal,  by  eq.  (i2\ 
to  Ti  +  d  (213),  =  Ti  +  0.00092.  Then  Ku  ru  =  2.50  [n  +  0.00092] 
=  2.50  Ti  +  0.00230,  as  given  in  Columns  (6)  and  (7)  opposite  mem- 
ber 1-3,  the  angle  n  being  added  to  the  coefficient  of  Column  (6) 
Again,  at  joint  2,  tj  is  the  reference  angle  and  is  the  value  of  r  for 
member  2-4;  and  Ku  T24  =  2.14  t2,  as  in  Colmnn  (6).  Then 
T23  =  T2  +  6  (423)  =  T2  +  0.0005S5,  aud  Kn  r»  =  2.78  rj  +  0.00155; 
also  T21  =  T2  +  5  (423  +  d  (321)  =  T2H-S5Z=ri  +  o.ooiii, 
and  Kn  th  =  2.14  t2  +  0.00238,  as  given  in  Columns  (6)  and  (7), 
Likewise,  the  value  of  Ku  tu  O'ouit  3)  is  read  at  once  as 
2.50  Ta  —  0.00737,  ^^^'9  ^^c- 

313.    (c)  Forntidatian  of  Equations. — ^We  will  now  proceed  to 
formulate  an  equation  for  each  joint  after  eq.  (16). 

JoifU  I. — For  this  joint,  eq.  (i6)  becomes 

2  {Kit  T12  +  Kiz  r\i)  +  Kti  T21  +  Kti  Tti  =  o. 

The  quantity  in  parenthesis  is  the  sum  of  all  the  values  oi  Kr  for 
joint  I.  These  are  conveniently  sununed  up  in  the  table,  Columns 
(6)  and  (7),  and  the  resxilt  there  given  is  4.64  n  +  0.00230.  This  is 
to  be  multiplied  by  two.  The  values  of  2^21  tu  and  Kzi  rn  are 
obtained  directly  from  the  table  opposite  members  2-1  and  3-1  of 
joints  2  and  3.  They  are  2.14  T2  +  0.00238  and  2.50  rj.  Adding  the 
absolute  terms  we  have  the  equation 

9.28  Ti  +  2.14  T2  +  2.50  Ta  =  —  0.00698.   .     .     .    (il) 

Joint  2. — ^The  equation  for  this  joint  is 

2  (Kii  Tu  +  -K'28  T28  +  Kn  Til)  +  Kii  T42  +  Kn  tjj  +  Kit  Tit  =  0- 

The  quantity  in  parenthesis  is  the  summation  opposite  joint  2  in 
Columns  (6)  and  (7),  and  is  7.06  t2  +  0.00393.  The  other  values  of 
K  T  are  found  opposite  the  respective  members,  4-2,  3-2,  and  1-2. 
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In  formulating  the  eqiiation  the  terms  inay  be  conveniently  written 
down  as  follows: 

(2  S  X  t)  =  14.12  Tj  +  0.00786 

(Kit  T42)  =    2.14  u  +  0.00197 

{Kt2  ni)  =    2.78  Ts  —  0.00412 

(K12  T12)  =    2.14  n 

Whence  by  adding  absolute  terms  we  have 

14.12  Tj  +  2.14  U  +  2.78  Tz  +  2.14  Ti  =    —  0.00571.  .        (b) 

Joint  3. — ^Noting  that  the  Kst  of  members  in  Column  (5),  oppo- 
site joint  3,  may  be  strictly  followed  in  finding  the  various  single  terms 
K  T,  we  may  write  out  at  once  the  quantities  for  joint  3  as  follows: 

15.56  Tz  —  0.02298 
2.50  Ti  +  0.00230 

2.78  T2  +  0.00155 
2.50  T4 

—  O.OI9I3 

whence 

15-56  Tz  +  2.50  Ti  +  2.78  Tj  +  2.50  Ti=   +  O.OI913.      .       (C) 

Joint  4. — ^In  the  same  manner, 

9.28  u  +  0.00394 

2.50  Tz  —  0.00737 
2.14  T2 

—  0.00343 

whence 

9.28  Ti  +  2.50  Tz  +  2.14  r2  =  +  0.00343.  ...      ((f) 

314.  (d)  Solution  of  the  Equations. — ^Arranging  the  equations  in 
systematic  order,  we  have 

(a)  9.28  Ti  +    2.14  T2  +    2.50  Tz  =  —  0.00698 

(6)     2.14  Ti  +   14.12  T2  +      2.78  Tz  +  2.14  r4  =    —  0.00571 

(c)    2.50  Ti  +     2.78  T2  +  15-56  rz  +  2.50  T4  =  +  O.O1913 

(d)  2.14  Tt  +      2.50  Tz  +  9.28  T4   =    +  0.00343 
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The  solution  may  be  made  in  any  convenient  manner,  but  the 
order  of  elimination  used  here  will  generally  be  foimd  convenient  for 
longer  problems  where  it  is  a  matter  of  some  importance. 

From  (a),  (6),  and  (c),  we  get 
{a!)  Ti  +    .231  72  +    .269  Tz  =  —  0.000752 

(6')     Ti  +  6.60      T2  +   1.299  Ts  +  n  =    —  0.002668 

(O    ^1  +  1. 112  r%  +  6.224  T3  +  T4  =  +  0.007652 

Then  subtracting  {a')  from  {b')  and  {a')  from  (c'),  we  have 
{e)    6.37    T2  +  1.030  T3  +  74  =  —  0.001916 

ij)  .881  T2  +  5.955  T3  +  T4   =    +  0.008404 

Then  from  (e),  (/"),  and  ((/)  we  get,  in  a  similar  manner, 

W)  T2  +    .1617  T3  +    -157  T4  =  —  0.000301 
(/"O   '•2  +  6.760    T3  +  1.135  T4  =  +  0.009540 

W    T2  +   I.168      T3  +  4.337  T4=    +  0.001603 

(^)  6.598    r3  +     .978  U=  +  0.009841 

(h)  1.006  Tz   +  4.180  74  =  +  0.001904 

Then  from  (g)  and  (A) 

(gO  ^3  +    .148  r4  =  +  0.001492 

(AO     T8  +  4.155  T4   =    +  0.001893 

4.007  T4  =  +  0.000401 
r4  =  +  0.000 100 

Then,  substituting  back  in  (g')y  {e'),  and  (a'),  we  get  the  following 
values: 

Ts  =  +  0.001475 

72  =    -   0.000555 

n  =  —  0.00102 1 

Where  the  structure  and  the  load  are  synmietrical,  as  in  this  case,  it 
is  necessary  to  carry  the  equations  only  as  far  as  the  centre  of  the 
truss,  as  the  values  of  t  on  the  right  will  be  equal  to  the  corresponding 
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values  on  the  left,  but  of  opposite  sign.  Where  a  vertical  member  is 
placed  at  the  centre,  as  member  2-3,  we  have,  from  symmetry, 
tm  =  o,  and  r82  =  o.  But  from  the  table,  joint  2,  Colimm  (4),  we 
have  T»  =  r2  +  0.000555,  whence  T2  =  —  0.000555.  Likewise  rzt  = 
o  =  —  0.001475,  whence  t8  =  +  0.001745.  Then  a  single  equation, 
eq.  (a),  p.  436,  is  sufficient  to  determine  n.  In  the  preceding  analy- 
sis the  work  has  been  fully  carried  out  as  would  be  necessary  for 
unsymmetrical  conditions. 

3i5»  (e)  Calculation  of  the  Several  Values  of  t  and  of  the  Bending 
Moments. — ^The  values  of  n,  t2,  ts,  and  u  are  inserted  in  Colunm 
(8)  of  the  table,  opposite  the  first  member  of  the  respective  joint. 
The  other  values  of  t  are  foimd  by  adding  to  these,  the  values  of 
S  6  Z ,  given  in  Colunm  (4).    Thus  tu  =  ti  +  0.00092  =  —  o.oooioi ; 

723  =   T2  +  0.000555   =   O;       r21    =    T2    +    O.OOI  I  lO  =    +   O.OOO555,      CtC. 

Note  that  values  of  t  in  opposite  halves  of  the  truss  are  alike  but  of 
opposite  sign. 

2EI 

The  bending  moments  are  foxmd  from  eq.  (i8),  Mnm^ — r~(2^»m+ 

'^mn)  =  2EK  {2  Tnm  +  Tmn)'  ^  Column  (9)  are  given  values  of 
2  ^jiTO  +  'Tf^  for  each  member.  Thus  for  1-2  the  value  is  2  T12  + 
T21  =  —  0.002042  +  0.000555  =  ""  0.001487;  for  member  1-3  the 
value  is  2  t^  +  tzi  =  —  0.000202  +  0.001475  ~  +  0.001273,  etc. 
The  values  of  the  moments  are  then  equal  to  2  E  K  times  the  values 
in  Column  (9).  The  results  are  given  in  Column  (10).  The  slight 
differences  between  the  values  of  Mi2  and  Ma,  and  between  Ma  and 
Mii  are  due  to  inaccuracies  in  the  calcidations. 

Fibre  stresses  are  readily  determined  from  the  moments,  or  from 
eq.  (18),  but  the  calculations  will  not  be  carried  further  in  this  prob- 
lem. From  the  signs  of  the  moments  and  the  adopted  scheme, 
illustrated  in  Fig.  8,  the  true  directions  of  bending  are  fo\md  to  be 
as  indicated  in  Fig.  13. 

316.  General  Remarks, — It  is  seen  that  in  calculating  the  values  of 
5  i^  the  quantity  E  enters  as  a  divisor,  giving  very  small  quantities 
to  deal  with.  These  appear  again  in  Colunm  (7),  from  which  are 
obtained  the  absolute  terms  of  all  the  equations,  or  the  right-hand 
members  of  eqs.  (a),  (6),  etc.,  Art.  313.  Then  in  calculating  the  valves 
of  M  in  Column  (10),  the  quantity  E  enters  as  a  multiplier.     It  will 
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save  time  and  also  give  values  more  convenient  to  handle  if  the  quantity 
E  be  omitted  in  both  of  these  operations.  The  resulting  values  in 
Columns  (3),  (4),  (7),  (8),  and  (9)  will  then  be  E  times  the  true  angles. 
The  values  of  M  in  Colunm  (10)  are  then  obtained  by  multi^dying  those 


Flo.  13. 

of  Column  (9)  by  2  K.    In  case  of  eccentricity  of  the  axial  or  primary 

M 

stresses,  causing  an  external  moment  Af^,  the  quantity  — -  is  to  be 

M 
added  to  the  absolute  term  instead  of  —^,  as  given  in  eq.  (17). 

2  tj 

Again,  the  results  usually  desired  are  the  maximum  fibre  stresses 
rather  than  the  moments  M.    These  are  given  by  eq.  (18).    They 

2  Ec 
are  obtained  from  Column  (9)  by  multiplying  by  —. — ,  or  if  £  is 

If 

2  c 
omitted  in  the  previous  calculations,  the  multiplier  is  -r-.    For  sym- 

metrical  sections  this  multiplier  is  h/l,  or  the  ratio  of  depth  to  length 
of  member.  Other  important  deductions  are  discussed  in  Art.  324. 
317.  The  Secondary  Stresses  in  a  Pratt  Truss. — ^To  fully  determine 
the  maximum  fibre  stresses  in  all  members  of  a  truss,  due  to 
both  primary  and  secondary  stresses,  it  is  necessary  to  calculate 
the  secondary  stresses  throughout,  for  a  single  load  at  each  joint. 
The  results  can  then  be  combined  with  the  primary  stresses  in  any 
desired  manner  and  the  true  maximum  values  determined.  Correct 
maximum  results  will  not  always  be  reached  by  adding  the  maximum 
secondary  stress  to  the  maximum  primary  stress,  as  these  maxima 
may  not  occur  simultaneously.  Combined  influence  lines  fiunish  a 
ready  method  of  exact  calculation  for  any  kind  of  loading.  To  illus- 
trate these  points,  and  at  the  same  time  the  application  of  the  pre- 
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ceding  methods  to  a  larger  problem,  a  complete  solution  will  b*- 
made  of  a  six-panel  Pratt  truss. 

The  general  dimensions  are  shown  in  Fig.  14,  and  the  various 
elements  needed  in  the  calculations  are  given  in  Table  A.    The  joints 
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are  numbered  consecutively  as  shown,  for  convenience  in  the  work  ol 
formulating  and  solving  the  equations.  In  selecting  the  order  of 
numbering  the  same  order  may  be  adopted  as  is  followed  in  drawing 
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^2  Webs.  22*  X  r 

3-5 

5^-35 

320 

3978 

919) 
14.43  f 

".43 

j  .0287 

"  I  Gov.  PI.  26"'  X  9/16* 

(  .0451 

1 2  L's  sY  xsvxr 

5-^ 

52-35 

320 

3978 

9.19) 
14-43) 

".43 

j    0287 
(  -0451 

2  L^s  5'  X  3i'  X  r 

^2  Webs.  22"  X  9/16* 

3-2 

16.00 

37a 

94.8 

5-4 

0-255 

.0145 

4  L^s  5"  X  3i'  X  y 

3-4 

29.42 

490.7 

805.4 

7-5 

1 .64 

•0153 

2  fs  15^  — 50  lb. 

5-4 

26.48 

372 

750.2 

7-5 

2.016 

.0202 

2  ['s  12*  — 451b. 

5-7 

20.58 

4907 

358.6 

6.0 

•731 

.0122 

2['s  12*  — 35  lb. 

6-7 

14.70 

372 

288.0 

6.0 

•774 

.0161 

2  ps  12^  —  27  lb. 
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a  Stress  diagram,  beginning  at  joint  i.      The  triangles  are  lettered  in 
regular  order. 

To  make  a  complete  solution,  the  stresses  will  be  separately  de 
termined  for  joint  loads  at  7,  9,  and  11,  and  to  simplify  the  calculations 
these  joint  loads  will  be  so  taken  as  to  give  the  same  reaction  at  the 
left  end  in  each  case.  Joint  loads  will  therefore  be  assumed  as  follows: 
1,000  lbs.  at  7,  1,500  lbs.  at  9,  and  3,000  lbs.  at  11.  For  all  thrco 
cases,  the  primary  stresses  in  the  left  half  of  the  truss  will  be  the  same. 
The  final  values  of  secondary  stress  can  readily  be  reduced  to  the  same 


3      -1C43     5       -24.06     C 


Triangle. 


^x     •  .  .  • 


B  , . . . 


\ 


Cx    •  •  •  • 


\ 


D 


E 


TABLE  Bi. 

CALCULATION  OF  c?  Z,  CASE  I. 


I 
2 

3 

2 

3 
4 

3 
4 

5 

4 
5 
7 

5 
6 


Fsictor  of  cot  a 
(.860a). 


—  II  .28—14.60 
+  14.60+  II  .28 

+  22.43—14.60 
+  14.60—22  .43 


-16.43-22.43 
+  22.43+16.43 

+  32.07—18.90 
+  18.90—32  .07 


+  32.07  +  24.65 
-24.65-32.07 


Factor  of  cot  ^ 
(1.162). 


o+li  .28 
—  II  .28—0 


+  22.43—0 


0-22.43 


—  18.88—22.43 

+  22.43+18.88 

+  32.07+18.88 

-18.88—32.07 

0—32.07 
+  32.07  —  0 


cJz. 


+  13. II 

-35-37 
+  22.26 

+  32.80 

—  6.74 

—  26.06 

—  48.c» 

-33  42 
+  81.42 

+  7055 

-"•33 
-59.22 

-3727 
+  86.05 

-48.78 


^ 
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basis  by  dividing  by  the  joint  load  assumed  in  each  case.  The  order 
of  procedure  will  be  the  same  as  in  the  previous  problem,  but  all  three 
cases  will  be  carried  along  simultaneously. 

318.  (a)  Calculaiion  of  Changes  of  Angles  {d  Z).— There  being 
but  two  different  angles  in  this  truss  (other  than  90°),  they  will  be 
called  a  and  p  in  general,  as  shown  in  Fig.  14. 

Case  I.  Load  of  1,000  lbs.  at  Joint  7. — ^The  unit  stresses  5  are  first 
computed.     These  are  conveniently  shown  on  a  diagram  of  the  truss, 


6  -  fiM    8  -  asjo   10 


9  +»JM)   11    ^»M  u 


1!M 


Fig.  16. 


Triangle. 


TABLE    B2. 

CALCULATION   OF   <JZ.    CASE   IL 


A  to  £ ... . 


•  •  •   •     I 


G, . . . 


] 


H 


•  •  •  ■   ^ 


■A      ■  •  •  • 


/.. 


Same  as 


7 
8 

7 
8 


8 

9 
10 

9 
10 

II 

10 
II 
12 


Factor  of  cot  a 
(.8602). 


in  Table  Bi. 

-32.07+24.65 
-24.65  +  32.07 


+  37.80+32.07 
-32.07-37.80 

+  44.86+32.86 
—  32.86—44.86 


+  29.20—44.86 
+  44.86—29.20 

+  29.20+22  .56 
—  22  .56—29.20 


Factor  of  cot  ^ 
(1.162). 


—  32.07—0 

0+32.07 
+  18.88+32.07 
-32.07-18.88 
+  44.86-18.88 


+  18.88-44.86 


0—44.86 


+  44.86—0 


22  .56—0 

0+22  .56 


6/. 


-  43  64 
+  6.38 
+  37  26 

+  59.20 

+  60.10 
-119.30 

+  97  OS 

-  66.85 

-  30 . 20 

-  52.12 

-  13.48 
+  65  .60 

+  44  52 

-  70.74 
4-  26.22 


Note, — Values  of  6  Z  for  triangles  I  and  J  arc  twicj  the  valuer,  for  triangles  A  and  13  of  Table  Bi. 
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Fig.  15.  Then  in  Table  61  are  given  in  tabular  form  the  calculation^ 
of  the  changes  of  angle,  arranged  by  triangles.  Each  angle  is  denoted 
by  the  apex  number  of  the  triangle  in  question.  The  values  of  ^  Z 
for  the  right  half  are  the  same  as  those  for  the  left  half  and  need  not 
be  recorded  here. 

Case  II.    Load  of  1,500  lbs.  at  Joint  9. — ^The  necessary  calculations 


Fig.  17. 


TABLE    B3. 

CALCULATION   OF  <JZ,    CASE   III. 


Triangle. 


A  to  G . . 


H 


■    •    a    •      J 


X       •    •    •    • 


«#    •    •    •    ■ 


Angle. 


Same  as  in 

8 

9 
10 

9 
10 

ti 

10 
II 
12 


Factor  of  cot  a 
(.860a). 


Table  B2. 


22.43+32.86 
32.86+22.43 


+  73-00+22.43 
-22.43-73.00 

+  73.00+56.40 
—  56.40—73.00 


Factor  of  cot  ^ 
(1.162). 


-    22.43-    1S.88 


+    18.88+    22.43 
+    187.5+    22.43 


-    22.43-    187.5 


-   56.40-187.5 
+  187-5   +    56-40 


61. 


-  39.01 

-  8.98 

+  47-99 

+  244.0 
+  82.09 
—326.09 

+  III-3 
-394.8 
+  283.S 


arc  shown  in  Fig.  16  and  Table  B2.  Up  to  triangle  E  the  results  arc 
the  same  as  in  Table  Bi,  as  the  stresses  are  the  same. 

Case  III.  Load  <?/ 3,000  lbs.  at  Joint  11. — ^The  values  for  triangles 
A  ioG  will  be  found  in  Tables  Bi  and  B2.  The  calculations  for  the 
remaining  angles  are  given  in  Fig.  17  and  Table  B3. 

319.  (6)  Calculation  of  I  d  /.  and  K  I  d  Z.  at  the  Several  J oifUs.— 
The  calculation  and  tabulation  of  these  quantities  for  all  three  cases  are 


+ 

12.43  T»  + 

408.0 

+ 

1.64  T4  — 

42.7 

+ 

0.26  T,   — 

9.2 

4- 

9-iS  ^1 

whence 
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readily  combined  in  Table  C,  p.  446.  The  values  of  K  are  the  same 
for  all  cases.  Furthermore,  in  all  respects,  Case  II  is  the  same  as  Case 
I  up  to  joint  5,  and  Case  III  the  same  as  Case  II  up  to  joint  7.  The 
values  for  Case  I  need  not  be  carried  beyond  joint  7  because  of 
symmetry  of  conditions. 

320.  (c)  Formulation  of  Equations. — ^From  Table  C,  the  equations 
are  written  out  as  explained  in  the  preceding  example,  using  the  values 
of  Columns  (3),  (7),  (10),  and  (13).  Thus  for  Case  I,  the  equation 
for  joint  3  is  obtained  as  follows,  from  Columns  (3)  and  (7) : 

2  X  23.48  T3  —  2  X  390.1        (See  summations  for  joint  3) 

(See  member  5-3  under  joint  5) 
(Sec  member  4-3  under  joint  4) 
(See  member  2-3  under  joint  2) 
(See  member  1-3  uiider  joint  i) 

9.15  Tj    -f   .26  Tj   -f   46.96  T3    -f-    1.64  T^    +    12.43  "^5    =    +   424.1. 

The  list  of  members  under  joint  3,  Column  (2),  is  used  for  finding  the 
various  terms  in  the  table  after  the  first.  For  Cases  II  and  III  the 
equations  for  joints  i  to  5  are  identical  with  those  for  Case  I. 

For  joints  beyond  No.  5,  the  equations  will  be  different  for  Cases 
I  and  II,  and  beyond  joint  7  they  will  be  different  for  each  case;  but 
it  will  be  noted  that  the  coefficients  of  r  are  functions  of  K  only  and 
are  the  same  for  all  cases.  Hence  the  equations,  where  different,  will 
differ  only  in  the  absolute  terms.  The  equations  for  all  three  cases 
can  then  conveniently  be  arranged  in  a  single  table.  Table  D  contains 
all  the  equations  for  all  the  cases  thus  formulated. 

321.  {d)  Solution  of  Equations. — ^The  solution  of  the  equations 
for  all  three  cases  may  be  carried  along  together  as  far  as  necessary. 
The  same  general  method  of  elimination  is  used  as  in  Art.  314.  The 
entire  work  is  given  in  Table  E,  the  final  values  of  t  for  the  three 
cases  being  given  at  the  foot  of  the  table. 

The  process  is  as  follows:  Eqs.  (i),  (2),  and  (3)  of  Table  D, 
containing  Tj,  arc  each  divided  by  the  coefficient  of  Tj,  giving  eqs. 
(lO,  (2O,  and  (3O  of  Table  E.  Eq.  (i')  is  then  subtracted  from  (2O 
and  from  (30,  giving  {a)  and  (ft),  and  eliminating  r^.     These  two 
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TABLE    D. 
EQUATIONS   FOR   CASES  I,   II,  AND   III. 


No. 
of 

Pint  Member  of  Equation. 

Absoluts  Tbrms. 

Joint 
or  Eq. 

Case  I. 

Case  II. 

Case  III. 

I 

2^  .00  T,4-  ^  .80  T.,4-o  .1^  T« = 

4-    197 -6 

4-     2.33 
4-   424  I 

+  380.5 
-2541.0 

2 

^  .80  T,4-  IC  .72  T..4-  .26  T..4-  ■?  .80  Tj =» 

3 
4 

5 
6 

9.15  T,4-  .26x24-46.967,4-1.64  T44- 12.43  T5.  .  .  = 

3.80  Tj4-I  .64T,  4-26.84  T44-2.02  T54-5.96  Ty.  .  .  = 

i2.43Tj4-2.o2T<4-55.22T54-i2.43Te4-  .73^7..= 

12  .AZ  T»-t-  <I  .26  T-4-  .77  Tt4-  12  .4,?  T- = 

-  929.0 

-3320.5 
4-  786.8 

-5149-7 
+  2909 -5 

-  97-5 
4-  898.9 

-  460.3 

—  1620.  H 

7 
8 

9 

lO 

II 

5  .96  T4+ .73  T,4- .77  T,4- 28 .30  T74- .73  T.4- 5 .96 T,- 

12  .43  T,4-  .73  T74-S5  .22  Tg4-2.02  T,4-  12  .43  Tjo- .  - 

5 .96  T74- 2 .02  Tg4- 26 .84  T,4- 1 .64  T,o4-3 .80  T„ .  .  = 
i2.43T84-i.64t,4-46.96t,o4-  .26  t„4-9.t5  Tj,. — 

^  .80  To 4-  .26  Tin4-  IK  .72  T,,4-  ^  .80  Ti« = 

4-  886.1 
— 4011.0 

+     37-7 
-8994.2 

4-5170.8 
—  2446.6 

12 

O.I?  T,n4-  ^  .80  Til  4-  2  C  .00  T,« ==■ 

y  ■  *  J    •ID   '    0  ■•.'^   "II   '    *j  .yv   »|2« • 

equations  are  then  divided  by  the  coefficient  of  t,,  giving  {a')  and 
{b').  Then  in  Table  D,  eq.  (4)  is  also  divided  by  the  coefficient  of  Tj, 
giving  (4')  of  Table  E.  Then,  as  before,  (a')  is  subtracted  from 
{b')  and  also  from  (4'),  giving  (c)  and  (d)  and  eliminating  t,.  Then 
Tj  is  eliminated  in  the  same  way.  To  eliminate  T4  we  use  eqs.  (e), 
00,  and  No.  7,  instead  of  No.  6,  as  the  latter  does  not  contain  t^  while 
the  former  does.  Then  eq.  (6)  is  next  used  in  eliminating  r^,  after  which 
the  e(!|uations  are  used  in  regular  order.  Finally  the  values  of  r,,, 
for  Cases  II  and  III,  are  obtained  in  eq.  (w')-  Having  these,  the  values 
of  Tji  are  most  readily  obtained  from  eq.  (s^,  then  Tj^  from  (jOi  ^tc. 
The  several  values  are  given  at  the  foot  of  the  table.  The  process  for 
Case  I  is  carried  only  so  far  as  to  eliminate  t^,  giving  eq.  (g),  from 
which  (jO  is  obtained,  which  contains  Tj,  t^,  and  t^.  From  symmetry 
we  know  that  the  member  6-7  has  no  moment  at  either  end,  hence 
v„  =  o,  and  t^^  =  o.    From  Table  C,  joint  6,  we  have   t„  =  t,  4- 


4*« 


t 

i: 
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86.05,  whence  t^  =  —  86.05.  Also  under  joint  7,  t^^  =  Tj  —  108.0, 
whence  t^  =  +  108.0.  These  values,  substituted  in  eq.  (g^,  Case  I, 
detennine  t^.     Then  t^  is  obtained  from  eq.  {e^)y  etc. 

322.  (e)  CalcuUUion  of  Individual  Deflection  Angles  and  Fibre 
Stresses. — ^Table  E  gives  the  values  of  the  reference  angle  t^  for 
each  joint.  The  various  angles,  t,  for  each  member,  are  now  obtained 
from  Table  C  by  adding  to  the  reference  angle  for  the  joint,  the  value 
ol  I  d  Z.  for  the  member  in  question.  Thus  for  member  5-4,  Case  I, 
the  value  of  T54  is  —  31.7  —  48.6  =»  —  80.3;  and  for  this  member, 
Case  II,  it  is  —  10.9  —  48.6  =*  —  59.5.  For  the  other  end  of  this 
member,  T45  =  —  8.75  —  59.48  =  —  68.2,  and  +  13.56  —  59.48  = 
—  45.9,  respectively,  for  Cases  I  and  II.  These  values  of  t  are  given  in 
Table  F,  for  all  members,  and  for  all  three  cases.  In  following 
columns  of  the  same  table  are  given  the  values  of  2  t^^  +  t^^  for  use 

2  c 
in   the    formula  for    fibre    stress,   eq.    (18),  /^^  =  -r(2^nm+0- 

Thus  for  member  5-6  the  value  of  this  quantity  is  2  X  Tg,  +  r^g,  etc. 
Finally,  the  fibre  stress  for  i,ooo-lb.  joint  loads  is  obtained  by  multiply- 

2  ^                             2  c 
ing  these  values  by  the  quantity  -y-  for  Case  I,  by ^  for  Case  II, 

2  C 

and  by  — r  for  Case  III. 

In  regard  to  signs,  the  sign  of  r  indicates  the  direction  of  inclination 
at  the  joint,  as  shown  in  Fig.  9.  Assuming  all  values  positive,  then 
the  members  will  be  bent  toward  the  right  with  respect  to  the  joint  as 
centre  as  in  Fig.  8.  A  plus  sign  for  /  will  then  signify  a  tensile  stress 
m  the  fibre  first  met  with  in  passing  around  the  joint  toward  the  right, 
the  upper  fibre  in  members  on  the  right  of  the  joint  and  the  lower  fibre 
in  members  on  the  left,  etc.  On  account  of  the  different  effects  of 
loads  on  different  joints,  it  is  desirable  to  use  the  sign  for  /  in  this 
way  until  the  necessary  combinations  are  made.  For  unsymmetrical 
members,  such  as  the  top  chord  and  end  post,  two  values  of  /  are 
determined,  the  first  being  the  stress  in  the  fibre  corresponding  to  the 
one  referred  to  above,  namely,  in  the  fibre  first  met  with  in  passing 
around  the  joint.  The  second  value  is  the  stress  in  the  opposite 
fibre. 
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323.  (J)  Total  Secondary  Stresses  and  Relation  to  Primary  Stresses.  — 
From  Table  F  the  fibre  stress  /,  in  any  member,  due  to  1,000  lbs.,  at 
any  joint,  can  be  obtained.  Thus  for  member  2-4,  load  at  2,  the  stress 
is  the  same  as  in  member  11-9,  for  load  at  11,  but  with  opposite  sign, 
etc.  In  Table  G,  are  brought  together  the  values  of  the  primary  and 
secondary  stresses  at  each  end  of  each  member  of  one-half  of  the 
truss,  for  a  load  of  1,000  lbs.  at  each  joint.  There  is  also  given  the 
total  secondary  stress  which  occurs  for  the  same  loading  as  the  maxi- 
mum primary  stress.  This  is  given  both  in  pounds  per  sq.  in.  and 
also  as  percentage  of  the  maximum  primary  stress.  For  the  end  post 
and  top  chord  sections  both  top  and  bottom  fibre  stresses  are  given 
[indicated  by  "  T'*  and  "JB"].  For  the  other  members,  only  one  value  is 
given,  this  value  being  the  stress  in  the  fibre  first  met  in  passing  around 
the  joint  in  clockwise  rotation.  These  signs  correspond  to  those  of 
Table  F.  As  these  members  are  all  symmetrical,  there  will  exist  in 
all  cases  equal  stresses  of  opposite  sign  from  those  given.  The  sign 
is  therefore  important  only  in  combining  results  for  loads  on  several 
joints. 

It  will  be  seen  that  for  some  members  the  secondary  stresses 
are  not  a  maximum  when  the  primary  stresses  are  a  maximum,  but 
inasmuch  as  the  primary  stress  is  generally  much  larger  than  the 
secondary  stress,  the  total  is  generally  a  maximum  when  the  primary 
stress  is  a  maximum.  On  this  basis  the  percentages  in  Table  G  are  cal- 
culated. The  secondary  stresses  in  the  chord  members  are  generally 
of  like  sign  for  all  loads,  so  that  these  stresses  are  a  maximum,  or  nearly 
so,  for  fuU  load.  This  relation  is  apt  to  be  disturbed  for  loads  applied 
near  the  member  in  question.  Thus  for  member  4-7  all  secondary 
stresses  are  plus  except  for  load  at  4,  which  gives  a  negative  value. 
Again,  in  member  2-4,  all  values  are  negative  except  for  load  at  4. 

In  the  web  members  the  loading  for  maximum  primary  stress 
causes  nearly  the  maximum  secondary  stress.  In  4-5,  for  example, 
the  maximum  primary  requires  joints  7-1 1  to  be  loaded.  This  loading 
gives  also  maximum  secondary  stress.  In  member  7-5  the  same  is 
true,  excepting  for  the  small  stress  of  -I-  .70  for  load  at  7.  In  4-3 
there  is  also  one  exception  to  this  rule.  In  the  hip-vertical  a  fully 
loaded  structure  gives  nearly  the  maximum  secondary  stress. 

The  true  relations  can  best  be  seen  by  the  use  of  influence  lines. 
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Such  lines  have  been  drawn  in  Fig.  i8  for  some  of  the  most  important 
stresses.  In  these  diagrams  the  primary  stresses  and  the  secondary 
stresses  for  both  ends  have  been  shown  for  members  1-2,  3-5,  4-7, 
and  4-5.    The  shaded  areas  show  the  secondary  stresses  at  one  end, 


and  the  dotted  lines  those  at  the  opposite  end,  the  ordinates  to  the 
latter  being  plotted  below  the  axis  when  of  like  sign  to  the  primary 
stresses.  The  combined  influence  line  for  the  sum  of  the  two  stresses 
may  b?  used,  if  desired,  for  getting  the  exact  maximum  fibre  stress 
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or  any  kind  of  loading.  Sufficiently  accurate  results  for  most  pur- 
x)ses  will,  however,  be  obtained  by  the  assumption  of  equal  joint 
oads,  as  in  Table  G,  as  the  information  desired  is  generally  the  per- 
rentage  relation  of  the  secondary  stress  to  the  primary  stress,  and  this 
vill  be  but  slightly  affected  by  the  nature  of  the  loading.    Fig.  19 


Fig.  19. 

shows  the  nature  of  bending  in  the  various  members  for  a  fully  loaded 
structure. 

The  analysis  here  made  assumes  the  loads  applied  at  lower  joints. 
For  upper-joint  loads  the  results  will  be  somewhat  different  owing  to 
the  difference  in  stress  in  the  vertical  posts.  For  dead  load,  therefore, 
the  results  apply  only  for  that  portion  applied  at  the  lower  joints,  but 
as  the  load  applied  at  the  upper  joints  is  generally  small,  compared  to 
the  total  load,  it  is  sufficiently  accurate  for  most  purposes  to  assume 
the  dead  load  applied  at  the  loaded  chord.  The  greatest  difference 
will  occur  at  the  end  where  the  influence  of  the  hip  vertical  is  of  primary 
importance. 

324.  General  Remarks  on  the  Foregoing  Method  of  Calculation. — 
The  calculation  of  secondary  stresses,  even  of  a  small  truss,  has  gen- 
erally been  considered  by  engineers  a  very  laborious  operation,  requiring 
many  days'  time  of  a  skilled  computer.  A  systematic  arrangement  of 
the  calculations,  as  illustrated  by  the  preceding  problem,  will,  to  a 
large  extent,  obviate  this  objection  to  such  calculations.  By  the 
method  here  given,  a  good  computor,  after  becoming  familiar  with 
the  process,  can  make  a  complete  analysis  by  joint  loads  of  an  ordinary 
truss  in  less  than  two  days'  time.  For  larger  structures  of  single 
intersection  the  labor  involved  increases  about  in  proportion  to  the 
number  of  panels.  The  number  of  equations  is  increased,  but  in  their 
solution  the  number  of  operations  is  increased  only  in  the  same  pro- 
portion as  the  number  of  equations.  Additional  cases  of  loading, 
required  by  more  numerous  joints,  require  somewhat  more  work,  but 
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it  will  be  noted  from  Tables  B  and  C  that  each  new  case  involves 
only  a  small  portion  of  the  structure. 

Very  often  sufficient  information  can  be  obtained  by  calculating 
the  secondary  stresses  for  a  fully  loaded  structure.  Such  a  loading 
gives  the  maximum  stresses  in  all  chord  members,  the  end  post,  and 
generally  in  the  hip  vertical.  This  being  a  symmetrical  load,  only 
one-half  of  the  truss  need  be  considered;  and  the  solution  is  similar  to 
Case  I  of  the  preceding  problem,  involving  only  a  few  equations  (five,  in 
the  case  here  considered),  which  is  a  matter  of  a  few  hours'  work. 

The  order  of  elimination  adopted  in  Table  E  is  to  be  noted,  especially 
with  reference  to  the  subtraction  of  one  equatiofi  from  another.  Thus, 
referring  to  the  group  (cO,  (rfO»  and  (5'),  eq.  (c')  is  subtracted  from 
((/0>  and  also  from  (5').  This  procedure  maintains  the  relative 
accuracy  as  far  as  possible,  and  also  usually  results  in  plus  signs 
throughout,  which  is  of  much  assistance  in  avoiding  errors. 

Again,  assuming  equations  (4'),  (sO>  (60 >  ^^-y  to  be  correct,  it 
will  be  found  that  the  order  of  procedure  here  adopted  is  such  that 
any  error  made  in  the  calculations  tends  to  become  smaller  as  the  work 
progresses,  so  that  no  great  accuracy  is  necessary  to  secure  satisfactory 
results.  Furthermore,  after  the  value  of  t,,  is  obtained  and  the  others 
are  found  by  substituting  back  in  (5'),  (9O1  (^0>  etc.,  it  is  seen  that 
here,  also,  any  error  of  calculation  tends  to  become  less  on  account  of 
the  small  values  of  the  coefficients  in  these  particular  equations.  These 
general  relations  are  brought  about  from  the  fact  that  in  the  equation 
of  equilibrium  at  any  joint,  given  in  Table  D,  the  coefficient  of  the  r 
for  the  particular  joint  is  generally  much  greater  than  that  of  any 
other  T.  Thus  in  eq.  (5)  the  coefficient  of  Tg  is  55.22  compared  to 
12.43  for  T3  and  Tq.  This  condition  is  sometimes  made  use  of  in 
solving  the  equations  by  successive  approximations.  By  such  method* 
approximate  values  are  first  found  for  the  several  r's  by  omitting  from 
each  equation  all  values  of  r  excepting  the  one  relating  to  the  particular 
joint.  Thus  from  eq.  (i),  we  have  t,  =  197.6/25.9;  and  from  eq. 
(2),  Tj  =  2.33/15.72,  etc.  The  approximate  values  thus  found  arc 
then  substituted  in  the  several  equations  and  more  accurate  values 
determined,  etc.  In  view,  however,  of  the  readiness  with  which  a 
correct  solution  may  be  reached,  such  approximate  methods  are  of 
little  or  no  advantage. 
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325.  Approximate  Methods  of  Calculation  for  a  Limited  Number 
of  Joints. — ^When,  for  a  particular  loading,  it  is  desired  to  determine 
the  secondary  stresses  in  a  certain  part  of  the  structure,  or  in  certain 
members  only,  very  satisfactory  results  can  be  reached  by  neglecting 
the  effect  of  the  joints  that  are  remote  from  the  joint  or  joints  in 
question.  Results  will  be  more  accurate  as  more  joints  are  included 
in  the  calculations,  entire  accuracy  requiring  the  consideration  of  all 
the  joints.  It  is  generally  sufficient,  however,  to  include  only  one 
joint  in  each  direction  beyond  those  under  consideration.  Thus,  in 
Fig.  20,  if  the  stresses  at  joint  5,  only,  are  desired,  we  may  neglect  all 


Fig.  20. 

joints  beyond  3,  4,  6,  and  7.  The  small  influence  of  Tg  on  T5  may  be 
noted  by  referring  to  eqs.  (g^ ,  (/') ,  and  (40  of  Table  E.  The  value 
of  T,  appears  to  the  extent  of  2  per  cent  in  T7  and  26  per  cent  in  t^. 
Then  t^  appears  to  the  extent  of  0.7  per  cent  in  t^,  and  t^  to  the  extent 
of  24  per  cent.  Hence  Tg  comes  into  T5  to  the  extent  of  about  6  per 
cent. 

Examples. — (i)  As  an  example,  this  approximate  method  will  be  applied 
to  joint  5  of  the  truss  analyzed  in  the  preceding  articles,  assuming  the  loading 
of  Case  I,  that  is,  1,000  lbs.  at  joint  7.  Limiting  our  attention  to  joints  3,  4, 
5,  6,  and  7,  we  proceed  to  formulate  the  five  equations.  If  this  problem 
were  to  be  solved  from  the  beginning  it  would  be  necessary  to  calculate  the 
values  oi  d  /.  for  triangles  C,  Dy  and  £,  and  for  the  angles  at  3,  4,  6,  and  7 
of  triangles  A,  B,  F,  and  G,  so  that  in  Table  C,  the  values  of  ^  Z  for  all  the 
joints  considered  would  be  known.  Assuming  this  done  the  equations  are 
written  from  Table  C  as  follows. 

Joint  5. — ^This  equation  is  the  same  as  given  in  Table  D,  and  is  used  in 
complete  form. 

Joint  4. — This  equation  is  made  up  in  the  same  manner  as  before,  except 
that  the  value  of  T24  is  omitted  (including  both  Tj  and  the  absolute  term).  The 
several  terms  are  derived  as  follows: 


;  are  aenvea  as  toiiows: 

from  joint  4,  (I  K  +  I  d  /.) 
from  joint  3,  member  3-4 
from  joint  5,  member  5-4 
from  joint  7,  member  7-4 


26.84   "^4   "~ 

1939 

1.64  T3  - 

78.7 

2.02   T5  - 

98.1 

596  h 
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whence  the  equation 

26.84  ^4  +  I  64  T3  4-  2.02  T5  H-  5.96  Ty  =  4-  370.7. 
In  the  same  manner  we  write  out  the  equations  for  joints  3, 6,  and  7  as  follows: 

(3)        46.95  ^s  +  12.43  ^5  +    1.64  T4  =4-    415-0 

(6)  ,  51.26  Te  -f       .77  ^7  +  12.43  Tj  =  -  43277 

(7)  28.3    T7  -I-    5.96  T,  +       .73  Tj  +  .77  Te  =  4-  2951.8 

Solving  these  equations  as  before,  we  get  T5  =  —  33.5  as  compared  to  a  value 
of  —  31.7  by  the  exact  process. 

(2)  As  another  illustration  take  joint  11,  Case  II,  as  this  value  is  relatively 
large.  Consider  only  joints  9,  10,  11,  and  12.  The  equations  are  written  out 
as  before.    They  are: 

(9)  26.84  T^  4-  1.64  T,o  H-  3-8o  Tji  =  -    293.9 

(10)  46.96  Tjo  H-  1.64  T9  4-    .26  T.i  4-  9-15  ^«  =  -  8994.2 

(11)  15.72  T,i  4-  3.80  r^  4-    .26  Tjo  +  3-8o  t^  =  +  5180. 

(12)  25.90  T,2  4-  9-15  ^10  +  3  80  T,i  =    -   2446.6 

Solving,  we  get  t,i  =  +  366.1  as  compared  to  4-  365.6  by  the  exact  process. 

The  method  of  approximation  here  used  assumes  t  =  o  at  the  ends  of  the 
members  where  the  joints  are  not  considered.  This  is  equivalent  to  assuming 
these  members  to  have  one-half  as  much  moment  at  the  remote  ends  as  ai 
the  joints  considered.  The  resuUs  are  probably  more  accurate  than  if  the 
remote  ends  be  assumed  as  hinged,  and  the  equations  are  more  easily  for- 
mulated. 

326.  Effect  of  a  Collision  Strut  upon  the  Secondary  Stresses  in 
the  End  Post. — Suppose  in  the  truss  analyzed  in  the  preceding  articles, 
a  collision  strut  2-a  be  used  (Fig.  21),  having  a  moment  of  inertia  of 

Unit  Stresaes  ".«"  Streaaes  "S* 

8  -fl6.7      6    -74.0     6    -8870      8    ~3440     10 


1000 


lOGO 


1     +78.0      K    +7a.O      14    +7''.7       ,7   +»1I0     19    +2150     111  +»» 


1000 

Fig.  21. 


1000 


1000 


50  in*.  Its  effect  upon  the  secondary  stresses  in  the  member  1-3  will 
be  determined  for  a  load  of  1,000  lbs.  at  each  joint.  The  angle 
i--fl-2  is  90°. 

Fig.  21  gives  in  the  right  half  the  primary  stresses  5,  and  in  the 
left  half  the  unit  stresses  s.  The  stress  in  the  member  a-2  will  be 
zero.    The  unit  stresses  in  all  members,  excepting  3-4,  5-4,  and  5-7. 
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may  be  taken  from  Table  G,  Art.  323.  The  calculations  of  5  Z  's 
requires  the  consideration  of  the  two  triangles,  A^  and  -4,,  and  of 
member  a-2. 

The  loading  being  symmetrical,  it  will  not  be  necessary  to  carry  the 
equations  beyond  joint  5,  the  values  of  t^  and  t^  being  obtained  from 
the  condition  that  both  7^7  and  r^^  =  o.  There  will  therefore  be  six 
equations,  including  that  for  joint  a.     These  equations  are  as  follows: 


(I) 
ia) 
(2) 

(3) 
(4) 
(5) 


50.64X1+21.52      T^+      3.80     T3  =  -      7,710 

21.52  Ti+   75.30     T^-h         .206  Tj  +   15.92  T3  ==  -   14,400 

3.80  Tj+         .206  T^+   16.12      Tj  +         .26  T3  +  3.80X4=  +      2,372 

15-92  7^+          -26      T2+   60.49      ^3   +       I'64  ^4   +  12.43  "^5=  +       2,518 

3.80  T2+       1.64      T3+    26.84      'f^   -I-       2.02X5+  5.96X7=  +       2,782 

12.42  X3+    2.02    X4+  55.22    Xg  +  12.43  ^«  +  -73  ^7=  -    8,194 


It  will  be  noted  that,  except  for  members  1-3  and  a~2,  the  left-hand 
members  of  the  equations  are  the  same  as  in  Table  D. 

The  solution  of  these  equations  gives  the  following  results:  x^  = 
-81.2;  x„  =  -194.1;  X2=+  153.7;  T3  =+121.6;  X4=+S24; 
Ts  =  —  150.7.     The  stresses  at  joints  i,  a,  and  3  are  as  follows: 


TABLE    H. 

STRESSES  WITH   COLLISION   STRUT. 


Member. 

Secondary  Stress. 

Primary 
Stress. 

Per  cent 

Secondary  to 

Primary. 

End  Post ^ 

i«-3 

l3-a 
Top  Chord 3-5 

Bottom  Chord 1-2 

-   A  ZB 

-28.1  T 

-28.1  r 
-24.85 

-27. 8B 
+  10. 2B 

1 

1 

!►     -   S6-4 

J 

-6S-7 
+  730 

7.6 
SO 

50 
44 
4a 
14 

The  very  large  secondary  stresses  of  44  per  cent  to  50  per  cent,  at 
joints  a  and  3  are  very  significant  and  show  the  detrimental  effect  of 
the  collision  strut  upon  the  end  post.  Without  the  strut  the  maximum 
secondary  stresses  in  this  member,  given  in  Table  G,  Art.  323,  are  only 
7.5  per  cent  and  9.2  per  cent.  This  case  illustrates  the  general  effect 
of  secondary  members  attached  to  large  primary  members  in  such  a 
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way  as  to  cause  them  to  deflect  out  of  line.     Other  illustrations  arc 
given  in  Art.  342. 

327.  Effect  of  Eccentric  Joints. — If  the  axes  of  the  members  at 
any  joint  do  not  intersect  in  a  single  point,  then  the  primary  strcssts 
produce  a  moment  M^  which  must  be  balanced  by  the  secondary 
bending  moments  at  the  joint.  This  moment,  Af„,  is  taken  account 
of  as  explained  in  Art.  308  and  eq.  (17),  by  adding  to  the  moment 

equation  of  the  joint  the  term  — ~y  or  if  E  is  neglected,  the  term  is 

2    jCr 
M 

— -.     A  positive  value  of  this  moment  is  when  the  tendency  of  rotation 

about  the  joint  is  clockwise. 

Suppose  in  the  Pratt  truss  of  Art.  317,  the  joints  in  the  top  chord 
and  end  post  are  eccentric  by  i  inch,  the  intersection  of  the  axes  of  the 
web  members  being  i  inch  below  the  gravity  axis  in  each  case.  The 
secondary  stresses  in  the  end  post  and  top-chord  members  will  be 
determined  for  the  case  of  a  symmetrical  loading  of  1,000  lbs.  at  each 
lower  joint.  Only  five  equations  will  be  needed,  and  the  coefficients 
of  T  will  be  the  same  as  those  given  in  Table  D.  The  absolute  terms 
will  be  diflFerent  and  will  include  the  moments  at  the  joints  due  to 
eccentricity. 

The  total  stressies,  S,  and  the  unit  stresses,  s,  are  the  same  as  given 
in  Fig.  21.  The  detailed  calculation  of  the  angular  changes  will  not 
be  given,  but  the  results  are  shown  in  Table  I,  together  with  the  values 
ol  I  d  /.  and  Kid  Z ,  as  in  Art.  319. 

The  moment  of  the  primary  stresses  at  joint  5  is  equal  to  the  hor- 
izontal component  of  the  stress  in  5-7,  multiplied  by  i  inch,  =  500  X 

020 

- —  X  I  =  430,  and  is  negative  in  sign.     The  term  to  be  added  to  the 

372 

left  side  of  the  equation  is  therefore  —  430/2  =  —  215.     The  absolute 

term  for  joint  5  is  then  made  up  as  follows,  from  Column  (7),  Table  I: 

Joint  5  (2  X  2642.3)  H-  5,285 

Member  6-5  +  3,194 

"       7-S  -       43 

"       4-5  -     242 

External  moment  —     215 

Total  +  7,979 
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At  joint  3  we  may  conveniently  take  the  moment  centre  at  the 
intersection  of  the  diagonal  and  hip  vertical.  The  moment  of  the 
lop-chord  stress  is  then  —  3,440,  and  of  the  end  post  is  +  3,300,  giving 
a  net  moment  of  —  140  in. -lbs.  The  term  —  70  is  then  to  be  added 
to  the  absolute  term  for  the  equation  for  joint  3.  At  joint  i,  assuming 
the  intersection  of  the  axis  of  1-2,  and  the  reaction,  to  be  i  inch  below 
the  gravity  axis  of  1-3,  the  moment  will  equal  the  stress  in  1-3  times 
I  inch,  =  —  3,300  in.-lbs.,  giving  the  large  term  —  1,650  to  add  to  the 
equation  for  joint  i.     The  resulting  equations  are  as  follows: 

(1)  25.90   T,   +      3  80   T2  -h      9.15    Ts 

(2)  3.80  Ti   +   15.72    T3  -h         .26   T3  -h      3.80   T4 

(3)  9.15    Tj   -f         .26   Tj  +  46.96   Tj  +       1.64   T4   -h   12.43 

(4)  3.80  Tj  -i-       1.64   Tj  -I-   26.84   ^4  +       2.02    T5   -f      5.96 

(5)   12.43  ^3  +     2.02  T4  -h  55.22  T5  +  12.43  'Te  +       .73 


T,    = 


=    +  451 

=    +  1,522 

=    -  2,448 

=    +  2,784 

-  Z»979 


Also  T„  =  o  =  T,  H-  128.5 


and 


=  o  =  T7  -  150.4. 


^7e  =  O  = 


The  solution  of  these  equations  results  in  values  of  r  as  given  in  Tabic 
I.  From  these  values  we  find  fibre  stresses  and  percentage  secondary 
stresses  to  primary  stresses  as  follows: 


TABLE   J. 

SECONDARY  STRESSES   WITH   ECCENTRICITY. 


Member. 


End  Post 


|.3 


1^' 
Top  Chord   \  ^l 

L6S 


Secondary 
Stress. 


—  I.16B 

—  0.47  B 

-  4.155 

-10.18  r 

-  545  7^ 

-  8.34  r 


Primary 
Stres.s. 


|-S6. 


♦ 


J-6S-7 
I -74.0 


Percentage 

Secondary  to 

Primary. 

Percentage 

without 
Eccentricity. 

2.0 

7-5 

0.8 

51 

6.3 

9.2 

155 

15.2 

7-4 

8.8 

II. 2 

10.6 

In  the  last  column  are  given  the  values  from  Table  G,  Art.  323,  which 
are  the  percentages  without  eccentricity.  It  will  be  seen  that  the  effect 
of  eccentricity  is  small  except  in  the  end  post,  where  it  happens  to  be 
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of  such  sign  to  reduce  the  stresses.    Generally  speaking,  the  cflFcct  o( 
eccentricity  is  to  increase  the  secondary  stresses. 

328.  Effect  of  Pin-Connections. — If  certain  members  are  pin- 
connected  the  maximum  moment  that  can  develop  at  the  ends  of  such 
members  is  limited  to  the  moment  required  to  turn  the  member  on  the 
pin.  If,  on  the  assumption  of  rigid  joints,  the  resulting  moment  is 
less  than  this  limiting  value,  then  the  member  will  not  turn  and  the 
moments  so  calculated  are  correct.  If,  however,  the  calculated  mo- 
ment is  greater  than  such  limit,  then  the  member  turns  and  the  actual 

bending  moment  is  equal  to  the  turning 


I       ^^     ^      )  moment.      Whether  a  member  will   turn 


f  0  >  ^» 


I 
I 


about  the  pins  depends  upon  the  stiffness 
of  the  member,  size  of  pin,  and  coefficient 
^°*  ^^'  of  friction.     A  general  analysis  will  assist 

in  judging  what  is  likely  to  happen. 

Fig.  22  represents  the  end  of  a  pin-connected  member. 

Let  S  =  total  direct  stress; 

A  =  gross  sectional  area  of  the  body  of  the  member; 

s  =  working  stjress  on  gross  area; 

/  =  fibre  stress  due  to  bendmg  at  the  joint, 
D  =  diameter  of  the  pin; 

k  =  coefficient  of  friction; 

h  =  depth  of  member,  assumed  as  synmietrical; 

/  =  moment  of  inertia  of  member; 

r  =  radius  of  gyration. 

Under  the  stress  5,  the  turning  moment  required  to  overcome  friction 

is  Af  = = .    The  resulting  fibre  stress  is 

22 

^      Mh      skDh  ,   . 

•^      2/        4  f^ 

whence  the  ratio  of  the  stress  /  to  the  working  stress  s  is 

f  s  =  — — (20) 

4  r 
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For  rectangular  sections,  such  as  eye-bars,  r  =  .29  A,  and  for  built-up 
sections  r  will  generally  range  from  .35  h  to  .4  A.  If  we  take  k  =  .2, 
we  then  have  approximately, 

f/s  =  .55^  to  .30-^ (21) 

For  eye-bars  D/h  is  generally  not  less  than  K>  whence  for  such  mem- 
bers f/s  =  .55  X  .75  =.41;  that  is,  the  secondary  stress/  must  be 
about  40  per  cent  of  the  working  stress  in  order  to  turn  the  bar. 
Such  a  large  secondary  stress  in  the  case  of  narrow  sections,  as  eye- 
bars,  is  imusually  great  and  not  likely  to  occur.  Even  with  a 
coefficient  of  friction  as  low  as  0.15  the  necessary  bending  moment 
would  not  be  likely  to  develop.  Hence  we  may  conclude  that  eye- 
bars  generally  do  not  receive  sufficient  bending  to  cause  turning  on 
the  pins. 

In  the  case  of  built-up  members  the  ratio  oi  D/h  will  generally 
be  much  smaller  than  for  eye-bars  and  may  indeed  be  quite  small. 
A  ratio  of  1/3  represents  an  ordinary  value.  This  gives  f/s  ==  ^  X 
.30  =  .10  (assuming  r  =  .4  A),  that  is,  a  turning  on  the  pins  will 
occur  when,  the  secondary  stress  is  10  per  cent  of  the  working  stress 
on  gross  section. 

This  analysis  assumes  the  pressure  on  the  pin  equal  to  the  total 
stress  in  the  member.  For  built-up  members,  continuous  beyond 
the  pin,  as  the  usual  top  chord  section,  the  pin  pressure  at  intermediate 
joints  is  only  the  increment  of  chord  stress  and  much  less  than  the 
total  stress.  In  such  a  case  a  turning  on  the  pin  will  be  brought  about 
at  much  lower  bending  stresses  than  calculated  above.  Since  a  second- 
ary stress  of  10  per  cent  may  be  considered  a  minimum,  it  may  be 
concluded  that  with  a  coefficient  of  friction  of  1/5  to  1/4,  built-up 
members  will,  in  general,  turn  upon  the  pins. 

In  the  calculation  of  secondary  stresses,  therefore,  in  structures 
partly  or  wholly  pin-connected,  it  may  generally  be  assumed  that 
eye-bars  do  not  turn  and  that  built-up  members  will  turn.  In  the 
latter  case  a  turning  moment  equal  to  the  moment  of  friction  will 
develop,  which  may  be  taken  account  of  by  treating  it  as  an  exterior 
moment  at  a  known  value.  But  for  most  purposes  such  moment  may 
be  neglected  and  the  pin-ended  built-up  member  omitted  in  the 
11.-30 
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calculations,  without,  however,  ignoring  the  fact  that  in  some  cases 
the  friction  of  turning  should  be  estimated,  as  for  example,  at  the 
hinges  of  an  arch. 

The  value  of  the  coefficient  of  friction  between  a  pin  and  its  bearing 
is  a  matter  about  which  little  information  is  available.  It  is  probable 
that  in  new  work,  with  pins  well  painted,  the  friction  is  considerably 
less  than  0.2,  but  in  old  work  where  rusting  has  taken  place  the  friction 
is  greater.  An  occasional  turning  on  the  pins  tends  to  prevent  the 
friction  becoming  excessively  great  through  rust,  while,  on  the  other 
hand,  a  fixed  condition  of  the  joint,  such  as  is  likely  to  be  the  case  with 
eye-bars,  tends  to  increase  the  resistance  to  turning  by  a  rusting  of 
the  parts.  It  has  often  been  noted  in  the  removal  of  old  structures 
that  the  pins  are  very  firmly  fixed  in  the  eye-bar  heads,  evidently  not 
having  turned  for  many  years. 

In  calculating  secondary  stresses  where  some  of  the  members  are 
to  be  considered  free  to  turn,  this  condition  is  conveniently  allowed 
for  by  simply  omitting  such  member  from  the  equations  of  moments 
at  the  joints.  If  the  member  turns,  it  is  equivalent  to  a  member  whose 
moment  of  inertia  is  zero,  or  whose  K=  o;  whence  the  value  oiK  r 
for  the  member  drops  out.  In  the  calculation  of  the  changes  of  angle, 
d  a,  etc.,  such  members  should,  however,  be  considered,  the  same  as 
others  that  are  rigidly  connected. 

329.  Top  Chord  of  Pin-Connected  Pratt  Truss, — ^In  a  pin-connected 
truss  the  top  chord  is  generally  made  continuous  and  the  posts  and 
diagonals  pin-connected.  In  such  a  case  it  may  be  assumed  that  all 
members  turn  at  the  joints  excepting  the  top-chord  sections.  At  the 
hip  joint  the  top  chord  is  also  generally  pin-connected.  The  calcula- 
tion of  the  secondary  stresses  in  the  top  chord  in  such  a  case  is  a  simple 
problem. 

As  an  example  take  the  Pratt  truss  analyzed  in  preceding  articles 
and  assume  a  load  of  1,000  lbs.  at  each  lower  joint.  The  top-chord 
stresses  will  be  calculated,  (a)  with  pins  concentric  and  (6)  with  pins 
eccentric. 

(a)  Without  Eccentricity, — ^The  values  oi  d  Z.  and  of  i*  d  Z  are 
calculated  as  before,  but  such  calculation  need  be  made  for  the  three 
upper  joints,  3,  5,  and  6,  only.  The  necessary  values  are  given  in 
Table  K  on  the  following  page. 
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TABLE    K. 

VALUES  OF  I  <»  Z,  ii:  S  <I  Z,  and  T. 


Joint. 

Z 

s/. 

2  JZ 

Member. 

K 

KISZ 

r 

(I) 

(2) 

(3) 

(4) 

(5) 
35 

(6) 

(7) 

(8) 

3  *  •  •  • 

12.43 

-  43-0 

12.43 

5.... 

(    657 
J    754 
'    453 

-  37-27 
+   37-52 
+  214.4 

-   3727 
+     0.25 
+  214.65 

56 

57 
54 
53 

12.43 
0 

0 
12.43 

+  2669 

-128.8 
+  85.9 

24.86 

+  2669 

6. . . . 

(    867 
I    765 

+  128.47 
+  128.47 

+  128.47 
+  256.94 

68 
67 

65 

12.43 
0 

12.43 

+  3194 

—  128.5 
+  128.5 

24.86 

+  3194 

At  joint  3  the  only  member  considered  is  3-5  and  the  equation  is 

24.86  Tj  +  12.43  '^s  ==  ""  2669 (a) 

At  joint  5,  members  5-3  and  5-6  enter,  and  the  equation  is 

49.72  T5  +-  12.43  ^3  +  12.43  ^0  =  -  8532.  .      .      (b) 

At  joint  6  we  have  t,^  =  o,  whence  t^  =  —  128.5. 
Then  from  (a)  and  (b)  we  derive, 

T3  =  —  43.0  and  T5  =  —  128.8. 

The  remaining  values  of  t  are  calculated  in  the  table  in  the  usual  way. 
The  resulting  stresses  are  given  in  Table  L  on  the  following  page. 

(6)  With  Eccentricity. — Assuming  the  pins  eccentric  by  i  inch, 
the  moment  of  the  primary  stresses  at  joint  3  is  —  3440,  and  at  joint 
5  is  —  430.  It  is  zero  at  6.  Hence  the  absolute  terms  of  equations 
(a)  and  (b)  become  —  2669  -I-  1720  =  —  949,  and  —  8532  +  215  = 
—  8317,  respectively.  From  these  we  derive  T35  =  +  33-6;  T53  = 
+  71. 1 ;  T55=  —  143.6  and  r^^^  4-  128.5.  The  resulting  fibre  stresses 
are  given  in  Table  L. 
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TABLE    L. 
SECONDARY  STRESSES  IN  PIN-CONNECTED  TOP   CHORD. 


Without  Eccbntricitt. 

With  Eccbntricitt. 

Member. 

Secondary 
Stress. 

Percentage  of 
Primary  Stress. 

Secondary 
Stress. 

Percental  of 
Primary  Stress. 

35 
53 
56 

65 

0 

-7.47- 

-iaT 

0 
II. 2 
10. 0 
10. 0 

-12-5^ 
-10. 1  T 

-  91T 

-  6.5  r 

18.7 
15.0 

"3 
8.8 

330.  E£fect  of  Bending  Moments  in  the  Members  Due  to  Trans- 
verse Loads  Applied  Between  Joints.— Suppose  the  beam  A  B,  Fig.  23, 


P 


1*10.  23. 


to  support  certain  transverse  loads,  Pj,  P,,  etc.,  and  at  the  same  time 
to  be  subjected  to  certain  end  moments,  Af  j  and  M,.  If  the  beam 
were  freely  supported  at  A  and  B,  the  transverse  loads  would  cause  a 
bending  moment  at  any  point  C,  distant  x  from  B,  calculated  as  for  a 
simple  beam.  Call  this  moment  M\  The  true  bending  moment 
in  the  beam  at  point  C,  under  the  actual  conditions,  will  then  be  equal 
to  the  moment  due  to  Af  i  and  Mj,  plus  M',  or,  from  eq.  (6),  Art.  304, 


X 


M^^  M,"  (M,  +  M2)  y  +  M\ 


.     .     (22) 


/AT  X  d  X 
■     Substituting  from  eq.  (22) 


we  derive 


M'  xdx 


.      .      .     .     (23) 


and 


^  =  fir  <= '^.  -  ^■> -/^ 


•  -  ^"-  Al  ^'"^  -^^-  wnX"''"''-  ■  '"' 
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Likewise 

^^  =  -^j{2M,-M,)+^^f^M'{l-x)dx     .     (25) 

in  which  x  is  to  be  measured  from  B.    From  these  equations  we  derive 
the  values  of  Afj  and  M,,  as  follows: 

M,  =  ^  (2  r»  +  r^  -  J/V  (}-ix)dx        .     (26) 

M,  =  2-p^(2r,  +  T,)  +^^M'(3Jc-  2t)dx..  .     (27) 

In  these  equations  the  quantity  M'  is  the 
bending  moment    in  a  simply  supported    y^A 

1  1  .  .  \  •  lit*.  *H 


beam  due  to  the  given  external  loads;  its 
sign  is  to  be  considered  as  positive  when 
it  tends  to  cause  bending  in  the  same  sense 

as  the  moment  If  2,  such  as  would  be  caused  by  loads  acting  down- 
ward in  Fig.  23. 

For  a  single  load,  P,  applied  a  distance  a  from  A  (Fig.  24),  the 
values  of  the  terms  involving  Jf'  in   eqs.  (26)  and   (27)  reduce  to 

-  P  — —j^ — —  and    —  P — -,  respectively.  From  Art.  6  we  note 

that  these  values  are  the  same  as  the  end  moments  of  a  beam  fixed  at 
the  ends.     Therefore  we  may  write  in  general 

Ml  =  ^-^  (2  n  +  Ta)  =*=  {Ma  for  fixed  ends).     .     .     (28) 

In  order  to  harmonize  signs  with  the  convention  adopted  in  Art. 
305,  we  will  confine  oxir  attention  to  the  left  end  of  the  member, 
Fig.  24,  where  the  direction  of  bending  is  positive.  The  last  term 
of  eq.  (28)  may  be  looked  upon  as  an  external  moment,  in  the  same 
manner  as  a  moment  due  to  eccentricity  (Art.  308),  and  to  be  taken 
as  positive  when  it  acts  clockwise  around  the  joint,  as  at  ^ ,  Fig.  24. 
Therefore,  if  we  let  M^  denote  the  moment  at  the  joint  due  to  trans- 
verse forces,  considering  the  beam  as  fixed,  we  have  in  general, 

Mnm  =  —p"  (2  rnm  +  Tmr)  +  M^nn       •      •      •       (29) 

and  ^  ^ 

/  =  2  (2Tnm  +  rmn)  J  +  M^nnJ        •       •       •       (S^) 
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In  applying  these  equations  to  a  problem  of  secondary  stresses 
the  quantities  M^  are  to  be  calculated  separately.  Then  in  place  of 
eq.  (i6),  Art.  308,  we  have 


2  (^nl  ^nl   +  ^n2  7n3  +  CtC.)    +  K,^  T,^  +  ^m'^^n  +  ^tC. 


Mf^y  Mf^, 


2  E 


2  E 


etc. 


(31) 


Mf 


there  being  terms  — =  for  each  member  at  the  joint  which  is  subjectwl 

2  E 

to  transverse  forces. 

331.  Secondary  Stresses  in  Top  Chord  Due  to  Weight  of  Member.-- 

As  an  illustration  of  the  application  of  the  preceding  article  the  strcssci 
in  the  top  chord  of  the  truss  previously  analyzed  will  be  determined 
so  as  to  include  the  effect  of  its  own  weight.  In  this  case  it  will  be 
desirable  to  assume  a  joint  load  corresponding  to  the  actual  load  on 
the  structure.  A  joint  load  of  75,000  lbs.  will,  therefore,  be  taken, 
applied  at  each  lower  joint.  The  top  chord  will  be  assumed  as  pin- 
connectedi  as  in  Art.  329,  and  equations  written  out  for  joints  3  and  5. 


UnltStiMMi'f*' 

6     -4MQ     5     -5680     6 


10 


(a)  WilhotU  Eccentricity. — ^Fig.  25  gives  the  unit  stresses,  5,  and 
Table  M,  the  values  oil  d  Z ,  etc. 

The  end  moments  of  members  3-5  and  5-6,  due  to  their  own  weight, 
must  be  determined,  on  the  assumption  of  fixed  ends.    This  moment 

is wP,  where  w  is  the  load  per  unit  length.     Taking  the  weight 

12 

of  3-5  and  5-6  at  178  lbs.  per  foot,  the  moment  at  each  end   Is 
—  126,600  in.-lbs.    Therefore,  in  the  equation  for  joint  3,  the  quantity 


126,600  . 


2 


is  to  be  added  to  the  absolute  term,  and  for  joint  $  nothing 
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TABLE   M. 

TOP   CHORD,   WEIGHT  INCLUDED. 
Values  of  2  (5  Z,  iC  2  J  Z,  and  T. 


Joint. 

z 

(2) 

cJZ 

(3) 

(4) 

Member. 
(5) 

K 
(6) 

KZ6  l 

(7) 

T 

(8) 

3 

<5S7 
754 
453 

867 
765 

-  279s 
+  281S 
-I-16090 

+9635 
+9635 

-    279s 
+        20 
+  i6iio 

+  9635 
+  19270 

35 

56 
57 
54 
53 

68 

67 
65 

12.43 

—6140 

• 

12.43 

12.43 
0 

0 
12.43 

-8920 
+  7190 

'! 

+  200,000 

24.86 

12.43 
0 

12.43 

+  200,000 

-9635 
+9635 

«! 

+  239,600 

24.86 

+  239,600 

is  added,  as  the  values  of  M^  for  the  two  members  5-6  and  5-3  are 
equal  but  of  opposite  signs. 
The  resulting  equations  are 

24.86  T3  +-  12.43  T5  =-  -  263,300 

12.43  T3  +-  49.72  T5  +  12.43  Te  «  -  639,600. 

Then  as  before,  r^y  =  o,  and  t^  =  —  9,635.     The  resulting  values  of 
T  are  given  in  Table  M. 

Having  the  values  of  t  the  fibre  stresses  at  the  joints  are  calculated 

by  means  of  eq.   (30).      This  requires  the  term  —  Af'  X  -y  to  be 

added  to  the  stress  as  previously  calculated.    The  results  are  given 
in  Table  N. 

The  effect  of  the  weight  of  the  member  is  to  reduce  the  secondary 
stresses  at  the  joints.  This  is  due  to  the  fact  that,  with  pin-connections, 
the  only  secondary  stresses  arising  from  rigidity  of  joints  in  the  top 
chord  are  due  to  the  bending  of  the  chord  as  a  whole  into  a  slight  curve 
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TABLE  N. 


SECONDARY  STRESSES  IN  TOP   CHORD,   INCLUDING   EFFECT  OF 

WEIGHT  OF  MEMBER. 


Without  Eccbntricitt. 

With  Eccbntricitt. 

Member. 

Secondary 
Stress. 

Percentage  of 
Primary  Stress. 

Secondary 
Stress. 

Percentage  of 
Primary  Strmv 

35 
53 
56 

65 

0 
-iSoT 
-iSoT 

-300  r 

3-7 
3-^ 
54 

-938  B 

-382  r 

-309  T 
-^3lT 

19.0 
7-8 

4  J 

corresponding  to  the  deflection  of  the  entire  structure.  This  produces 
small  compressive  stresses  in  the  upper  fibres  throughout,  as  shown 
in  Art.  329,  Table  L.  When  the  effect  of  the  weight  of  the  members 
is  added,  this  reduces  the  stresses  at  the  joint  but  increases  those  at 
the  centres  of  the  members. 

At  the  centres  of  the  members  the  stresses  may  be  found  as  follows: 
Consider  member  5-6.    The  moment  at  the  centre  of  a  fixed  beam 

beinfi;  —  w  P,  and  at  the  ends wP,  the  centre  moment  exceeds 

24  12 

the  end  moment  hy  —w  P,  which  is  the  centre  moment  in  a  simple 

o 

beam.  In  the  present  example,  this  moment  is  3/2  X  126,600  =  + 
189,900  in.-lbs.,  giving  a  fibre  stress  in  the  top  fibres  of  —  438  lbs. 
per  sq.  in.    From  Table  M,  the  stress  at  one  end  is  —  180  and  at  the 

—  180  -  300 
2 


other   end    is  —  3CX),    hence   at   the   centre  it  will  be 


—  438  =  —  678  lbs.  per  sq.  in.,  or  11  per  cent  of  the  primary  stress. 
Fig.  26  (a)  shows  the  variation  in  upper  fibre  stress  throughout. 

(6)  With  Eccentricity, — ^The  results  obtained  with  an  eccentricity 
of  I  inch  are  given  in  Table  N.  Eccentric  pins  in  this  case  have  little 
effect  except  at  joint  3.  Fig.  26  (6)  shows  the  fibres  stresses  in  this 
case. 

332.  Secondary  Stresses  Due  to  Fixed  Supports. — If  no  hinge  is 
provided  at  the  support,  as  is  quite  common  in  the  case  of  small  trusses, 
and  as  sometimes  occurs  in  other  cases,  the  joint  in  question  will  be 
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restrained  and  the  secondary  stresses  will  generally  be  much  increased 
thereby.  In  calculating  the  secondary  stresses  where  any  given  joint 
is  thus  restrained  the  equation  for  the  joint  in  question  must  include  an 
external  moment,  due  to  the  action  of  the  support.    This  moment  is  un- 


Without  eocentriclty 


(a) 


AVlth  Eccentricity 


Kioi' 


(b)   I 


mm^ 


'!'! 


I'l 


Mm^i^^^i 


ll!  'li'^filiil 


5 

Fig.  26. 


6 


known,  but  the  deflection  angle  of  the  joint  is  fixed  and  may  be  calcu- 
lated by  other  means,  thus  leaving  the  external  moment  as  the  unknown 
quantity  in  the  equation  for  the  joint,  in  place  of  the  deflection  angle. 

Thus  in  Fig.  27,  suppose  joint  i  be  fixed  by  the  support,  thus 
developing  an  external  moment  equal  to  M^.    The  value  of  5  Z  for 


<l 


"l'^-\V 


Fig.  27. 


angle  312  is  calculated  as  usual.  The  deflection  angle  of  1-3  is  r,,, 
the  reference  angle  of  the  joint,  and  that  of  1-2  is  Tjj  +  5  (312).  The 
deflection  angle  of  1-2  is  now  to  be  directly  determined  by  calculating 

Sul 
the  deflection  of  joint  2  by  the  usual  formula  A  =  i"  "5~T"-     ^^  ^^^^ 

deflection  is  A,  then  the  deflection  angle  t^  =  Aj/^i.  This  angle 
then  becomes  known  and  thence  the  reference  angle  T13  or  Tj.  The 
quation  of  the  joint  is 


2  (^is  ^13  +  -^12  ^^12)  H-  ^31  T31  +  ^n  ''■21  — 


Ml 
2E 


=  o. 


(3^) 
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Written  out  in  the  usual  manner,  this  equation  will  involve  t„  Tj,  t,, 
and  Ml,  but,  as  shown  above,  Tj  is  known,  hence  the  unknowns  arc 
T2,  Tg,  and  Af  J.  The  unknowns  are  thus  the  same  in  number  as  in 
the  usual  case  and  are  readily  determined  in  the  solution  of  the  equa- 
tions for  the  entire  structure.  Unless  especially  desired,  the  value  o( 
M^  need  not  be  determined,  as  t,  is  known  from  the  deflection  of  joint 
2.  In  this  case,  after  determining  tp  we  proceed  at  once  to  the  cfjua- 
tions  for  joints  2  and  3,  in  which  x^  will  appear  as  a  known  quantity. 
If  E  is  to  be  generally  omitted  in  the  calculations  it  should  also  ix* 

S  ill 
omitted  in  the  calculation  of  A2,  giving  Aj  =  -T  — ^ — • 

ExAMPLE.^Suppose  the  Pratt  truss  of  Art.  317  be  supported  by  a  fiied 
shoe  so  that  no  turning  can  take  place  at  this  joint.  The  resulting  secondan- 
stresses  for  a  load  of  1,000  lbs.  at  each  joint  will  be  approximately  determined 
by  considering  only  joints  i,  2,  and  3. 

The  first  step  is  to  calculate  the  deflection  of  joint  2  for  the  given  load  by 

S  ul 
the  formula  I  —^ — .     The  result  is  159,300  units.     The  deflection  angle  t,, 

is  therefore  159,300/320  =  +  498.  Calculation  of  the  values  of  i*  J  /  and 
K  2  3  ^  are  given  in  Table  O. 

From  the  table  we  have  Ti2=Ti+ 138.2.  But  t,3  =  498,  hence  71=498- 
138  =  +  360.     The  equations  for  joints  2  and  3  are 

15-7  ^2  +  3-^o  Ti  +      .26  T3  =  +  1522. 
.26     Tj  +  9.15  T^  +  46.96  T3  =  +    141. 8. 

Substituting  the  value  of  t,  =  360,  we  derive  Tj  =  +  11.04,  ^3  =  —  67.2, 
and  thence  the  values  of  t  given  in  the  table.     The  moments  at  joint  i  are: 

M^  =  2  K^2  (2  ^13  +  Tji)  =  +    7,480  in.-lbs., 
M^=  2  K^^  (2  Ty  +  T31)  =  -f  12,240  in.-lbs. 

For  equilibrium  of  the  joint  the  external  moment  furnished  by  the  support 
must  be  equal  to  —  (A/,2  +  A/jg)  =  —  19,720  in.-lbs.  The  minus  sign 
signifies  a  left-handed  moment. 

The  fibre  stresses  in  the  members  1-2  and  1-3  are  57.4  and  38.4,  or 
79  per  cent,  and  68  per  cent,  respectively,  of  the  primary  stresses.  These 
large  values  show  the  importance  of  hinged  bearings  at  the  supports,  and  in 
connection  with  the  discussion  of  Art.  328  indicate  that  there  must  be  some 
turning  upon  the  pins  under  these  conditions. 

The  effect  of  a  fixed  shoe  upon  the  pressure  on  the  masonry  may  be  noted. 
The  negative  moment  developed  at  the  support  is  19,720  in.-lbs.  The  re- 
action is  2,500  lbs.     This  result,  therefore,  gives  an  eccentricity  of  bearing  of 

19,720  .     , 

-^-^ —  =  7.9  mches. 
2,500 
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-TABLE   O. 

EFFECT  OF  FIXED   SUPPORT. 
Values  of  2*  'J  Z ,  X"  2*  '5  Z ,  and  r. 


Joint. 

L 

iiz 

ScJZ 

Member. 

(i) 

(2) 

(3) 

(4) 

(5) 

13 

X    •  •  •  • 

312 

+  138-2 

+    13-82 

12 

21 

^  •    •   •    • 

\      324 

-249-5 
+     0.6 

-249-5 
-248.9 

23 
24 

35 

i    534 

— lOO.O 

— lOO.O 

34 

3*  •  •  • 

\    432 

+    4.9 

-   95 -o 

32 

'    231 

+  III.3 

+    16.3 

31 

In  certain  cases  the  stresses  which  would  be  produced  by  rigid 
bearings  would  be  much  greater  than  in  this  example.  In  a  cantilever 
bridge,  for  example,  the  normal  changes  of  angle  at  the  main  pier  S, 
Fig.  28,  is  unusually  great,  as  the  deformations  of  both  arms  of  the 


Fig.  28. 

cantilever  contribute  to  this  change  when  the  span  B  C  is  loaded.  In 
calculating  the  stresses  in  this  case,  the  change  of  angle  at  B  is  first 
determined  by  calculating  the  deflection  of  joint  Z>,  as  in  the  example 
given  above.  This  determines  the  deflection  angles  at  B.  The 
equations  are  then  written  out  for  a  sufficient  number  of  joints  sur- 
rounding joint  B  to  secure  the  desired  accuracy. 
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333*  Calculation  of  Changes  of  Angles,  d  a,  etc.,  in  Figures  of 
Four  or  More  Sides. — ^The  method  of  calculation  of  the  changes  of 
angle,  d  a,  etc.,  at  a  joint,  explained  in  Art.  303,  relates  to  triangular 
figures.  Frequently  a  case  will  arise  where  the  space  formed  by 
contiguous  members  of  the  truss  is  of  four  or  even  five  sides,  as  occurs 
in  a  double  intersection  truss,  or  one  in  which  sub-panels  are  employed. 
In  such  a  case  the  simplest  method  of  procedure  is  to  assume 
additional  members  inserted  so  as  to  divide  the  space  into  triangles, 
and  then  to  calculate  the  deformation  of  such  imaginary  members  by 
calculating  the  relative  deflection  of  the  two  joints  which  they  connect, 
assuming  the  sectional  areas  of  the  inserted  members  to  be  zero.  The 
changes  of  angles  can  then  be  calculated  in  the  usual  way  for  the 
several  triangles,  and  two  or  more  values  added  together,  where  neces- 
sary, to  get  the  total  change  of  angle  between  two  of  the  real  members 
of  the  truss. 

Two  common  examples  of  this  problem  will  be  given  and  general 
formulas  derived  which  may  be  used  to  expedite  the  calculations. 

334«  The  Baltimore  Truss  with  Sub-ties. — ^Fig.  29  represents  any 
panel  of  a  Baltimore  truss.    The  member  w  O  is  not  supposed  to  be 

present.  The  figure  M  O  o  m  is  therefore  a 
quadrilateral,  and  the  problem  is  to  calculate 
the  changes  of  angles  of  this  figure.  To  do 
this,  suppose  a  member  f»0,  of  zero  cross 
section,  to  be  inserted.  Calculate  now  the  de- 
flection of  O  with  respect  to  f»,  due  to  the 
actual  stresses  in  the  several  members  of  the 
panel,  which  stresses  are  supposed  to  be  already 


Fig.  29. 


known.     Suppose  this  deflection  is  Ag.    Then  A,  -^  -    is  the  unit 

2 

deformation  of  the  length  m  O,  This  quantity  may  then  be  used  as 
5g,  exactly  as  if  w  O  were  a  member  of  the  truss  having  this  defor- 
mation, and  the  angular  changes  of  the  triangles  A  and  B  deter- 
mined in  the  usual  way. 

To  express  the  result  algebraically  let  s^,  s^j  ^3,  etc.,  be  the  unit 
stresses  in  the  several  members  of  the  panel,  numbered  as  shown. 
Then  the  calculation  of  the  deflection  of  O  with  respect  to  f»  is  as 
follows: 
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Member. 

Length. 

u 

S/A 

Sul 
A 

I 

i 

-d/c 

h 

d* 

a 

d 

-d/c 

h 

3 

h 

-h/c 

h 

'  c 

4 

h 

"h/c 

U 

5    . 

.           c/2 

+  1 

h 

c 

6 

c/2 

+  1 

h 

c 

7 

C/2 

+  1 

*7 

C 

The  deflection  is  (omitting  E) 

A,  =  i"  — (^i  +  Ja)  7  -  (^t  +  ^4)  7  +  (^6  +  ^«  +  ^7)  ^-       (33) 

The  corresponding  unit  strain  in  mO,  due  to  this  deformation  may 
be  called  5g,  and  will  be  equal  to  —  Ag  -^ — .     Therefore  we  have 

^8-2  (5i  +  ^2)  ~  4-  2  (s,  +s,)j-  (55  -f  ^e  +  s,).     .     (34) 

This  quantity  ^g  is  to  be  used  just  as  if  w  O  were  a  real  member  of  the 
truss. 

The  changes  of  angles  at  m  and  O,  of  the  triangles  A  and  B  having 
been  determined,  the  changes  in  the  real 
angles  M  mo  and  M O  0  are  determined 
by  addition,  and  the  member  wO  is 
then  omitted  in  the  equations  for  joints 
m  and  O. 

335.  The  Dorible  Triangular   Truss. — 
In  the  double  triangular  truss,  Fig.  30, 

the  calculations  of  the  changes  of  angles  is  readily  accomplished  after 
determining  the  changes  of  length  of  the  lines  B  b,  C  c,  etc. 

Beginning  at  the  end  panel,  the  deflection  of  B,  relative  to  b,  is 
determined  as  in  Art.  334.  With  a  notation  similar  to  that  used 
before,  the  calculations  are  as  follows  (Fig.  31) : 
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Member. 

Length. 

u 

S 
A 

Sul 
A 

I 

d 

d/h 

St 

d' 

3 

d 

d/h 

Sm 

3 

4 

h 
h 

+  1 

« 

-c/k 

S4 

5 

c 

-c/h 

Si 

The  unit  deformation  of  5  6  is 


.     (35) 


Having  found  s^  for  Si,  then  the  deformation  of  C  c  is  found  in  a 
similar  way  by  considering  the  quadrilateral  BC be,  and  so  on. 

The  unit  deformations  in  the  several  verticals 
being  known,  the  changes  of  angles  at  the  several 
joints  are  found  as  usual  from  the  triangles  aBb, 
B  bC,  etc. 

336.  Relative  Amounts  of  Secondary  Stresses  in 
Trusses  of  Different  Types. — ^The  examples  of  the 
preceding  articles  serve  to  give  some  notion  of 
the  amount  of  secondary  stress  likely  to  exist  in  the  ordinary  Pratt 
truss.  However,  as  this  stress  will  vary  greatly  with  the  propor- 
tions of  the  structure,  no  single  set  of  values  can  be  applied  generally. 
If  close  results  are  desired  they  must  be  worked  out  for  the  particular 
truss  at  hand. 

Owing  to  the  somewhat  lengthy  calculations  involved,  it  is  probable 
that  secondary  stresses  will  not  as  a  rule  be  determined  for  each  in- 
dividual case,  except  in  large  and  important  structures;  and  that  the 
allowance  necessary  to  be  made  for  such  stresses  will  be  based  on 
results  obtained  on  typical  designs  similar  to  the  structures  in  question. 
Calculations  of  such  typical  structures  will  not  only  serve  to  show  the 
amount  necessary  to  allow  for  secondary  stresses,  but  will  give  valuable 
information  regarding  the  relative  merits  of  different  designs  so  far 
as  this  feature  is  concerned.  In  such  calculations  the  information 
needed  is  generally  the  ratio  of  secondary  stress  to  primary  stress,  when 
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the  latter  is  a  maximum,  as  the  total  is  then  usually  a  maximum. 
WTiere  the  secondary  stresses  are  very  high,  however,  it  may  happen 
that  the  maximum  total  is  dependent  more  upon  the  secondary  than 
upon  the  primary  stress.     Such  cases  require  special  consideration. 

It  is  not  the  purpose  of  this  work  to  give  the  analysis  of  a  large 
number  of  particular  trusses.  Such  analyses  can  readily  be  made  in 
any  office,  and  of  such  structures  as  may  be  most  important  for  the  office 
concerned.  A  little  familiarity  with  the  method  will  enable  any  good 
computor  to  make  a  complete  analysis  of  an  ordinary  truss  in  two  or 
three  working  days,  or  less.  It  is  thought,  however,  that  a  study 
may  profitably  be  made  here  of  types  of  trusses  and  proportions,  by 
the  use  of  certain  approximate  methods,  making  general  assumptions 
as  to  relative  sections  and  unit  stresses.  In  this  way  it  is  proposed 
to  study  five  of  the  most  common  types  of  trusses:  (i)  The  Pratt 
system;  (2)  the  Warren  system  without  verticals;  (3)  the  Warren 
system  with  verticals;  (4)  the  double  Warren  system  without  verticals; 
and  (5)  the  double  Warren  system  with  verticals. 

337.  General  Method  of  Analysis, — In  the  method  of  investigation 
here  used  it  will  be  assumed  that  the  truss  is  of  uniform  construction 
for  several  panels,  that  is,  that  all  of  several  consecutive  panels  are 
exactly  alike.  It  will  also  be  assumed  that  the  unit  stresses  are,  like- 
wise, the  same  in  these  several  panels,  so  that  both  the  primary  and 
the  secondary  stresses  will  be  the  same  in  the  different  panels.  Then, 
by  assuming  various  proportions  for  panel  length,  sectional  areas,  and 
unit  stresses,  the  general  effect  of  a  variation  in  these  elements  can  be 
seen  and  some  notion  obtained  of  the  relative  merits  of  various  types 
of  trusses. 

338.  The  Pratt  Truss  System, — ^The  Pratt  system  will  be  investigated 
by  appilying  this  method  of  analysis  to  a  number  of  trusses  in  which 
the  ratio  of  height  to  panel  length,  the  relative  moments  of  inertia,  and 
the  relative  primary  stresses  in  the  various  members  will  be  varied. 
To  illustrate  the  method  of  analysis,  detailed  calculations  will  be  made 
of  one  case,  with  three  different  assumptions  as  to  primary  stresses. 
The  results  of  this  analysis  together  with  several  other  cases  are  tabu- 
lated in  Table  Q. 

A  truss  will  be  assumed  whose  ratio  of  height  to  panel  length  is 
4  :  3,  Fig.  32.    The  moment  of  inertia  of  all  the  web  members  will  be 
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assumed  to  be  equal  and  that  of  the  chords  to  be  four  times  that  of  the 
webs,  the  same  for  top  and  bottom  chords.  The  absolute  values  of 
/  and  /  need  not  be  known  in  getting  the  values  of  t  for  the  various 
members;  only  relative  values  are  required  (assuming  joints  to  be 
concentric).    We  may  then,  for  brevity,  let  ^24  =  31    hi  =  4*  ^^^ 


Wi.  32. 

/,3  =  5.    Also  7,4  «  /„  =  4,  and  /„  =  I^^ 
three  conditions  will  be  assum,ed : 


I.    As  to  unit  stresses, 


10; 


(a)  stress  in  chords  =  10,  stress  in  webs  •- 

(b)  stress  in  chords  =    5,  stress  in  webs  =  10; 

(c)  stress  in  chords  =  10,  stress  in  webs  =  o. 

Positive  moment  and  positive  shear  are  assumed,  giving  compression 
in  the  upper  chord  and  verticals,  and  tension  in  the  lower  chord  and 
diagonals. 

Case  (a),  assuming  equal  stresses  in  chords  and  webs,  corresponds 
to  a  condition  of  loading  which  produces  about  equal  stresses  in  these 
members,  as  for  example,  at  sections  near  the  end  of  a  simple  span; 
case  (6),  with  one-half  as  much  stress  in  chords  as  webs,  corresponds 
to  a  section  of  truss  or  a  loading  such  that  the  shear  is  a  maximum, 
but  the  moment  is  about  one-half  the  maximum,  as  might  occur  in 
sections  near  the  centre  of  a  simple  span  under  partial  load;  and  case 
(c)  y  with  zero  stress  in  the  webs,  corresponds  to  a  condition  of  maximum 
moment  and  zero  shear.  These  conditions  will  fairly  represent  the 
range  necessary  for  a  good  knowledge  of  the  relations  of  secondary  and 
primary  stresses,  not  only  for  ordinary  simple  trusses,  but  for  such 
structures  as  stiffening  trusses  of  suspension  bridges  and  the  like. 
The  results  thus  obtained  are  particularly  applicable  to  long  trusses 
of  numerous  panels. 

In  the  calculation  of  the  secondary  stresses,  under  the  assumed 
conditions,  it  will  be  necessary  to  consider  two  joints  only,  such  as 
joints  3  and  4,  since  Tj  =  T4  =  t^  and  Tj  =  t,  =  Tj. 
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The  changes  in  angle  at  joints  3  and  4  are  found  from  a  considera- 
tion of  triangles  A  and  By  in  the  same  manner  as  explained  in  previous 
examples.  These  values,  and  the  calculation  ot  K  I  d  Z.  for  the  three 
cases,  (a),  (6),  and  (c),  are  given  in  Table  P. 

In   formulating    the    equations    for    joints    3    and    4,    note    that 

^18    ~    '^36f     "^31    ~    "^SSJ     "^23    ~    '^45>    ^tC.  ;       and       "^1    =    "^3    ~    '^SJ       "^2    ~    "^4    —    ^6« 


The  resulting  equations  for  the  two  joints 

are  as  follows,  for  all  three 

cases 

(a) 

(b) 

(c) 

8.88  T3  4-    .45  T*  =         +  103.5 

+  72.5 

+  61.9 

•45  ^3  +  8.88  T^  =         —    20.2 

+  10.7 

—  61.9 

Solving  we  have 

(0) 

(*) 

(c) 

T3  =  +  11.80 

+  8.13 

+  7-34 

T4  =  -    2.88 

+  0.79 

-  7-34 

From  these  values  the  several  values  of  r  arc  calculated,  from  which 
the  bending  moments  may  be  determined.  For  present  purposes, 
however,  it  will  be  more  useful  to  calculate  the  quantity  2  (2  t^^  H-  t^), 
which,  after  multiplying  by  c/ly  will  be  the  fibre  stress.  Since,  however, 
the  ratio  of  c//has  not  been  assumed,  the  calculations  v/ill  not  be  carried 
further.  For  convenience  we  may  call  the  quantity  2  (2  t^^  +  t^J, 
the  coefficient  of  secondary  stress.  This  coefficient,  for  the  three  cases 
above  considered,  is  given  in  Table  Q,  with  other  values  for  other 
assumed  proportions.  Each  member  will  have  a  separate  coeflScient 
for  each  end,  but  the  larger  of  the  two  values  only  is  given  in  the  tabic. 

Coefficients  cf  Secondary  Stress  for  Pratt  Trusses  cf  Various  Propor- 
tions. Following  the  methods  illustrated  in-  the  preceding  article, 
twenty  cases  have  been  investigated  and  the  results  tabulated  in  Table 
Q.  Two  different  ratios  of  height  to  panel  length  have  been  assumed. 
In  part  of  the  trusses  the  values  of  /  for  the  two  chords  have  been 
taken  to  be  the  same,  and  in  part  the  value  of  /  for  the  lower,  or  tension 
chord,  has  been  taken  at  one-half  that  of  the  upper  chord.  The  value 
of  /  for  the  webs  has  been  taken  at  one-quarter  and  one-half  that  of 
the  upper  chord.  Three  relations  of  stress  intensity  have  also  been 
taken.  The  results  are  given  as  "Coefficients  of  Secondary  Stress" 
in  the  last  four  columns  of  the  table.     As  explained  above,  these  co- 
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efficients,  when  multiplied  by  the  value  of  cjl  for  any  member,  will 
be  the  secondary  fibre  stress.  Its  relation  to  the  primary  stress  is 
readily  determined  by  referring  to  the  assumed  values  of  the  latter  in 
Cols.  (5)  and  (6). 

An  examination  of  these  coefficients  brings  out  clearly  several 
general  relations.  In  the  first  place  it  is  seen  that  the  maximum 
secondary  stresses  occur  when  both  the  chords  and  the  webs  are  fully 
stressed. 

The  secondary  stresses  for  maximum  chord  stress  and  minimum 
web  stress  are  very  small. 

Comparing  with  respect  to  size  of  web  members  it  is  seen  that  as 
the  web  members  increase  in  size  their  stress  decreases  and  that  in 
the  chords  increases.  It  must  be  remembered,  however,  that  the 
values  given  in  the  table  are  to  be  multiplied  by  cjl  to  get  actual  fibre 
stress,  so  that  with  slender  web  members  the  high  values  of  the  co- 
efficients may  not  mean  very  high  fibre  stress. 

Comparing  with  respect  to  relative  size  of  the  two  chords,  when 
these  are  equal  the  coefficients  are  about  equal,  but  a  decrease  in  size 
of  the  lower  chord  increases  considerably  its  coefficient. 

Comparing  on  the  basis  of  panel  length,  the  ratio  of  4:4  gives  a 
smaller  coefficient  for  web  members  than  the  4:3  ratio,  but  somewhat 
larger  for  the  chords.  For  the  same  height  of  truss  and  same  width 
of  members  the  ratio  cjl  for  the  chords  will  be  three-fourths  as  great 
for  the  4*4  panel  as  for  the  4:3  panel.  Taking  this  into  account,  the 
secondary  fibre  stresses  in  the  chords  of  the  4:4  panel,  imder  full 
load,  will  be  about  80  per  cent  as  large  as  in  the  4:3  panel.  In  the 
webs  they  are  from  70  to  75  per  cent  as  large. 

Again,  since  the  coefficients  hold  good  no  matter  what  the  actual 
values  of  cjl  may  be,  so  long  as  the  assumed  proportions  between  the 
members  are  maintained,  it  follows  that  the  secondary  stresses  are 
directly  proportional  to  the  widths  of  the  members  and  inversely 
proportional  to  their  lengths. 

For  compression  members  the  value  oi  cjl  will  usually  range  from 

about  —  to  -T-y  corresponding  to  values  of  Ijr  of  from  40  to  100.     A 
30       80 

T 

value  of  —  applied  to  the  chord  coefficient  gives  secondary  stresses 
40 
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varying  from  15  per  cent  to  about  22  per  cent  of  the  primary  stress 

when  the  latter  is  a  maximum;  and  applying  a  ratio  of  —  to  the  webs 

gives  values  of  20  per  cent  to  30  per  cent  of  the  maximum  primary. 
These  values  are  significant  of  the  amount  of  secondary  stress  due  to 
general  truss  action  and  which  cannot  be  avoided.  Local  effects  due 
to  the  deformation  of  hangers  and  other  secondary  members  may 
easily  add  100  per  cent  to  the  general  values  here  given. 

339»  The  Warren  Truss  System. — Calculations  similar  to  those 
above  given  for  the  Pratt  truss  have  been  made  for  the  Warren  truss 


system,  both  with  and  without  verticals.  The  results  are  given  in  Table 
R.  Proportions  and  unit  stresses  have  been  varied  as  shown  in  the 
table.     Where  verticals  are  used  their  moment  of  inertia  has  been 

taken  at  — ^th  of  the  top  chord.    The  actual  ratio  may  be  considerably 

less  than  this,  but  even  at  this  value  the  bending  resistance  of  these 
members  has  but  very  little  effect  upon  the  stresses  in  the  main  mem- 


bers. The  stresses  in  the  verticals  themselves  are  dependent  mainly 
upon  the  ratio  of  their  width  to  length. 

Both  tension  and  compression  verticals  are  assumed  to  exist,  but 
only  one  set  is  assumed  to  be  stressed  in  any  particular  case,  the  other 
set  being  used  merely  to  support  the  opposite  chord. 

Here,  as  in  the  case  of  the  Pratt  truss,  it  is  seen  that  the  maximum 
secondary  stresses  occur  when  both  chords  and  webs  are  fully  stressed. 
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Comparing  the  Warren  system  with  the  Pratt,  for  ratio  of  A  ;  d  =* 
4  : 6  in  the  former  and  4  :  3  in  the  latter  case,  it  is  to  be  noted  that  the 
secondary  stresses  in  the  chords  are  very  nearly  the  same,  but  in  the 
webs  they  are  much  smaller  in  the  Warren  system.  Comparing  the 
trusses  of  shorter  panel-lengths  (ratio  A  ;  d  =  4  : 4),  with  the  longer 
panel -length  (ratio  h  :  d  =  4  :6),  about  the  same  differences  are  to 
be  seen  as  in  the  Pratt  system.  The  shorter  panel  has  somewhat 
smaller  values  for  the  "coefficient,"  but  when  these  are  multiplied 
by  c//  the  fibre  stresses  will  be  considerably  greater. 

The  results  obtained  for  the  trusses  with  verticals  are  very  in- 
structive. Where  the  primary  stress  in  the  vertical  is  plus,  the  structiu"e 
is  a  through  bridge,  the  verticals  being  in  tension;  and  when 
this  stress  is  minus  the  structure  is  a  deck  bridge.  The  effect  of 
the  strains  in  the  verticals  upon  the  chords  is  seen  to  be  very  great. 
The  coefficients  for  the  lower  chords  in  the  through  bridges  and 
those  of  the  upper  chord  in  the  deck  bridges  are  all  about  100,  while 
for  the  opposite  chord  they  range  from  26  to  42,  which  are  very 
small  values.  To  secure  small  secondary  stresses  in  such  trusses 
the  sectional  areas  of  the  verticals,  where  supporting  joint  loads, 
should  therefore  be  made  large. 

The  stresses  in  the  diagonals  arc  about  the  same  as  in  the  truss 
without  verticals.  The  coefficients  for  the  verticals  are  large,  but  as 
these  are  generally  narrow  members  the  fibre  stresses  are  not  high. 

It  is  to  be  noted  from  the  result  of  both  Tables  Q  and  R  that  the 
larger  and  stiffer  members  tend  to  control  the  flexure  at  the  joint.  A 
reduction  of  moment  of  inertia  of  any  member  tends  to  increase  the 
deflection  of  that  member  and  reduce  that  of  others.  To  maintain  a 
balance  in  the  fibre  stresses  themselves  it  is  necessary  to  make  the 
width  of  a  member  correspond  in  a  measure  with  its  moment  of  inertia. 
Wide  members  of  small  moment  of  inertia  (thin  or  unsymmetrical  sec- 
tions, as,  for  example,  a  T-section  composed  of  a  plate  and  two  angles) 
are  likely  to  have  high  secondary  stresses;  narrow  and  compact 
members  will  have  low  secondary  stresses.  This  statement  does  not, 
of  course,  take  account  of  the  long  column  action  in  compression 
members,  the  effects  of  which  tend  in  the  oppxjsite  direction. 

340.  The  Double  Intersection  Triangular  Truss. — In  a  multiple 
intersection  truss  the  independent  action-  of  the  different  web  systems 
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may  give  rise  to  very  severe  secondary  stresses,  especially  in  the  chord 
members.  If  one  system  happens  to  be  loaded  considerably  hea\ner 
than  the  other  for  several  panels,  the  joints  of  the  more  heavfly  loaded 
system  will  all  deflect  more  than  the  others  and  will  bend  the  chords 
accordingly,  producing  large  secondary  stresses.  The  amount  of  such 
action  depends  upon  the  amount  of  the  excess  load  on  the  one  system 
and  this  depends,  in  any  case,  upon  the  actual  wheel  concentrations. 
If  the  panel-length  corresponds  to  a  half-car  length  (i8  to  20  feet), 
the  conditions  are  very  unfavorable,  as  a  train  of  heavy  cars 
would  give  a  large  excess  on  the  one  system  throughout  the  entire 
structure.  A  panel-length  equal  to  one-half  the  length  of  a  locomotive 
would  also  give  a  heavy  excess  in  the  case  of  double-header  operation. 
An  exact  solution  for  any  giyen  structure  and  loading  can  be  made  by 
the  use  of  influence  lines,  but  a  general  analysis  of  some  value  may 
be  obtained  by  assuming  a  certain  percentage  of  excess  on  the  one 
system  over  that  on  the  other. 

Consider  the  truss  of  Fig.  35  and  assume  that  the  load  on  the  full 
system  is  25  per  cent  greater  on  the  average  than  that  upon  the  dotted 


system.  In  view  of  the  very  heavy  concentrations  in  use,  and  the 
possibility  of  correspondence  of  panel  length  and  wheel  spacing,  such 
excess  is  not  at  all  unlikely  to  occur.  The  maximum  effect  produced 
will  be  near  the  centre  of  the  structure  where  the  deflections  are  a  maxi- 
mum. We  will  consider  a  section  at  joint  13,  six  panels  from  the  left  end, 
and  assume  that  the  joints  3,  7,  11,  etc.,  of  the  full  system  are  loaded 
with  25  per  cent  greater  load  than  the  joints  5, 9, 13,  etc.,  of  the  dotted 
system.  It  will  also  be  assumed  that  the  average  stress  intensity  in  the 
chords  is  10,  that  in  the  webs  of  the  full  system  is  7.5,  and  that  in  the 
dotted  system  is  6.  We  may  then  proceed  to  determine  the  unit  defor- 
mations along  the  vertical  lines  11-12, 13-14,  and  15-16,  as  explained 
in  Art.  335,  eq.  (35).     In  this  problem  the  values  of  s^  and  j,  of  that 
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equation  are  equal  and  of  opposite  sign,  and  therefore  the  term  (Si+s^  X 

jz  disappears.    We  also  have  s^  +  s^  ^  ±1-5  ^^  all  cases.     The 

stress  in  1-2  may  be  taken  at   —  7.5.    Then  assuming  c^  =  1.6  A* 
approximately,  we  have,  for  the  deformation  of  the  vertical  3-4, 


-1-10.0         18      -1-10.0 
Fig.  36. 

5=  4-7.5  +  2.4=  4-  9.9;    then  for  the  vertical  5-6,  s 
2.4  =  —  12.3,  etc.    Finally  we  have  for 

11-12,  J  =  +  7.5  4-  5  X  2.4  =»  +  19.9 

13-14,  ^  =  -  7.5  -  6  X  2.4 22.3 

15-16,  5  =  4-  7.5  -f  7  X  2.4  =  4-  24.7' 


9.9  - 


12+W 
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The  unit  strains  in  all  members  will  therefore  be  as  shown  in  Fig.  36. 
It  will  be  assumed,  as  approximately  correct,  that  the  deformations 
and  stresses  at  joint  12  are  the  same  as  at  joint  16,  those  at  11  the 
same  as  at  15,  etc.  Hence  in  the  analysis  it  will  be  necessary  to  write 
out  equations  for  joints  11, 12, 13,  and  14. 

Two  general  cases  have  been  considered;  first,  with  the  diagonals 
not  connected  at  their  intersections;  and  second,  with  those  members 
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rigidly  riveted  together.     In  the  latter   case  it  is  necessary  to  write 
out  two  additional  equations  for  the  two  interior  joints.     The  results 
of  these  calculations  are  given  in  Figs.  37,  38,  and  39.     The  trusses  of 
Figs.  37  and  38  differ  only  in  the  relative  size  of  the  web  members 
in  both  cases   the  webs    are  not   connected  at  their    intersections. 
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Fig.  38. 

Fig.    39    represents    a    truss   in   which   the   diagonals   are    rigidly 
connected. 

In  these  diagrams  the  coefficients  of  secondary  stress  are  given  for 
each  end  of  all  the  members  of  the  two  panels  considered.  The  most 
noteworthy  feature  is  the  very  large  stresses  in  the  chord  members, 
these  being  neatly  four  times  the  values  given  in  Table  R.     The  signs 
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of  the  stresses  indicate  the  downward  deflection  of  joints  ii,  14,  and 

15,  relative  to  the  joints  adjacent.     Assuming  a  value  of  cjl  of  — ,  the 

40 

secondary  fibre  stresses  amount  to  about  5  units,  or  50  per  cent  of  the 
primary  stress.  Considering  the  probability  of  much  larger  variations 
in  load  than  here  assumed,  it  is  not  unlikely  that  in  double  systems 
the  secondary  stresses  often  reach  100  per  cent  of  the  primary. 
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The  stresses  in  the  diagonals  in  Figs.  37  and  38  are  not  greater 
than  in  the  single  Warren  truss,  but  in  Fig.  39  they  are  relatively  high, 
due  to  their  being  fastened  at  their  intersections. 

The  double  Pratt  or  Whipple  truss  is  evidently  subject  to  about 
the  same  effects  from  concentrated  loads  as  the  double  Warren. 

34I,  The  Double  Triangular  Truss  with  Verticals, — In  the  problem 
3f  Art.  252,  Chapter  VI,  the  equalizing  effect  of  verticals  for  double 
triangular  trusses  was  fully  demonstrated.  Their  value  in  preventing 
undue  secondary  stresses  is  even  more  important.     In  the  truss  there 
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12  +86.8      -7D.8  14  -88.5       +10.4  16 


11  +7.4  -5.7  13  -44.3        +4S.6 15 

(+iao)  (+iao) 

Fig.  40. 

analyzed  it  was  shown  that  the  total  load  on  one  vertical,  with  the 
truss  fully  loaded,  was  only  about  one-fourth  of  a  panel  load.  With 
the  sections  there  used  the  resulting  unit  stress  would  be  less  than  half 
the  usual  working  stress;  and,  generally,  the  maximum  stresses  m 
these  verticals  are  not  likely  to  exceed  this  limit.  It  will  therefore  be 
assumed  here  that,  as  an  extreme  variation,  alternate  verticals  may  be 
stressed  to  one-half  the  working  stress  of  the  chords,  and  that  the 
other  verticals  will  be  unstressed.  One  set  of  diagonals  will  be  assumed 
as  stressed  to  7.5  units;  the  other  set  will  have  stresses  necessarily 
dependent  upon  these,  and  the  unit  stresses  assumed  in  the  chords 
and  verticals.  The  correct  stresses  may  be  calculated  by  means  of 
^4-  (35) >  giving  the  relation  between  the  unit  stresses  of  a  rectangular 
figure.  Fig.  40  shows  (in  parentheses)  the  unit  stresses  which  have 
been  assumed  on  this  basis.  They  are,  therefore,  consistent  among 
themselves. 

Following  the  usual  methods  the  secondary  stresses  have  been 
calculated  for  the  two  panels  of  Fig.  40  and  the  results  are  shown  in 
the  diagram. 
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The  stresses  are  seen  to  be  very  much  less  than  in  the  double 
triangular  without  verticals  and  to  compare  very  favorably  with  the 
suigle  triangular  truss.  In  fact  this  truss  appears  to  be  one  of 
the  most  satisfactory  forms  as  regards  secondary  stresses.  If  the 
diagonals  are  rigidly  connected  at  their  intersections,  the  stresses 
therein  will  be  increased,  but  those  in  the  chords  will  be  but  little 
changed.  The  increase  in  the  diagonal  stress  will,  however,  be 
small  compared  to  the  eflfect  of  fastening  in  the  double  truss  without 
verticals. 

342.  The  BaUimore  Truss. — It  has  been  seen  that,  other  things 
being  the  same,  the  secondary  stresses  increase  with  decrease  of  panel 
length.  Long  panels  therefore  tend  generally  to  reduce  such  stresses. 
In  this  respect  the  long  panels  of  the  Baltimore  or  Pettit  trusses  are 
advantageous.  On  the  other  hand  the  distortion  of  the  secondary- 
members,  the  hangers,  and  the  sub-ties  or  sub-struts,  tends  greatly  to 
increase  the  secondary  stresses  in  the  main  members  of  such  trusses 
unless  the  distortion  of  the  secondary  members  is  taken  account  of 
to  some  extent  in  the  construction. 

Consider  the  panel  of  a  Baltimore  truss  as  shown  in  Fig.  41.  The 
members  O  O'  and  O  N'  are  merely  supporting  struts  for  the  top 

chord  and  vertical  post.  Suppose  the  structure 
be  fully  loaded  and  that  all  the  members  of  the 
panel  are  stressed  well  up  to  their  working 
value.  Assume  this  working  stress  to  be  ap- 
proximately the  same  in  all  the  members  and 
let  5  represent  this  stress. 

The  general  effect  of  the  strains  in  the 
hanger  O  0  and  the  sub-tie  O  N  will  be  to  cause 
the  joints  0  and  O'  to  deflect  considerably  more  than  the  ends  of  the 
respective  chord  members,  and  thus  to  cause  considerable  bending 
stress  therein.  The  point  N'  will  also  be  deflected  laterally,  bend- 
ing the  post  N  n.  The  exact  effect  of  these  strains  can  be  deter- 
mined only  by  considering  the  entire  structure,  as  heretofore,  but  in 
this  case  it  will  serve  our  purpose  better  to  calculate  the  deflections  of 
the  joints  concerned,  and  to  estimate  the  bending  stresses  from  this 
basis. 

The  deflection  of  joint  0  with  respect  to  m  and  n  is  calculated  by 
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Fig.  41. 
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the  usual  formula,  the  stress  intensity  in  each  member  being  s.    The 
calculations  are  as  follows: — 


Member. 
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The  deflection  is 


E  \2h 


Assume  that  J  =  A,  in  which  case 


Ao  = 


3*        c* 

+  —  +  — 1 

2  2  A 


3  ** 


) 


E 


(36) 


(37) 


that  is,  the  deflection  of  point  0  relative  to  m  and  n  is  three  times  the 
elongation  of  a  tension  member  of  length  h  under  stress  s. 

The  efiFect  of  this  deflection  upon  the  secondary  stresses  m  mn 
can  be  estimated  on  the  assumption  that  w  n  is  a  beam,  fixed  at  the 
ends  and  deflected  a  distance  Ao  at  the  centre.      From  the  table  of 


Art.  7,  the  deflection  in  terms  of  fibre  stress  is  A  = 


JL 

24  Ec 


,  where  c 


is  half  the  width  of  a  symmetrical  section.    We  therefore  have 

J,      24  Ec       .                c  ,  ^. 

/--^»— X  Ao  =  72^-., (38) 


that  is,  the  secondary  stress  is  equal  to  the  primary  stress  5,  multiplied 


by  72  -J.     In  eq.  (38).  the  value  of  /  is  equal  to  the  panel  length  d. 
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If  eye-bars  are  used  the  ratio  cjl  may  be  about ,  giving  a  secondan* 

stress  of  about  50  per  cent.     If  a  riveted  chord  be  used  of  a  ratio  of 

cjl  of  —  (corresponding  to  a  50-foot  panel  and  a  depth  of  chord  of  20 

72 
in.),  the  secondary  stress  reaches  the  very  large  value  of  2—  =  120  per 

00 

cent  of  the  primary  stress. 

Similar  calculations  for  the  top  chord  and  vertical  post  show  that 

-J  s  h 
the  deflections  of  the  centre  points  relative  to  the  extremities  are  - -7,- 

in  each  case  or  one-half  as  much  as  for  member  mn.     These  give 
values  for  the  secondary  stresses,  under  the  same  assumption  as  made 

above,  of   36  5  -r.     For  the  usual  proportions  of  top  chord  this  is  a 

large  value. 

These  calculations,  while  not  giving  actual  values  of  secondary 
stresses,  show  the  general  extent  of  the  deflections  produced 
and  the  possible  magnitude  of  such  stresses.  They  are  obviously 
of  much  importance  and  merit  careful  attention,  especially  with 
respect  to  the  supporting  struts  for  top  chord  and  vertical  post. 
If  these  supporting  struts  are  made  a  little  longer  than  the  theo- 
retical lengths,  excessive  stresses  under  full  load  may  be  largely 
avoided.  Large  sections  and  low  unit  stresses  for  hangers  also 
aid  in  reducing  deflections  and  bending  stresses  in  the  chord.  If 
a  sub-strut,  w  O,  be  used  instead  of  the  sub-tie,  O  N,  it  will  be 
found  that,  assuming  the  same  unit  stresses  as  before,  the  deflection 

of  0  with  respect  to  w  »  is  equal  to  — ,  or  one-third  the  value  given  by 

^^'  (37)-  Taking  into  account  the  fact  that  the  unit  stress  in  the 
sub-strut  would  be  smaller  than  in  the  sub-tie,  the  relative  deflection 
would  be  still  smaller.  It  is  also  found  that  the  deflection  of  both  the 
top  chord  and  vertical  post  are  also  one-third  the  values  when  the  sub- 
tie  is  used.  So  far  as  secondary  stresses  are  concerned,  therefore,  the 
sub-strut  is  much  the  more  favorable  arrangement. 

343.  The  Double  Triangular  Truss  with  Sub-Panels. — An  analysis  ! 
of  the  truss  of  Fig.  42  will  show  the  same  results  as  obtained  by  the  i 
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use  of  a  sub-strut  in  Fig.  41.     Assuming  compression  in  aft'  and 

h  s 
tension  in  b'  c,  the  joint  b  will  deflect  a  distance  -=r  with  respect  to 

a  Cy  assuming,  as  in  Art.  342,  that  the   height,  A,  is  equal  to  a-c,  and 


that  the  unit  stress,  Sy  is  the  same  for  all  members.  Furthermore, 
if  5  6'  is  a  supporting  strut  for  the  top  chord,  the  deflection  of  B,  with 

h  s 
respect  to  A  C,  will  be  ■ — =,  which  is  the  same  as  in  Fig.  41,  with  the 

sub-strut  m  O.  This  truss  form  is,  therefore,  satisfactory  so*  far  as 
the  action  of  the  secondary  members  is  concerned.  j 

344.  Secondary  Stresses  in  Longitudinal  Members  Due  to  the!  Action 
of  Lateral  Systems. — In  Art.  263,  the  primary  stresses  in  three  forms 
of  laterals,  such  as  shown  in  Figs.  43,  44,  and  45,  were  investigated. 
In  Figs.  43  and  44  the  laterals  are  not  affected  by  the  direct  stresses  in 
the  chords,  but  in  Fig.  45  the  lateral  diagonals  receive  considerable 
direct  stress  with  corresponding  stresses  in  the  lateral  struts.  The 
secondary  stresses  in  these  forms  due  to  the  direct  stress  in  the  chords 
will  now  be  determined.  The  trusses  here  illustrated  represent  any 
truss,  in  which  the  longitudinal  members  are  all  subjected  to  stresses 
of  one  kind,  either  compression  or  tension,  such  as  the  upper  or  lower 
lateral  system  of  a  bridge,  or  the  vertical  bent  of  a  trestle  tower,  or 
the  upper  and  lower  chords  of  a  braced  arch. 

The  principal  feature  to  be  considered  is  the  secondary  stresses 
in  the  chord  members.  The  laterals  being  of  small  section,  will  have 
small  secondary  stresses,  and  their  rigidity  will  have  very  little  in- 
fluence upon  the  secondary  stresses  in  the  chords.  For  simplicity, 
therefore,  the  laterals  will  be  assumed  as  pin-ended  and  omitted  in  the 
equations  for  r.  The  moment  of  inertia  of  the  chord  members  will  be 
taken  as  constant  and  therefore  need  not  appear  in  the  equation. 
The  ratio  of  depth  to  panel  length  will  be  taken  as  3  14. 


496 


SECONDARY  STRESSES 


345.  The  Single  Warren  System^  Fig.  43. — ^The  direct  stress 
in  the  laterals  is  zero,  and  that  in  the  chords  is  taken  at  — 10  per  unit 
area  as  given  in  the  right  half  of  Fig.  43.  This  condition  causes 
joints  3  and  4  to  deflect  downward  with  respect  to  joints  2  and  6  or  i 
and  5;   and,  likewise,  joints  7  and  8,  thus  bending  the  chords  into  a 
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Fig.  44. 
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Fig.  45. 

siiiuous  line.  Carrying  out  the  calculations  as  usual,  we  find  the 
secondary  stresses  to  be  as  given  in  Fig.  43  by  the  figures  in  the 
left  half  of  the  diagram.  The  stresses  are  very  considerable.  For  a 
value  of  c//  of  1/50  they  amount  to  14  per  cent  of  the  primary  stress 
at  joints  5  and  6. 

The  form  here  considered  is  commonly  used  for  plate  girders.  In 
that  case,  considering  flanges  alone,  the  ratio  c//  is  large,  generally  at 
least  ^,  under  the  usual  requirements  of  specifications.  At  a  value 
of  1/20  the  secondary  stresses  amount  to  34  per  cent  of  the  primary 
stresses. 
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346.  The  Double  Warren  System^  Fig.  44. — ^Here  again  the  direct 
stresses  in  the  laterals  are  zero.    By  eq.  (35),  Art.  335,  the  unit  distortion 

along  the  line  3-4  is  2  5  T5  =»  3«SS  ^  =  3S-S-     That  along  the  line  5-6 

will  be  zero.  This  gives  the  same  conditions  as  to  bending  which 
prevail  in  Fig.  43;  but  the  direction  of  bending  is  diflferent. 
Joints  3  and  4  bend  outward  while  joints  5  and  6  stand  fast.  Each 
alternate  joint  will  thus  deflect  outwardly,  the  other  joints  standing 
fast. 

The  stresses  are  the  same  numerically  as  in  Fig.  43,  and  are  given 
in  Fig.  44. 

347.  Pratt  Truss  with  Double  Diagonals^  Fig.  45. — In  this  case 
there  will  exist  compressive  stresses  in  the  diagonals  and  tensile  stresses 
in  the  verticals.  Assuming  the  sectional  areas  given  in  parentheses 
in  Fig.  45,  and  unit  stresses  of  — 10  in  the  chords,  the  unit  stresses  in 
diagonals  and  struts  will  be  as  given  in  the  figure.  Then  for  these 
unit  stresses  the  secondary  stresses  have  been  obtained  as  before,  with 
the  results  given  in  the  left  half  of  the  diagram  of  Fig.  45.  These  are 
seen  to  be  very  small,  as  compared  to  the  stresses  in  the  other  forms 
considered,  and  show  the  great  merit  of  this  form  of  bracing.  The 
struts  here  assumed  are  of  fairly  large  section,  corresponding  to  four 
small  angles,  but  a  much  smaller  size  of  strut  than  here  assumed  would 
be  very  advantageous  as  compared  to  the  forms  of  Figs.  43  and  44, 
and  should  always  be  used  if  possible. 

348.  Effect  of  Lacing  in  Compression  Members. — The  usual  single 
and  double  lacing  in  columns  is  arranged  in  essentially  the  manner 
shown  in  Figs.  43  and  44.  At  the  ends  of  the  members  large  tie  plates 
serve  to  prevent  any  lateral  distortion.  The  effect  of  the  diagonal 
lacing  is  then  similar  to  that  shown  in  Arts.  345  and  346;  the  two 
elements  of  the  column  will  be  bent  laterally  in  a  sinuous  curve, 
resulting  in  secondary  bending  stresses  of  considerable  amount. 
Assuming  the  direct  stress  in  the  lacing  to  be  zero  and  its  connections 
to  be  rigid,  the  stresses  will  be  as  shown  in  Figs.  43  and  44.  The  ratio 
of  c/l  in  the  case  of  a  column  will  be  comparatively  large,  generally 
as  much  as  1/5  or  1/6.  With  a  value  of  1/6  the  secondary  stresses 
as  here  calculated  would  amount  to  about  100  per  cent  of  the  primary 
stresses. 

11.-32 
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It  is  to  be  noted,  however,  that  in  the  form  of  construction  here 
considered,  the  assumptions  above  made  are  hardly  justified.  The 
small  ratio  of  cjl  makes  the  members  relatively  rigid  against  lateral 
bending  so  that  the  lacing  bars  will  have  an  appreciable  amount  of 
direct  stress  due  to  this  resistance.  Again,  the  usual  riveted  connection 
of  the  lacing  bars  is  not  absolutely  rigid  as  here  assumed,  and  its 
distortion  will  materially  reduce  the  bending  in  the  main  members. 
The  actual  bending  effect  will  tend  to  be  greatest  in  large  columns, 
and  for  such  members  the  advantages  of  the  system  of  bracing  shown 
in  Fig.  45  are  very  pronounced. 

349.  Effect  of  Secondary  upon  Primary  Stresses. — ^The  usual 
primary  stresses  are  calculated  on  the  assumption  of  frictionless  joints. 


Fig.  46. 

The  effect  of  rigid  joints  is  to  develop  certain  bending  moments  and 
stresses  in  the  several  members,  which,  as  explained  in  the  preceding 
articles,  are  called  secondary  stresses.  Obviously,  a  certain  amount  of 
work  has  been  performed  by  the  external  loads  in  producing  these 
secondary  stresses,  one  result  of  which  is  to  reduce  somewhat  the 
primary  stresses  below  the  values  which  would  obtain  with  frictionless 
joints.  Stated  in  another  way,  the  secondary  moments  developed 
render  their  due  proportion  of  resistance  in  supporting  the  external 
loads. 

Assuming  the  secondary  moments  to  be  known,  the  true  primary 
stresses  can  readily  be  determined  as  follows: — 

Suppose  the  primary  stress  in  a  b,  Fig.  46,  to  be  desired.  Pass 
the  section  q  close  to  joints  a  and  c,  and  in  Fig.  47  represent  all  external 
forces  and  stresses  at  the  cut  sections.  At  each  section  there  will  be 
the  primary  stress,  5,  and  the  secondary  moment,  Af,  and  shear,  V. 
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The  moments  and  shears  are  shown  acting  in  a  positive  direction, 
according  to  the  notation  previously  adopted.  The  secondary  moments 
are  supposed  to  be  known,  and  also  the  shears,  if  needed. 

To  determine  stress  S^  take  moments  about  joint  a.  If  M^  is 
the  moment  of  the  external  forces  (/?„  Pj,  and  Pj)*  about  joint  a,  we 
have 

Ma  4-  Mab  +  Mad  +  M^d 


S.= 


h 


(39)  ' 


(The  moments  of  the  secondary  shears  are  zero,  as  the  sections  are 
supjx>sed  to  be  taken  very  near  the  joints.) 

For  stress  in  a  6  pass  the  section  q'  (Fig.  46),  close  to  joints  b  and 
d  and  take  moments  about  d.     Fig.  48  shows  the  forces  acting,  the 


■><- 


Fig.  47. 

secondary  moments  and  shears  being  again  taken  as  positive.     If 
M^  =  external  moment  about  joint  d,  we  have,  as  before, 


S,^ 


Ma  -  Mhn^  -  M^  -  Af  , 


da 


dc 


h 


(40) 


For  stress  in  the  member  a  rf,  we  have  from  Fig.  47, 


Vert.  Comp.  ^3  =  F  -  (F^  +  F^  +  V^  cos  0).       .     (41) 
The  secondary  shears  are  obtained  from  the  moments  by  the  formula 


Soo 
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The  resulting  primary  stresses  will  in  general  be  less  than  those 
calculated  on  the  assumption  of  frictionless  joints,  but  the  diflference 
is  usually  so  small  as  to  be  of  no  practical  consequence.  In  some 
cases,  however,  where  the  secondary  stresses  are  especially  high,  the 


Fig.  48. 

primary  stresses  are  materially  reduced  thereby.  Again,  since  the 
secondary  stresses  are  calculated  on  the  basis  of  certain  assumed 
primary  stresses,  any  change  in  the  latter  will  aflFect  the  former  in 
proportion;  that  is,  if  the  primary  stresses  are  reduced  in  any  case  by 
5  per  cent  the  secondary  stresses  will  in  turn  be  reduced  by  an  equal 
proportion.  This  error  in  the  secondary  stresses  is  of  no  practical 
consequence. 

Example. — ^As  an  illustration  of  the  foregoing  process,  the  true  primary 
stresses  will  be  calculated  in  members  5-6,  4-7,  and  5-7  of  the  truss  of  Fig. 
14,  under  a  load  of  1,000  lbs.  at  each  lower  joint.  The  primary  stresses  under 
the  usual  assumptions  are  given  in  Fig.  21.  The  secondary  moments  are 
readily  found  from  Table  F,  using  the  general  formula  J/n,«=  2X(2THm+^mii)- 
From  this  we  derive  the  following  values  needed  in  the  calculation: 

Mje  =  -  2,830;     M^=  +  3,380;     M^j  =  +  1,045;     -^74  -  +  3»2io; 


^57=- 


268;     Mj^  =  +       84.    Then  we  have 

-  2,830+  1,045  —  268 


)  =  3,432- 


S,,  =  3,440  +  (  ^^^ 

9    -  ,  «^.^       /3>38o  +  84  +  3,2io\  _  ,  o^^ 

•>66  =  3,870  -    [ — )    =  3,852- 

We  also  derive  from  the  moments: 

Fje  =  +  1.7;  ^47  =  +  13-3;  ^67  =  +  0-4- 
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Then  for  the  stress  in  5-7, 
Vert.  comp.  5-7  =  500  -  (1.7  +  133  +  o-4  X  sin  tf)  =  5cx>  -  15  =  485. 

The  effect  of  the  secondary  stresses  in  these  three  cases  is  to  reduce  the 
primary  stresses  by  the  following  percentages: 

In  4-7  by  0.3  per  cent. 
In  5-6  by  0.5  per  cent. 
In  5-7  by  0.3  per  cent. 

■ 

It  is  evident  from  this  example  that  in  trusses  of  ordinary  pro- 
portions the  effect  of  the  secondary  stresses  upon  the  primary  stresses 


I 


--a--> 


t 


Fig.  49. 


is  very  small.  In  the  case  of  very  shallow  trusses  with  wide  members 
the  effect  would  be  considerable. 

The  effect  here  considered  takes  into  account  only  such  secondary 
stresses  as  have  been  heretofore  discussed,  that  is,  those  stresses  dut 
to  rigidity  of  joints.  Secondary  stresses  arising  from  other  causes 
may  have  a  more  important  effect. 

350.  Secondary  Stresses  in  Transverse  Frames. — ^The  secondary 
stresses  caused  in  floor-beams  and  vertical  posts,  due  to  rigid  con- 
nections, may  be  calculated  by  the  formulas  derived  in  Chapter  VI. 
Where  the  top  strut,  A  B  (Fig.  49),  is  relatively  slender,  the  posts,  A  C 
and  B  2>,  may  be  considered  as  hinged  at  the  top  joints,  in  which  case 
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the  equations  of  Art.  278  apply.  If  the  transverse  or  overhead  bracing 
is  fairly  deep  and  rigid  then  the  equations  of  Art.  275  apply.  If  such 
sway  bracing  is  very  rigid,  as  in  the  case  of  large  bridges,  the  posts 
may  be  considered  as  fixed  at  the  top,  and  equations  of  Art.  277  used. 

For  a  single-track  structure  the  moments  at  C  and  D  are  as  follows: 

For  hinged  ends  at  A  and  B 


For  a  strut,  A  B,  of  moment  of  inertia  / 


3> 


Pa{b-a)(2hI,  +  shI,)I, 


(43) 


For  upper  ends  fixed, 


■      -        ^    2  a(b  —  a)  I2  ,    V 

in  which  h  is  the  distance  from  the  centre  of  C  Z>  to  the  lower  edge  of 
the  overhead  bracing. 

For  double-track  structures  it  is  sufficiently  exact  to  consider 
each  of  the  loads,  P,  as  the  total  load  on  one  track,  and  the  distance,  a, 
as  the  distance  to  the  track  centre. 

To  investigate  the  relative  stresses  in  the  floorbeam  and  post, 
consider  eq.  (42).  Let/i  and/j  be  the  bending  stresses  at  C  in  the 
beam  and  post,  respectively,  and  c^  and  C2  be  the  widths  of  these  mem- 
bers. Then  in  general  /^  ==  —j-^  and  /j  =  ^~7~^«  From  eq.  (42),  we 
have 

-f'     "^  2  hi; +2,  IT; 

Considering  that  /j  is  small  as  compared  to  Z^,  and  placing  a  =  }  6, 
we  have  approximately, 

3  a{h-  a)  c,        9  6V2 

^'^^~VhT;~^Y2hi,'\  •    •    •   ^^'^ 

If  /^  is  the  working  stress  in  the  floorbeam  used  in  its  design,  we  have 

.       P  a  c^       P  bci      , 

f  =  — - —  =  — r— ,  whence 

A         4/1 

i-'A-l <^" 


10 
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that  is,  the  ratio  of  stress  in  the  post  to  the  working  stress  in  the  floor- 
beam  is  equal  to  the  ratio  of  the  widths  of  the  respective  members, 

multiplied  by  ^.      For   short-span   trusses   the   ratio    —-r  is   from 

on  o  ft 

fee 
]/2  to  ^,  hence  we  have  approximately  ^  =^  yi  —  X-O  ^  — . 

Thus  if  Ci  *=  48  in.  and  Cj  =  16  in.,  the  stress  /,  will  be  from 
12  per  cent  to  20  per  cent  of  the  working  stress  f^. 

For  fixed  ends,  the  bending  stresses  in  the  post  will  be  relatively 
greater. 

The  secondary  stresses  in  posts  will  be  made  a  minimum  by  the 
use  of  deep  beams,  and  posts  whose  width  in  the  transverse  plane 
is  no  greater  than  necessary  to  secure  the  desired  rigidity  as  a  strut. 
Where  the  floorbeams  are  attached  to  tension  verticals,  a  narrow  sec- 
tion can  readily  be  used. 

351.  Secondary  Stresses  in  Floor  Members  Due  to  the  Action  of 
Stringers  and  Laterals. — ^Fig.  50  represents  the  ordinary  arrangement 
of  floor  members,  chords,  and  laterals,  in  a  single-track  railroad  bridge. 
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Fig.  50. 


The  stringers  m'  c/y  n'  ^,  etc.,  are  riveted  between  the  floorbeams, 
m  n,  0,  />,  etc.,  and  the  latter  are  riveted  to  the  posts  at  the  joints 
w,  «,  {?,  ^,  etc.  At  these  joints  the  beams  are  also  more  or  less  rigidly 
attached  to  the  chord  members,  w-o-q,  etc.  The  lateral  diagonals 
are  also  generally  fastened  to  the  stringers,  but  such  attachment  is 
not  usually  a  very  rigid  one. 

Assuming  a  through  bridge  to  be  under  consideration,  the  chords 
will  be  elongated  under  stress,  and  the  lateral  diagonals  will  also  be 
stressed  in  tension  in  accordance  with  the  analysis  of  Art.  268,  Chapter 

VI.  The  total  elongation  of  the  entire  chord  will  be  equal  to  —^  where 

n  =  number  of  panels,  d  =  panel  length,  and  s  =  average  unit  stress 
in  the  chord  members.     The  stringtjrs  will  be  stressed  principally 


504  SECONDARY  STRESSES 

in  bending,  and  their  axial  length  will  remain  nearly  constant.  The 
result  of  this  action  of  chords  and  stringers  is  to  cause  a  horizontal 
bending  of  the  floorbeams  in  the  direction  indicated  by  the  dotted 
lines. 

Assuming  the  stringers  to  have  no  axial  stress,  the  beam  q  r  will 

d  S  2  d  S 

deflect  at  points  /  and  r'  a  distance  -=-,  the  beam  o  p,  a,  distance  —^r-^ 

'ids 
and  the  end  beam  mn,  a,  distance  ^-^r-.     From  Table  No.  i,  Art.  7, 

the  deflection  of  a  beam  loaded  in  this  manner  and  simply  supported 
at  the  ends,  is  equal  to 

in  which  /  =  fibre  stress  due  to  the  deflection,  and  2C  =  width  of 
beam.    From  this,  we  have 

.  6cE^  ... 

^-a(3b-4a) ^^^ 

ds 
Then  for  beam  q  r,  the  first  from  the  centre,  we  have  A  =  -=r  and 


hence 


6cds 


as  the  secondary  fibre  stress  in  the  beam  under  the  given  assumption. 

Assuming  ordinary  values  of  i  =  300  in.,  s  =»  10,000  lbs.  per 
sq.  in.,  b  —  192  in.,  and  a  —  54  in.,  we  get,  for  the  first  beam,/  =  920  c. 
For  c  =  6  in.,  /  =  5,520  lbs.  per  sq.  in.  The  second  beam  will  be 
bent  twice  as  much,  and  will  therefore  have  a  fibre  stress  of  11,000 
lbs.  per  sq.  in.,  etc. 

In  these  calculations  it  has  been  assumed  that  the  stringers  are 
not  elongated  at  all  and  that  the  connection  to  the  beams  permits  of 
no  deformation  whatever.  Practically  the  riveted  joint  is  not  entirely 
rigid,  as  the  connection  angles,  the  rivets,  and  the  web  of  the  beam  all 
contribute  some  deformation.  The  stringers,  also,  receive  some  longi- 
tudinal stress,  although  the  amount  per  square  inch  of  section  is  small 
On  the  whole,  the  deflections  and  stresses  in  the  beams  are  not  as  great 
as  deduced  from  the  above  calculations,  but  they  are  often  large  and 
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of  much  importance.  As  the  calculations  show,  they  increase  with 
the  width  of  the  beam  and  with  the  number  of  panels,  and  are  greater 
as  the  distance  a  becomes  smaller.  In  long-span  structures,  excessive 
stresses  of  this  kind  should  be  avoided  by  the  use  of  expansion  joints  at 
intervals  of  a  few  panels.  The  use  of  relatively  narrow  flanges  for 
the  beams  is  also  advisable. 

In  the  above  calculations  it  has  been  assumed  that  the  beams 
are  hinged,  or  simply  supported  at  the  ends.  Where  large  joint  plates 
are  used  between  laterals,  chords,  and  beams,  the  connection  at  the 
lower  flange  is  quite  rigid.  The  bending  of  the  beam  will  therefore 
introduce  some  secondary  stresses  in  the  chords,  and  at  the  same  time 
Ihe  stresses  in  the  beams  will  be  increased.  If  the  beam  and 
chord  connection  be  considered  as  perfectly  rigid,  then  the  stresses 
may  be  found  by  the  general  method  for  secondary  stresses,  writing 
out  an  equation  for  each  of  the  joints,  m,  n,  0,  and  p.  The  changes 
of  angles  in  the  quadrilateral,  qq'  s'  s,  are  readily  determined  from 
the  known  deflection  of  q  relative  to  /.  This  method  of  calculation  is 
hardly  warranted,  however,  on  account  of  the  imperfect  rigidity  of 
the  various  joints.  Furthermore,  the  stresses  are  still  further  com- 
plicated by  the  attachment  of  the  laterals  to  the  stringers  and  beams. 
Since  the  chord  deformations  cannot  be  much  reduced,  and  since  the 
stringers  are  of  relatively  large  section  and  cannot  receive  much  direct 
stress,  it  follows  that  the  more  rigid  the  joints  and  connections  of  the 
S}'stem  are  made,  the  greater  will  be  the  secondary  stresses  due  to  the 
bending  action  which  must  take  place.  These  conditions  properly 
lead  to  the  design  of  a  floor  system,  rigid  in  itself  with  respect  to  its 
main  duty,  but  independent  so  far  as  practicable  of  the  action  of  the 
chord  system  of  the  main  trusses.  The  laterals  belong  essentially  to 
the  main  truss  system  and  the  stresses  developed  from  chord  deforma- 
tions are  readily  taken  care  of. 

That  serious  lateral  bending  of  floorbeams  takes  place  has  been 
shown  experimentally  in  many  cases,  some  examples  of  which  are 
reported  in  Bulletin  No.  125  of  the  American  Railway  Engineering 
and  Maintenance  of  Way  Association,  1910,  p.  44.  In  a  228-ft.  span 
the  lateral  bending  of  the  end  beam  added  100  per  cent  to  the  stresses 
due  to  vertical  load  in  one  flange  and  reduced  to  zero  the  stress  in  the 
other  flange. 
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352.  Deflection  of  Members  Due  to  Secondary  Stresses. — In  the 

analysis  of  secondary  stresses  the  effect  of  the  deflection  of  the  members 
themselves  upon  the  stresses  has  been  neglected.  In  Art.  353  the 
exact  theory  is  briefly  set  forth,  whereby  this  effect  is  taken  into  account 
from  the  beginning  and  the  secondary  stresses  determined  accordingly. 
That  method  is  very  laborious  and  not  generally  practicable.  It  is, 
however^  often  desirable  to  determine  approximately  the  deflection 
of  a  member  subjected  to  secondary  stresses,  especially  in  the  case  of 

AVi  -'"*■ 

P ^ ^ 

Fig.  51. 

compression  members,  in  order  that  the  influence  of  the  secondan- 
stresses  upon  the  buckling  action  may  be  estimated. 

Having  determined  the  secondary  stresses  by  the  methods  already 
described,  the  deflection  of  a  member  at  any  point  can  readily  be 
found  as  follows: 

Consider  the  member  A  5,  Fig.  51,  subjected  to  end  moments  and 
shears  as  shown.     The  moment  at  any  point  C,  distant  a  from  i4,is 

M,  =-  M,  -  (M ,  +  M J  ^^  «  M3  y  -  M,  (^-^).       (SO) 
Then,  as  in  eq.  (8),  Art.  304,  we  have 


also 


T/  -  g^  (2  3f .  -  Jf^, (SI) 


Ti-g-^^^^'^^*^ ^52) 


The  deflection  of  point  C  is 

A^  =  (r/  -  Ti)  a (53) 

Substituting  from  (50),  (51),  and  (52),  and  reducing,  we  derive  the 

value 

[M,(/  +  a)-3/.(2/-a)](/^a)a  . 

A. g-gj^ .      .     .     (54) 


EXACT   METHOD   OF   CALCULATING   SECONDARY   STRESSES     507 

For  a  maximum  value  of  A^  we  get,  by  differentiating  eq.  (54), 
the  value  of  y  is 

a  My  I  /      My      y       2  My  -  Ma 

/  "  M,  -f  3f  3        y\My  +  mJ       3  {My  +  il/J-    •     ^55; 

Example. — (i)  Let  it  be  required  to  calculate  the  deflection  of  the  vertical 
post  4-5  of  the  Pratt  truss  of  Fig.  14,  under  a  load  of  75,000  lbs.  at  each  of 
the  joints  7,  9,  and  11.  From  Table  F  we  find  the  moments  for  this  loading 
to  be  M^  =  —  114,000  in.-lbs.,  and  M54  =  —  121,000  in.-lbs.  By  eq. 
(55)  we  find  for  the  point  of  maximum  deflection,  ajl  =  .485  ±  .288  = 
.773  and  .197.  Substituting  in  (54),  the  deflection  at  these  two  points  is 
found  to  be  .007  in.,  and  .010  in.,  respectively. 

(2)  Suppose,  for  example,  the  end  moments  in  Ex.  (i)  to  be— 120,000  and 
+  120,000,  giving  single  instead  of  double  curvature.  The  maximum  de- 
flection would  be  at  the  centre  and,  from  (54),  equal  to  0.068  in.  The 
direct  stress  in  the  member  under  the  assumed  load  is  75,000  lbs.,  which  stress, 
multiplied  by  the  deflection  of  .068  in.,  gives  a  moment  of  5,000  in.-lbs., 
which  represents  the  additional  effect  due  to  deflection  in  the  case  assumed. 
The  total  moment  at  the  centre  would  then  be  approximately  120,000  -h 
5,000  =  125,000  in.-lbs.  The  true  deflection  and  moment  would  be  some- 
what greater  than  here  calculated,  as  the  effect  of  the  moment  of  5,000  in.- 
lbs.  is  to  increase  the  deflection  still  more. 

■ 

The  examples  here  given  indicate  that  in  the  ordinary  truss  the 
lateral  deflection  of  compression  members,  due  to  secondary  stresses,  is 
not  often  of  importance  in  increasing  such  stresses. 

Effect  of  Transverse  Loads. — In  the  above  analysis  no  account  has 
been  taken  of  transverse  loads,  such  as  the  weight  of  horizontal  or 
inclined  members.  These  loads  can  readily  be  taken  account  of  in 
this  approximate  method  of  calculation,  simply  by  adding  to  the 
deflections  caused  by  the  end  moments,  the  deflection  caused  by  the 
transverse  loads,  considering  the  beam  as  simply  supported  at  the  ends. 
The  end  moments  are  then  obtained  by  duly  considering  the  weight 
of  the  members  in  the  secondary-stress  calculation. 

353.  Exact  Method  of  Calculating  Secondary  Stresses.— In  the 
method  of  analysis  explained  in  the  foregoing  articles,  the  bending 
moments  due  to  the  direct  or  primary  stress,  acting  with  an  arm 
equal  to  the  deflection  of  the  member,  have  been  neglected.  Man- 
derla's  method  of  solution,  published  in  1880,  was  quite  remarkable 
in  the  fact  that  while  being  the  first  adequate  treatment  of  secondary 
stresses  in  general,  it  was  at  the  same  time  an  exact  method,  taking 


5o8  SECONDARY  STRESSES 

due  account  of  the  deflections.  This  exact  method  is  considerably 
more  laborious  than  the  approximate  method  heretofore  given,  and 
as  the  results  generally  differ  but  little,  it  will  rarely  be  expedient  to 
resort  to  the  exact  process.  However,  as  the  method  is  a  valuable 
one  in  dealing  with  certain  special  problems,  it  will  be  given  here. 

The  beam  A  5,  Fig.  52,  is  acted  upon  by  the  end  moments  M^ 
and  Jf  3,  the  shears  Vi  and  F2,  and  the  direct  stress  5,  which  may  be 


Fig.  52. 

either  tension  or  compression.  It  will  be  necessary  to  consider  the 
two  cases  separately. 

a.  Compression  Members. — ^The  moment  at  any  point  iV,  distant 
X  from  A,  is 

M^M^  +  Sy^V^x.      .     .     •     .     (56) 

in  which  M  has  the  same  sign  as  M^. 

The  difiEerential  equation  of  the  elastic  line  is 

d:^^       EI  EI      El'^EI'*     *     •     ^^'^ 

5 
Placing  -=-j  =  j'  and  integrating,  we  derive  the  general  equation  of 

the  curve  A  B 

y  «  Cj  sin  J  at?  +  Cj  cos  J  r» ^  A — ^        .     .     (58) 

in  which  Ci  and  C^  are  integration  constants  to  be  determined  by  the 
conditions  of  the  problem.  In  this  case  they  are  found  from  the 
condition  that  for  :x?  =  o,  y  =  o,  and  for  :x?  =  /,  y  «  o.  From  the 
first  we  have 

o  -  C,  -  -^ (a) 
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whence 

Cj «  -^.     .......     (59) 

and  from  the  second 

o  =  Ci  sin  5  /  +  C3  cos  5  / ^  H — ^.  ...     (6) 

Substituting  the  value  of  C,  we  get 

j^     x-cosg^_      F^^M,^^g/_     TV  .     (60) 

5  sinji  Ssmql       S  2       osingT 

The  inclination  of  the  elastic  line  is  found  by  differentiating  (58), 

giving 

d  y         ^  ,  Vi 

Y"  '^  qCiCOsqx  "  qCiSinqx  +  r^?-.  .     .     .^     (61) 

M  d  y  d  y 

For  X  ^  o  the  value  of  -r^  is  t„  and  for  :»=»/,  -j-^  =  t„  whence 

T,  =  jCjCOSj/ -f  gC,  sin  j/ +-Tr-.       .      .      .     (d) 

•3 

Substituting  values  of  C^  and  C,  we  derive  the  formulas 

qM.         ql       V^  /    ql  \  ,^  . 

Ti  =  ^~  tan  ^ cT  ( -^ — ■/  -  I )    •      •      •     •     (62) 

S  2        S   Vsm  ql        J  ^    ' 

qM.         ql       Fi  /ql  cos  ql         \  ..  . 

T,=  -ytan^-^(«-^j^-ij.    .     .     (63) 

.    .  V 

Eliminating  -^  from  these  two  equations  we  derive  an  expression 

for  Af  1  in  terms  of  t^  and  t,  and  known  quantities.    It  is 

M.^^iAzi+Br;) (64) 

in  which 

(65) 


B  -  hI — f  -  cot  ^'Y   .     .     .     .     (66) 

a  —  ql  cot  —  J 
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Eq.  (64)  may  be  written  in  the  form 

-^        2Sf2Aql  Bql     \      2  EI ,  ^      .  .^   . 

M,^  ^(— ^T,  +^z,)=^  ___(2a,^, +  ft,T^,       (67) 

in  which  a^  and  b^  are  coefficients  respectively  equal  to  ^— ^  and 

4  - 

They  are  functions  oi  ql  only,  which  quantities  involve  /,  /,  E,  and  S 
for  the  member  in  question. 

We  may  also  write  for  Mj  the  similar  expression 

M^  =  ^—j-  (2  a^  T,  H-  b,  T,) (68) 

The  values  of  the  coefficients  a^  and  b^  are  conveniently  expressed 
in  the  form  of  series.     The  value  of  cot  0  in  general  is 

cotC?  =  ------ --— -  etc.  .      .      .       (6g) 

^       3       45       945 

From  this  are  derived  the  values  of  A  and  B  as  follows: 

^=4   _ll/_£lM!_etc.  .      .      .      (70) 
ql        IS  6,300 

5  =  ±  +  ii     +i3M.Vetc.  .      .      .      (71) 
ql      30  12,600 


and,  finally, 


,^  =  Ali=,_M!_£iM:_etc..    .    (73) 

4  3P  25.000 


The  value  of  ^  /  is  /  %|  -=rj.     If  ^4  =  area  of  cross-section,  ^  =  unit 

stress  =  SI  Ay  and  r  =  radius  of  gyration,  we  have  the  convenient 
expression  for  compression  members, 

6.  Tension  Members, — In  case  the  stress  5,  Fig.  52,  is     tensile, 
the  moment  at  N  is 

M  =  M^-  Sy  -  V^x (75) 
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and  the  differential  equation  of  the  elastic  line  is 

This  integrates  into  the  expression 

y-C,e'*  +  C,«-'*  +  ^--!^      .     .     .     (77) 

where  q  ^'V^rT  as  before,  and  Cj  and  C,  are  integration  constants. 
For  jc  =  o,  y  ^  o,  and  for  jc  =  /,  y  =  o,  whence 

o  =  C. +  C,  +  ^ (a) 

o  -  C.e"'  +  C,  e-"'  +  ^-'^.      .     .     .     (b) 
From  these  we  get  the  values 

The  inclination  of  the  elastic  line  is 

iZ^qC,e'"-qC,e-'"-^.        ...     (80) 


Substituting  ^  =  o  and  jc  =  /,  we  have 


V 
Tj  =  J  C|  —  J  Cj =• (81) 

r.^qC.ef'-qC^e-"'-^.    ....     (82) 


Substituting  the  values'  of  C^  and  G,  we  have 


• 
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In  terms  of  hyperbolic  functions^  eqs.  (^3)  and  (84)  transform  into 

Eliminating  Fi'from  these  equations  we  derive  finally  the  value 
for  Ml  in.  terms  of  t,  and  r. 


in  which 


A'~  « 


(  ■ 


if »  =  -  (4' T,  +  B' T,) 

q 


qi 


•       • 


ql  coth 


qi 


F 


+  coth  ^^ 


(87) 


(88) 


ql 


) 


q  I  coth a 


-coth^ 


•         .* 


(89) 


2 


The  value  of  coth  8  in  the  form  of  a  series  is 

coth  ff=-7rH . 1 etc.  . 

*       3       45      945 

By  means  of  this  expres^on  eq.  (87)  may  be  transformed  into 

2  EI 


(90) 


in  which 


«i  = 


3/,= 


A'qt 


I 


(2  Of  T,"  +  b^  T^ 


(91) 


I    T : T 


30 


25,000 


5'2i  (?/)'  ,    13  iql)* 

2  60  25,000 


(92) 


(93) 


These  two  equations  differ  from  the  similar  equations  (72)  and  (73) 
only  in  the  signs  of  the  second. terms  of  the  series. 

Method  of  Apfiicatian, — Equations  (68)  and  (91)  maybe  written 
in  the  general  form 

••'.  ■*^»« p-(2<?rT»n    +  *0        .        .        .        •       (94) 
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corresponding  to  the  general  expression  for  M^^  of  Art.  308.  In 
the  more  exact  expression  here  developed  the  quantities  r,^  and  r^^ 
are  to  be  multiplied  by  the  coefficients^ a  and  6,  whose  values  differ 
from  unity  by  the  amounts  represented  by  the  second  and  following 
terms  of  a  series.  For  compression  members  the  value  of  9  /  is  such 
as  to  make  the  series  rapidly  convergent  so  that  all  terms  beyond  the 
second  are  negligible.  For  tension  members  the  third  term  may  need 
to  be  considered  and  in  extreme  cases  it  will  be  desirable  to  use  the 
exact  expressions  of  eqs.  (88)  and  (89). 

In  applying  this  exact  method  to  a  problem,  the  sum  of  the  moments 
at  each  joint,  as  given  by  eq.  (94),  is  placed  equal  to  zero  as  before. 
In  formulating  these  equations,  the  values  of  the  coefficients  a  and  b 
must  be  determined  for  each  member  and  the  several  values  of  t 
multiplied  by  the  respective  coefficients.  After  this  is  done  the 
multiplier,  /?=///,  is  used  and  the.  work  is  carried  out  as  in  the  ap- 
proximate method.  The  method  of  tabulating  the  values  6t  I  d  Z , 
and  formulating  the  equations,  explained  in  Art.  310,  will  be  modified 
accordingly. 

It  is  to  be  observed  that  in  using  the  exact  method  of  analysis  it  is 
necessary  to  consider  the  actual  total  load  on  the  structure  for  which 
the  stresses  are  desired  in  order  that  the  values  of  the  coefficients  a 
and  b  may  be  determined.  The  secondary  stresses  are  no  longet 
proportional  to  the  primary  stresses. 

The  additional  labor  required  by  the  exact  method  of  solution  is 
not  very  great,  but  the  increased  accuracy  secured  by  the  process  is 
not  generally  of  sufficient  importance  to  warrant  its  use.  Some  notion 
of  the  errors  involved  in  the  usual  approximate  method  may  be  gained 

by  considering  the  relative  size  of  the  terms  ^^-^  and  ^^—  in  eqs.  (72), 

(73),  (92),  and  (93),  as  compared  to  unity.  For  compression  members 
the  value  of  l/r  is  not  often  greater  than  100  and  if  5  =  i5)000  then 

9^  =  -\l-7r  =  2.24.     Then  -^-^  =»  0.167  and  -^r^  =  0.083.    Hence 
r  >  £  30  .  '  60  "^ 

^c  =  0.83    and    b^  =  1.08.      The    equation    for    M^  then    becomes 

o  EI ' 

V,  -  "^ —  (2  X  a83  T,  4-  1.08  T3).      Generally  ql  will  hot  exceed 

"  -33 


SH 
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2  EI 

i.o,  in  which  case  M^  =  — -. —  (2  X  .965  r^  +  1.016  Tj).    For  large 

tension  members  composed  of  eye-bars  l/r  is  likely  to  be  about  150, 
making  j  /  =  3.3,  a^  — 1.36,  and  b^ =0.82.  The  error  of  the  approximate 
method  is  thus  greater  for  tension  than  for  compression  members. 
A  matter  of  more  importance,  however,  is  the  fact  that  in  the  case  of 
compression  members  the  effect  of  deflection  is  in  general  to  increase 
the  moments  near  the  centre  of  the  member,  especially  where  the  mem- 
ber is  of  single  curvature.    This  is  also  fully  shown  in  Art.  352. 

354.  Stresses  in  lUveted  Expansion  Suspenders. — ^A  method 
sometimes  used  for  providing  for  expansion  is  to  support  the  end  of 
the  member  or  truss  by  means  of  a  vertical  plate,  rigidly  attached  at 

top  and  bottom,  and  which  permits  the  desired  movement 
by  bending.  The  plate  is  thus  subjected  to  combined 
bending  and   tension.      The   conditions  are    shown  in 

Fig-  53- 

The  stresses  in  such  a  plate  are  readily  found  by  the 

2  EI 

application  of  the   general  formula  M^  =  — -. —  (2  a^  r, 

+  ^1  "^2),  given  by  eq.  (91).  In  this  case,  since  the  angle 
T  is  relatively  large  and  l/r  is  also  large,  it  will  be  neces- 
sary to  use  the  exact  values  of  the  coefficients  A^  and  B', 
given  by  eqs.  (88)  and  (89).  The  angles  tj  and  t,  are 
known  from  the  conditions  of  the  problems. 

Generally  the  problem  is  to  determine  the  stresses  in 
the  plate  due  to  a  definite  deflection  A,  the  ends  A  and 

B  being  flxed  in  direction  and  the  tangents  parallel.      In  this  case 

T^  »  Ta  «  T  =  A//.     Then 


2  EIt 
Ml  -  — J —  (2  a,  +  6^, 


(95) 


Substituting  the  valuer  of  a^  and  b^  from  (92),  (93),  (88),  and  (89), 
we  have 


M, 


2  EIt     ql 


I 


5A  . 


ql  coth 2 

'  2    » 


(96) 
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CxAMPLE."— Suppose  an  expansion  joint  be  mad^  by  means  of  a  plate 
f  in.  thick  and  6  ft.  long  to  provide  for  a  movement  of  }  in.  The  plate  is 
also  subjected  to  a  direct  tension  of  8,000  lbs.  per  sq.  in.  What  will  be  the 
additional  stress  due  to  bending? 

Under  the  given  conditions  the  width  of  the  plate  does  not  affect  the  result. 
Consider  a  width  of  i  in.    Then  S  =  6,000  lbs.;  /  =  72  in.;  /  «  .0352  in*. 

; =  — 5 =  — a-    Whence   Jf ,  —  6,000  X  -  X  — j  = 

ql  coth  i^-  2       5.48-2    •  3.48  2        3-48 

2 

862  in.-lbs.    The  fibre  stress  «  /  « ^^  «  0,200  lbs.  per  sq.  in. 

'  .0352  ^'  ^^ 

The  bending  stress  which  would  exist  if  there  were  no  direct  stress 
is  found  from  the  formula  for  deflection  of  a  cantilever  beam  of  length 

fP 
of  36  in.     The  deflection  in  terms  of  fibre  stress  is  y  -=  ^  .      p  >  =» 

--=r-.  Placing  y=»  A/ 2  and  I  =  36  in.,  we  derive  the  value/  =«  — -= — . 

In  the  above  example  this  would  be  6,530  lbs.  per  sq.  in.,  a  value  30 
per  cent  less  than  the  true  stress.  This  comparison  shows  the  impor- 
tance of  considering  the  effect  of  the  direct  stress  in  such  problems. 

355.  Bending  Moments  in  Members  Subjected  to  Transverse  Loads 
and  Direct  Compression  or  Tension. — ^In  Art.  353,  the  effect  of 
transverse  loads  was  not  considered.  To  take  account  of  such  loading 
in  an  exact  manner,  the  value  of  Af  in  the  general  expressions  of  eqs. 
(56)  and  (75)  would  have  to  be  modified  by  the  moment  M'  due  to 
the  transverse  loads,  considering  the  beam  as  a  simply  supported 
one,  as  in  Art.  330.  It  would  be  possible  then,  for  any  given  case,  to 
integrate  the  resulting  expression  and  finally  to  derive  a  value  for 
Afj.  Such  an  expression  would,  however,  be  very  cumbersome  and 
hardly  of  practical  value.  If  the  members  are  relatively  short  and 
the  secondary  stresses,  or  end  moments,  larg6,  then  the  method  ex- 
plained in  Art.  352  may  be  used;  if  the  members  are  long,  then  the 
ends  may  be  assumed  either  as  fixed,  with  horizontal  end  tangents,  or 
as  hinged,  as  the  case  may  be,  and  the  bending  stresses  determined  as 
explained  belOw. 
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a.  Compression  Members. — Fixed  Ends. — ^The  beam  A  B,  Fig. 
54,  is  subjected  to  the  transverse  load  of  p  per  unit  length,  and  also  to 
the  direct  stress  S,  and  the  moments  and  shears  as  shown.    The  end 


I 

Fig.  54. 


tangents  are  assumed  to  be  horizontal.     As  in  Art.  353  the  value  of 
M  at  any  point  is 

M  ^  -  M,  +  Sy  ^V^x-  ^       .      .     .     (97) 
and 

dj(^  EI^EI       EI        El'^2Er'  ^^^ 

s 

Placing  q*  =  ^r^,  we  have,  by  integration 

>-.    •           .   ^                ,   M,       V.x      p^         p  ,   . 

y  ^  C^sinqx  +  C^cosqx  +  -^ ^  +  £_   -  _^.    .     (99) 

For  ^  =»  o,  y  =  o,  and  x  =  l^  y  =  o,  whence  we  derive  the  values 

C»  =  ^    ........     (100) 

Also  for  a;  =  /,  -—  =«  o,  whence 

dx 

V.       pi 
o  =  J  Cj  cos  J  /  —  g  Cj  sin  5  / c   ■*"    c"*     *  ^'^^) 

Substituting  and  reducing  (noting  that  F,  —       )>  we  have 

"• ' ib - '4 -- 'tJ  •  ■  ■  ■  <■»" 

For  small  value?  of  q  /,  such  as  occur  for  compression  members, 

we  may  express  cot  ~  in  the  form  of  a  series,  as  in  Art.  352,  deriving 
the  expression 
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But  ^-—  is  the  end  moment  for  a  beam  with  fixed  ends  and  subjected 

•  *  

to  the  transverse  load  only.     Call  this  moment  M\,     Omitting  all 
terms  of  the  series  beyond  the  second  we  have  then 

3/.  =  J/',  (i  +  ^) (105) 

The  moment  at  the  centre  is  found  from  the  value  of  —  JE  /  v-4 

da? 

I 
for  X  ^  —.     From  (99)  we  have 

dr  y  p 

j^2  =  ""  ?'  (^1  sin  qx  :{•  C,  cos  qx)  -h  ^,     .      .      (106) 

/ 

Placing  X  =^  —  and  inserting  values  of  Cj  and  C,  we  have  for  the  centre 
moment 


^«  =  ^(ycosec^- i) (107) 


Writing  cosec  —  =  —;  +  —  +       „„      +  ...  we  derive 

2        ql.     12        2,880 


if,  = 


^^/.   ,   7(?Q' 


i'-'-^) c-^) 


*'  24      \  240 


PP 

'  u .  since  ^-—  is  the  centre  moment  for  a  beam  fixed  at  the  ends,  we 
24 


"■-"■■{' \'-^) <■»') 


j-17 call  such  moment  3f'^and  we  have,  finally, 

240 

Hinged  Ends. — For  hinged  ends  3/,=  o  and  the  same  process  as 
employed  in  the  preceding  analysis  results  in  the  expression  for  centre 
moment 

^«=|(^i^-0' ("°) 

or  approximately 

^.-^(■-^) <■■■) 
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Placing  ^  B  M'^ » centre   moment  for  a  simply  supported   beam, 
we  have 


^'(■+^) (■") 


b.  Tension  Members. — Fioced  Ends. — In  the  case  of  tension  mem- 
bers the  term  5  y  of  eq.  (98)  is  negative,  giving 

d^y      M,      Sy      V,x      px* 

dx"      EI'^  EI       EI  ^2Er     •     •     •     ^    ^^ 

This  integrates  into 

y^C.e    +C,e       -  —  + -^  -  _  -  _    .     (114) 

c 
in  which  q^  =  — -  as  before. 

EI 

From  (114),  we  have 

||-j(C,.--C,e-")+Il-^      .     .    (115) 
and 

^-j»(C.e««  +  C,e-«^-|.       ....    (116) 

To  determine  the  constants  C.  and  C*  for  a  beam  fixed  at  the  ends, 

d  y  I  d  y 

we  use  the  conditions  that  ior  x  ^  o.  y^  =0  and  for :»  =  -,  :r^  «  o, 

dx  2  dx 


•  • 


givmg 


o«ff(C,-C^+^ W 


and 


/      sl  »iL\ 


o^qxC^e     —  C^e      /, (4) 

from  which 

C^-^C.e^ (117) 

Then  from  the  condition  that  for  :»  =  o,  y  =  o,  we  have 

o-C.+C,-f-^ W 
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Substituting  the  values  of  Ci  and  Cj  we  get 

^'---f  +  rql-^r—ii   ....    (no) 

or 

I'.-IK-'.^-O (-) 

For  small  values  of  ql  we  may  write  coth  —  as  a  scries,  deriving 

-"'.('-^■) (-") 

in  which  M\  has  the  same  meaning  as  in  eq.  (105).  Frequently  in  the 
case  of  tension  members  the  value  of  g'  /  will  be  too  large  to  permit  the 
form  given  in  eq.  (122)  to  be  used. 

The  centre  moment  is  found  in  the  same   manner  as  for  com- 
pression members.    It  is 

^^  "  *^  [^  ■"  ^cosech y    •     •     •     •     (133) 
and  for  small  values  oi  ql 

*      24  V         240  /  ^   ^' 

240 

Hinged  Ends. — In  this  case  M^  of  eq.  {c)  is  zero,  hence 

From  this  equation,  and  eq.  {b),  p.  518,  we  derive 

Ct-^C^e"^ (126) 

^^"fslTT^ ("7) 

=  I  (i  -  sech  ^) (128) 


=  <^-'^)-      •     •     •     •     (-5) 


Then  from  (116) 


M 


C 
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and  for  small  values  oiql 

pff,      sill)' 


K 


=  ^c(^-^) 030) 

356.  Approocimaie  General  Formulas  for  Tension  and  Compression 
Members. — A  sufficiently  exact  formula  for  practical  use  may  be  derived 
on  the  assumption  that  the  form  of  the  deflection  curve  is  the  same  as 
that  of  an  ordinary  beam  uniformly  loaded. 

a.  Hinged  Ends. — From  Table  i,  p.  10,  the  deflection  of  a 
uniformly  loaded  beam,  simply  supported,  in  terms  of  fibre  stress,  is 

<  fP  fP 

y  =»  -^  ^r-,  or  very  closely,  y  =        _.  .      The  bending  moment  in 

f  I 

all    cases  =  3f  =  "^ — ,  hence  the  deflection  in  terms  of  the  actual 

c 

bending  moment  is 

MP  .     ^ 

y^i^Ei ^'^'^ 

If  M'  is  the  centre  moment  in  an  ordinary  beam,  we  have,  as  in  Art.  355, 

M^M'±Sy (132) 

in  which  the  plus  sign  is  to  be  used  for  compression  members  and  the 
minus  sign  for  tension  members.  Substituting  the  value  of  y  from 
(131)  and  solving  for  Af,  we  have 

^- — ^7^ ^'i^^ 

^  "^  10  EI 

in  which  the  plus  sign  is  to  be  used  for  tension  and  the  minus  sign  for 
compression  members. 

b.  Fixed  Ends. — The  centre  deflection  of  an  ordinary  beam  with 
fixed  ends,  uniformly  loaded,  is,  in  terms  of  the  centre  momenti 

MP 
^""   16  Ef 

The  effect  of  the  direct  stress,  5,  upon  the  moments  at  both  end  and 
centre  may  be  placed  equal  to  S  y/2.    Hence,  for  the  centre  moment, 
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whence 


2  22  tLl 


K  = jp- (134) 


32  EI 

In  terms  of  the  end  moment,  Af  „  the  deflection  is 

^      64  EI' 
and  we  derive  as  before 

^i  = 5p-- (135) 

^  "^  t^EI 

In  (134)  and  (135),  Af'  is  the  moment  at  the  centre  and  end,  respec- 
tively f — pV  and  — tP\  in  an  ordinary  beam  with  fixed  ends. 

Examples. — (i)  An  eye-bar  2  in.  wide  by  12  in.  deep  and  40  ft.  long  is 
subjected  to  a  direct  stress  of  12,000  lbs.  per  sq.  in.,  or  a  total  stress  of  288,000 
lbs.  What  is  the  fibre  stress  due  to  bending  from  its  own  weight,  the  bar 
being  assumed  as  pin-ended  ? 

In  this  case  ^  =  80  lbs.  per  ft.,  /  =  480  in.,  /  =  288  in.*    Using  the 

.      ,     ^         ,  f      .  .         SP  288,000  X  480* 

approximate  formula,  eq.  (133),  we  have  —  = =  7.7, 

xi  /       30,000,000  X  200 

and    M  =  M'li.^i  =  ipPli-77  =  192,000/1.77  =  108,000    in.-lbs.      The 

£u      ^  X       108,000  X  6  ,, 

fibre  stress  =  /  =  ^ =  2,250  lbs.  per  sq.  m. 

By  the  exact  formula,  eq.  (128),  we  have  A/=  — 3  f  i  —  sech  —J 
=  ^  [^,  (i  -  sech  ^^)  ].  The  value  of  (q  0'  =  |^  =  7-7-  Then 
^  =  1.38s  and  sech  1.385  =  -^r  =  ^ys-    ^^  =  %~\  TZ^  ^^  ~  -473)1 

2  2.12  O      L-7.7  J 

=  ^  X  .547  =  192,000  X  .547  ==  105,000  in.-lbs.,  a  value  about  3  percent 

o 

less  than  obtained  by  the  approximate  method. 

(2)  A  compression  member  has  the  following  dimensions:  /  =  360  in., 
sectional  area  =  i4  =  60  sq.  in.,  /  =  3,000    in.*,  depth  ==  18  in.     Direct 
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stress  =  5  =  6cx>,ooo  lbs.    What  is  the  fibre  stress  due  to  its  own  weight, 
assuming  pin  ends? 

,-  S  P  600,000  X         360'  r>^  XT  .  .         . 

Here  =r^  = — — - —  =  0.865.        Hence     the    approximate 

E I      30,000,000  X  3,000 

formula  gives  M  =  — -  =  i-—  x  1.095  =  270,000  X  1.095  =  295,600 

I  —  .0005  o 

in.-lbs.    The  effect  of  the  deflection  is  indicated  by  the  term  .0865  in  the 
denominator,  as  compared  to  unity. 

The    more    exact    formula,    cq.  (112),   gives    3f  =  M'  ( i  +  — ^,     1 

=  M'  f  I  +  -^  X  .865)  =  M'  X  1.09  =  294,000  in.-lbs.,  a  value  agreeing 
closely  with  the  one  found  above. 

357.  Impact  Stresses. — Sialic  and  Dynamic  Stresses. — ^In  the 
analyfiis  of  stresses  which  has  preceded,  the  loads  considered  have,  in 
all  cases,  been  assumed  to  be  due  to  the  action  of  gravity  alone.  In 
the  case  of  moving  loads,  the  position  of  the  loads  has  been  varied, 
but  the  resulting  stresses  have  been  calculated  on  the  assumption  that 
at  any  instant  the  loads  have  been  stationary.  Stated  in  other  words, 
the  dynamic  effect  of  moving  loads  (the  effect  due  to  acceleration  or 
retardation)  has  not  been  considered.  The  stresses  thus  obtained, 
whether  from  dead  load  or  from  live  load,  may  properly  be  called 
static  stresses.  In  their  calculation  no  account  is  taken  of  dynamic 
effect. 

In  the  design  of  structures  it  is  necessary,  however,  to  know  not 
only  the  static  stresses  involved,  but  also,  as  nearly  as  practicable,  the 
dynamic  stresses,  so  that  proper  provision  may  be  made  for  the  com- 
bined effect.  In  some  structures  this  dynamic  effect  is  relatively  small 
and  unimportant,  as,  for  example,  where  the  fixed  load  is  very  large 
and  the  moving  or  variable  load  is  small,  or  is  applied  gradually  and 
steadily.  Bridges  carrying  aqueducts,  roof  trusses,  and  many  types 
of  buildings,  are  examples  of  such  structiures.  In  other  structures 
the  dynamic  effect  of  the  live  load  is  very  great,  as,  for  example,  high- 
way bridges  subjected  to  the  action  of  rapidly  moving  vehicles  or 
animals,  and  railroad  bridges  under  fast  moving  trains.  Whatever 
may  be  the  cause  of  such  dynamic  effect,  the  combined  result  is  gen- 
erally spoken  of  as  impact  stress. 

In  the  design  of  bridges  the  impact  stress  is  provided  for  either  by 
increasing  the  live-load  stress  in  accordance  with  some  empirical  rule 
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supposed  to  represent  the  impact,  or  by  a  reduction  in  the  live-load 
working  stress  below  what  would  be  used  in  case  the  stress  were  wholly 
static.  The  former  method  appears  to  be  the  more  rational  one  to 
follow  and  is  coming  into  general  use,  especially  with  respect  to  rail- 
road structures.  In  its  use  the  question  of  the  proper  amount  to  add 
for  impact  is  one  not  well  determined,  owing  to  lack  of  sufficient 
experimental  data. 

The  formula  in  most  common  use  at  the  present  time  is  probably 
the  one  employed  in  the  specifications  of  the  American  Railway 
Engineering  and  Maintenance  of  Way  Association.     It  is 

7  =  5     300 


300  H-  L 


in  which  S  is  the  static  stress  and  L  the  length  of  span  loaded  to  produce 
the  maximum  live-load  stress. 

To  secure  more  definite  information  on  this  subject  the  Maintenance 
of  Way  Association,  through  a  sub-committee,  has  conducted  a  large 
series  of  experiments,  the  results  of  which  are  published  in  "  Bulletin 
No.  125,"  1910.  Experiments  were  made  on  about  50  plate  girder 
and  truss  spans,  in  which  th6  effect  of  special  test  trains,  moving  at 
various  rates  of  speed,  was  determined  by  means  of  a  deflectometer  and 
several  extensometers  attached  to  various  members  of  the  structure. 
Some  of  the  results  and  the  general  conclusions  contained  in  this  report 
are  here  given. 

358.  Causes  of  Impact. — ^The  chief  factors  in  causing  impact  in 
railroad  structures  are:  (i)  Unbalanced  locomotive  drivers;  (2) 
rough  and  uneven  track;  (3)  flat  or  irregular  wheels;  (4)  eccentric 
wheels;  (5)  rapidity  of  application  of  load;  (6)  deflection  of  beams 
and  stringers,  giving  rise  to  variations  in  the  action  of  the  vertical 
load. 

Where  caused  by  open  joints  or  rough  or  flat  wheels,  the  impact 
is  more  or  less  in  the  nature  of  a  "blow"  upon  the  structure;  but 
where  caused  by  the  other  factors  mentioned,  it  amounts  in  effect  to  a 
varying  load,  or  a  series  of  impulses,  acting  upon  the  structure.  In 
either  case  the  result  is  to  produce  deflections  and  stresses  in  excess  of 
the  static  values,  such  excess  of  stress  being  commonly  called  impact 
stress  or  simply  impact. 
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Of  all  the  various  causes  of  impact  the  fifth  one  above  mentioned, 
namely,  the  rapidity  of  application  of  the  load,  is  the  one  which  ha^ 
received  the  greatest  amount  of  theoretical  discussion.  The  other 
causes  cannot  be  so  readily  traced  from  a  theoretical  standpoint; 
experimental  determination  is  the  only  practical  method  of  determining 
the  results  produced.  The  discussion  here  given  will  therefore  be 
divided  into,  (a)  effect  of  speed  of  application  of  load,  and  (b)  effect 
of  other  causes. 

359-  (a)  Effect  of  Speed  of  Application  cf  Load. — Assuming  the 
track  perfectly  smooth  and  all  of  the  rotating  parts  perfectly  balanced, 
the  eflFect  of  a  load  moving  over  a  structure  at  a  high  rate  of  speed  de- 
pends wholly  upon  the  vertical  curvature  of  the  track  and  the  effect 
which  this  curvature  has  upon  the  path  over  which  the  centre  of 
gravity  of  the  load  travels.  If  the  load  causes  the  structure  to  deflect 
so  that  the  curvature  of  the  track  is  concave  upward,  the  pressure  of 
the  load  upon  the  bridge  will  be  in  excess  of  its  weight  by  reason  of  the 
centrifugal  force  caused  by  such  curvature.  If  the  track  has  an  initial 
camber  so  that,  when  the  load  passes  over  the  structure,  the  deflection 
produced  is  just  sufficient  to  bring  the  track  into  a  straight  line,  then 
there  will  be  no  centrifugal  force  developed  and  the  pressure  of  the 
load  upon  the  track  will  be  constant  and  exactly  equal  to  the  static 
load.     The  impact  ii^  that  case  will  be  zero. 

If  we  assume  the  track  originally  straight  and  absolutely  rigid,  the 
amount  of  impact  or  centrifugal  force  resulting  from  the  deflection  of 
the  structure  can  be  approximately  determined  on  theoretical  grounds. 
Such  an  analysis  has  been  made  by  Dr.  H.  Zimmerman  *  for  the  case 
of  a  single  rolling  load,  and  a  formula  which  is  very  closely  approximate 
to  his  exact  formula  is  as  follows: 


F  =P 


g  /Vi6  v'  rf  —  3 


in  which  F  =  centrifugal  force,  P  =  weight  of  rolling  load,  v  ==  velocity 
in  feet  per  second,  d  =  deflection  of  structure,  and  /  =  span  length. 
If,  for  example,  d  =  1/2,400  of  span  length  and  v  =  90  ft.  per  second 
(about  60  miles  per  hour),  we  have 

*  '•  Die  Schwingungen  eines Tragers  mil  bewegter  Last"     Berlin. 
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F  =  P 


0-595  i  -  3 

a  formula  which  is  practically  exact  for  spans  greater  than  15  feet. 
For  a  25-foot  span  this  gives  8.7  per  cent  impact,  and  for  a  50-foot 
span,  3.7  per  cent.  For  a  100-foot  span  the  value  would  be  1.7  per 
cent. 

Considering  these  results  and  the  fact  that  for  spans  of  any  con- 
siderable length  the  track  is  cambered  and  the  abutments  not  rigid, 
we  may  conclude  on  theoretical  grounds  that  the  impact  due  to 
speed  of  application  of  load,  for  spans  greater  than  50  feet,  is  of  no 
consequence. 

The  experimental  data  with  reference  to  this  point  are  very  difficult 
to  obtain  by  reason  of  other  elements  which  are  always  present.  The 
results  obtained  in  these  tests  from  balanced  compound  locomotives 
are,  however,  very  significant,  and  indicate  that  under  very  favorable 
condition^  as  to  track  and  rolling  load  the  impact  is  of  very  little  con- 
sequence even  for  short  spans. 

360.  (fc)  Effect  of  other  Causes  of  Impact, — ^The  experiments  ob- 
tained in  this  series  of  tests,  indicate  that  with  track  and  rolling  stock 
in  good  condition  the  main  cause  of  impact  is  the  unbalanced  condition 
of  the  drivers  of  the  ordinary  locomotive.  Various  rules  are  in  use 
for  the  balancing  of  locomotives,  but,  excepting  in  the  case  of  the 
balanced  four-cylinder  locomotive,  or  the  electric  locomotive,  it  is 
impracticable  to  balance  an  engine  in  all  respects.  The  result  aimed 
at  by  the  mechanical  departments  is  to  so  counterweight  the  wheels  as 
to  secure  a  reasonable  compromise  between  the  effect  of  the  rotating 
parts  and  the  reciprocating  parts.  This  requires  the  use  of  counter- 
weights considerably  in  excess  of  the  amount  necessary  to  balance  the 
rotating,  parts.  So  far  as  the  vertical  effect  on  the  track  is  concerned 
the  reciprocating  parts  are  of  little  influence,  but  by  whatever  amount 
the  rotating  parts  are  overbalanced,  just  so  far  will  there  be  a  variation 
in  pressure  upon  the  rail  due  to  the  centrifugal  force  of  such  over- 
balance. The  amount  of  such  overbalance  is  such  that  at  high  speeds 
the  centrifugal  force  of  this  weight  becomes  a  large  percentage  of  the 
Vertical  load.  In  many  locomotives,  at  80  miles  per  hour,  the  excess 
pressure  amounts  to  more  than  100  per  cent. 

In  consequence  of  the  action  of  these  centrifugal  forces  during  the 
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passage  of  a  train,  the  load  acting  upon  the  bridge  is  a  varying  one. 
It  varies  with  each  rotation  of  the  driver,  and  thus  acts  as  a  series  of 
impulses  tending  to  set  the  structure  into  vibration.  In  the  case  of 
short-span  bridges  these  impulses  will  be  repeated  only  two  or  three 
times  during  the  passage  of  the  locomotive,  but  in  the  case  of  long-span 
bridges  they  will  be  repeated  many  times.  If  now  these  impulses 
correspond  in  period  with  the  normal  rate  of  vibration  of  the  loaded 
structure,  the  effect  will  be  cumulative  and  the  vibrations  will  be 
greatly  increased.  Such  cumulative  effect  cannot  occur  for  bridges 
of  very  short  span  length,  as  the  normal  rate  of  vibration  of  such 
structures  is  higher  than  the  rate  of  rotation  of  the  drivers  at  the 
highest  practicable  speeds.  It  may  and  frequently  does  occur  in 
structures  of  span  lengths  as  low  as  75  feet  and  sometimes  less.  The 
speed  at  which  the  impulses  here  considered  show  a  cumulative  effect 
may  be  termed  the  critical  speed. 

In  the  report  here  referred  to  the  following  formula  is  derived  as 
expressing  the  rate  of  vibration  of  a  loaded  bridge: 

^  P 

in  which  T  =  time  of  vibration  of  loaded  structure  in  seconds; 
w  =  dead  load  per  foot,  assumed  as  uniform; 

p  =  live  load  per  foot,  assumed  as  uniform; 

d  =  static  deflection  in  feet  due  to  load  py  as  determined 
by  calculation  or  direct  measurement. 

The  speed  of  the  train  which  will  produce  cumulative  vibration,  as 
described  above,  depends  upon  the  natural  rate  of  vibration  of  the 
loaded  structure  and  the  diameter  of  the  locomotive  drivers.  During 
the  passage  of  a  train  the  total  weight  on  the  structure  varies  to  a 
considerable  extent  and  hence  the  normal  rate  of  vibration  of  the 
structure  also  varies.  Exact  agreement,  therefore,  between  driver 
rotation  and  vibration  period  of  the  structure  will  exist  only  for  a  short 
time,  and  hence  the  cumulative  effect  will  not  continue  during  the 
passage  of  the  locomotive  entirely  across  a  long-span  structure.  The 
results  of  the  tests  show  clearly  the  importance  of  the  critical  speed, 
and  the  maximum  vibrations  were  found  to  occur  generally  through' 
a  narrow  range  of  speed  corresponding  to  this  critical  speed. 
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^^^'  55' — Results  of  Imp>act  Tests.    (Bui.  135  Am.  Ry.  Eng.  and  M,  of  W.  Assn.,  1910.) 
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361.  General  ResuUs  for  all  Spans, — ^The  most  important  results 
obtained  are  shown  in  Fig.  55,  taken  from  Plate  IX  of  the  *  Bulletin." 
In  this  diagram  are  plotted  the  maximum  impact  percentages  for  all 
of  the  structures  tested,  determined  by  a  comparison  of  the  deflection 
and  stresses  in  flanges  and  main  truss  members  at  high  speeds  with  the 
same  stresses  at  low  speeds.  Each  point  represents  a  separate  structure 
or  series  of  tests.  The  curve  shown  by  the  full  line  on  the  [diagram  is 
drawn  to  represent  the  maximum  percentages  as  determined  by  the 
experiments.  So  far  as  our  present  knowledge  goes  it  majy  be  taken 
as  a  reasonable  expression  of  maximum  probable  impact  for  ordinary 
bridge  structures. 

362.  Impact  Percentages  for  Various  Truss  Members. — ^The  per- 
centages referred  to  in  Fig.  55  relate  principally  to  flanges  of  girders 
and  chords  of  trusses,  all  of  which  are  directly  affected  by  vibrations 
of  the  structure  as  a  whole.  The  relative  impact  in  various  web 
members,  as  compared  to  chord  members,  was  also,  investigated  and, 
so  far  as  these  tests  went,  it  was  found  that  there  was  comparatively 
little  difference  in  the  impact  ratios  for  the  two  closes  of  members. 

363.  Summary  of  Results  of  Tests. — ^The  following  siinmiary  is 
taken  from  the  Bulletin:  ,  , 

(i)  With  track  in  good  condition  the  chief  cause  of  Impact  was 
found  to  be  the  unbalanced  drivers  of  the  locomotive.  Such  inequal- 
ities of  track  as  existed  on  the  structures  testeid  werq  of  little  influence 
on  impact  on  girder  flanges  and  main  truss  members  of  spans  exceeding 
60  to  75  feet  in  length. 

(2)  When  the  rate  of  rotation  of  the  locomotive  drivers  corresponds 
to  the  rate  of  vibration  of  the  loaded  structure,  cumulative  vibration  is 
caused,  which  is  the  principal  factor  in  producing  impact  in  long  spans. 
The  speed  of  the  train  which  produces  this  cumulative  vibration  is 
called  the  "critical  speed."  A  speed  in  excess  of  the  critical  speed,  as 
well  as  a  speed  below  the  critical  speed,  will  cause  vibrations  of  less 
amplitude  than  those  caused  at  or  near  the  critical  speed. 

(3)  The  longer  the  span  length  the  slower  is  the  critical  speed,  and 
therefore,  the  maximum  impact  on  long  spans  will  occur  at  slower 
speeds  than  on  short  spans. 

(4)  For  short  spans,  such  that  the  critical  speed  is  not  reached  by 
the  moving  train,  the  impact  percentage  tends  to  be  constant  so  far 
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as  the  effect  of  the  counterbalance  is  concerned,  but  the  effect  of  rough 
Hack  and  wheels  becomes  of  greater  importance  for  such  spans. 

(5)  The  impact  as  determined  by  extensometer  measurements  on 
flanges  and  chord  members  of  trusses  is  somewhat  greater  than  the 
[x^rcentages  determined  from  measurements  of  deflection,  but  both 
values  follow  the  same  general  law. 

(6)  The  maximum  impact  on  web  members  (excepting  hip  verti- 
cals) occurs  under  the  same  conditions  which  cause  maximum  impact 
on  chord  members,  and  the  percentages  of  impact  for  the  two  classes 
of  members  are  practically  the  same. 

(7)  The  impact  on  istringers  is  about  the  same  as  on  plate  girder 
spans  of  the  same  length,  and  the  impact  on  floor  beams  and  hip 
verticals  is  about  the  same  as  on  plate  girders  of  a  span  length  equal  to 
two  panels. 

(8)  The  maximum  impact  percentages  as  determined  by  these 
tests  is  closely  given  by  the  formula: 

100 


I  + 


20,CCX> 


in  which  /  =  impact  percentage  and  L  =  length  of  span  in  feet. 

(9)  The  effect  of  differences  of  design  was  most  noticeable  with 
respect  to  differences  in  the  bridge  floors.  An  elastic  floor,  such  as 
furnished  by  long  ties  supported  on  widely  spaced  stringers,  or  by  a 
ballasted  floor,  gave  smoother  curves  than  were  obtained  with  more 
rigid  floors.  The  results  clearly  indicate  a  cushioning  effect  with 
respect  to  impact  due  to  open  joints,  rough  wheels,  and  similar  causes. 
This  cushioning  effect  was  noticed  on  stringers,  floor  beams,  hip  verti- 
cals, and  short-span  girders. 

(10)  The  effect  of  design  upon  impact  percentages  for  main  truss 
members  was  not  sufficiently  marked  to  enable  conclusions  to  be 
drawn.  The  impact  percentage  here  considered  refers  to  variations 
in  the  axial  stresses  in  the  members,  and  does  not  relate  to  vibrations 
of  members  themselves. 

(11)  The  impact  due  to  the  rapid  application  of  a  load,  assuming 
smooth  track  and  balanced  loads,  is  found  to  be,  from  both  theoretical 
and  experimental  grounds,  of  no  practical  importance. 

".—34 
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(12)  The  impact  caused  by  balanced  compound  and  electric 
locomotives  was  very  small  and  the  vibrations  caused  under  the  loads 
were  not  cumulative. 

(13)  The  effect  of  rough  and  flat  wheels  was  distinctly  noticeable 
on  floor  beams,  but  not  on  truss  members.  Large  impact  was,  how- 
ever, caused  in  several  cases  by  heavily  loaded  freight  cars  moving  at 
high  speeds. 
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Moment  of  inertia  of  a  truss 41 

Moments  in  beams,  table  of 10 

in  continuous  girders 19 

Multiple  intersection  trusses 332 

P 

Parabolic  arches 139,  173 

Pettit  truss,  stresses  in  counters 361 

Pin-connections,  friction  in     46} 

secondary  stresses  in    464 
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Pins,  friction  of 464 

Plate-girder  aich    155 

Plate-girders.    See  Continuous  girders. 

Portals,  stresses  in 376,  383 

See  also  Quadrangular  frames. 
Pratt  truss,  secondary  stresses  ia 440,  479 

stresses  in  counters  360 

Primary  and  secondary  stresses 423,  498 


Quadrangular  frames 383 

deflection  of. 406 

inclined  posts 398,  403 

lateral  stresses  in 394 

multiple  stories 400 

partially  trussed 396 

posts  fixed  at  one  end 389 

hinged  at  one  end 390 

symmetrical  frames 386 

temperature  stresses  in 392 

Queen-post  truss  without  counters 410 


Redundant  members,  stresses  in   . . . . ; 332 


S 

Secondary  stresses 423 

approximate  calculation  of 457 

due  to  eccentric  joints 462 

fixed  supports 472 

lateral  members 495 

rigid  joints. 423 

transverse  loads   468 

weight  of  members. 470 

effect  of  collision  strut 458 

lacing  in  columns 497 

pin  connections 464 

effect  on  primary  stresses 498 

exact  method  of  calculation 507 

in  Baltimore  trusses 492 

columns 497 

double  intersection  trusses 487 

floor  systems 501,  503 
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Secondary  stresses  in  Pratt  trusses 440,  4; • 

transverse  frames 5c  . 

types  of  trusses 47 

Warren  trusses 4^. 

influence  lines  for 45 

Shear,  deflection  due  to <; 

Skew  bridges,  stresses  in  laterals  of 37 ; 

Stringers,  secondary  stresses  due  to 503 

Sub-struts,  use  of. 492 

Suspension  bridges 186 

classification  of i8<i 

cable,  adjustment  of 329 

analysis  of 186 

deformation  of   198,  201 

form  of 186 

length  of 192 

stresses  in 195, 200,  213 

floorbeam  stresses 323 

lateral  stresses    321 

stiffened  bridges 209 

approximate  analysis 212 

backstays 249,  259,  264 

cable  length 192 

cable  stress 212,  213 

comparison  of  types  » 274 

deflection  of 225, 228,  246 

deflection  of  tower. 237 

economy  of. 274 

erection  adjustments 319 

exact  analysis 276 

examples  239,  294 

if-comix)nent  of  cable  stress 212,  213,  283 

hangers  of 248,  299,  308 

hinged  at  centre   31  ^ 

influence  lines 221,  224, 228, 244, 250,  257,  26 1 

kinds  of. 20c^ 

Manhattan  bridge  238,  29.} 

methods  of  analysis 211 

moment  of  inertia  of  truss 302 

moments  and  shears  in    212,  220, 235,  250,  264, 278,  316 

saddle  movement 237 

shears  in 2j2,  224,  235,  250, 264,  278 

temperature  effects 219, 223, 229, 236,  247, 284,  315 

towers,  deflection  of 237 

stresses  in 325 

variable  moment  of  inertia 302 

three-hinged  bridge 329 
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Suspension  bridges,  tower  stresses    - 325 

two-hinged  bridge ' 330 

unstiffened  bridges 200 

cable  stresses  in 200 

deformation  of   201 

wind  stresses  in 323 

Swing  bridges ', 43 

centre-bearing  bridge 46 

deflections  of 66,  71 

end  conditions 48 

equivalent  uniform  loads  for. 65 

graphical  analysis 68 

plate-girder 50 

reactions  for 46,  66 

temperature  effects 72 

true  reactions 66 

truss  bridges 58 

unbroken  loads 58 

uplift  required 71 

continuous  girder,  formulas  for   45 

double  swing  bridges 89 

end  support  for '. 45 

general  arrangement 43 

lateral  trusses 90 

lift  swing  bridges  ^ 88 

loads  for. 45 

partially  continuous 80,  82 

rim-bearing  bridge 73 

centre  diagonals  of 79 

continuous  over  four  supports 73 

three  supports    79 

partially  continuous 80,  82 

reactions  for   74>  77i  86 

true  reactions  for 77»  86 


Temperature  stresses  in  arches 130, 141, 159, 172,  184 

in  suspension  bridges 219,  229,  236,  247,  284,  315 

in  swing  bridges 72 

in  viaduct  bents    392 

Tension  members,  secondary  stresses  in 515 

Three  moments,  theorem  of 16 

Top-chord,  secondary  stresses  in 466,  515 

Towers,  stresses  in * 325 

Transverse  bracing,  stresses  in 378 

secondary  stresses  in . .  ■ 501 
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Trestles,  stresses  in 365, 403,  495 

Trussed  beams 40S 


Viaduct  bcnU 391, 399,  403 

See  also  Quadrangular  frames. 
Vibration  of  trusses 526 


W 

Warren  truss,  secondary  stresses  in 485 

Whipple  truss 345 

Wind  bradng  in  tall  buildings 400 

Wind  stresses  in  arch  bridges 166,  184 

in  cantilever  bridges loi 

in  suspension  bridges 33 1 

in  swing  bridges 90 


